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Abstract

Scientists attempt to understand physical phenomenaby studying various quanti-

ties measuredover the region of interest. A majorit y of thesequantities are scalar

(real-valued) functions. Thesefunctionsaretypically studiedusingtraditional visual-

ization techniqueslike isosurfaceextraction, volumerenderingetc. As the data grows

in size and becomesincreasingly complex, these techniquesare no longer e�ectiv e.

State of the art visualization methods attempt to automatically extract featuresand

annotate a display of the data with a visualization of its features. In this thesis,we

study and extract the topological featuresof the data and usethem for visualization.

We have three results:

� An algorithm that simpli�es a scalarfunction de�ned over a tetrahedral mesh.

In addition to minimizing the error introduced by the approximation of the

function, the algorithm improvesthe meshquality and preservesthe topology

of the domain. Weperform an extensivesetof experiments to study the e�ect of

requiring better meshquality on the approximation error and the level of sim-

pli�cation possible.We alsostudy the e�ect of simpli�cation on the topological

featuresof the data.

� An extensionof three-dimensionalMorse-Smalecomplexesto piecewiselinear

3-manifolds and an e�cien t algorithm to compute its combinatorial analog.

Morse-Smalecomplexespartition the domain into regionswith similar gradient


o ws. Letting n be the number of verticesin the input mesh,the running time

of the algorithm is proportional to n log(n) plus the total sizeof the input mesh

plus the total sizeof the output. We develop a visualization tool that displays

di�eren t substructuresof the Morse-Smalecomplex.
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� A newcomparisonmeasurebetweenk functionsde�ned ona commond-manifold.

For the cased = k = 2, we give alternative formulations of the de�nition based

on a Morsetheoretic point of view. We alsodevelopvisualization software that

performs local comparisonbetween pairs of functions in datasets containing

multiple and sometimestime-varying functions.

We apply our methods to data from medical imaging, electronmicroscopy, and x-ray

crystallography. The resultsof theseexperiments provide evidenceof the usability of

our methods.
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Chapter 1

In tro duction

This thesis explores the use of topological analysis for studying features in scien-

ti�c data. We restrict our study to scalar functions measuredon a two- or three-

dimensionalspace.We develop methods to compute topological properties of scalar

functions, comparetwo functions basedon their topological features, and preserve

these properties while simplifying the representation of the data. In this chapter,

we �rst motivate the need for a topological approach in order to obtain new and

e�ectiv e methods for analysisand visualization purposes. Next, we summarizethe

contributions of this thesisand introducethe underlying techniquesusedin our work.

Finally, we outline the layout of the material in this dissertation.

1.1 Scalar Functions

A function uniquely maps members of one set to members of another set. We are

interested in functions that map points from a 2- or 3-dimensionalspaceto real

values. Thesefunctions arecalledscalarfunctions. Graphsof familiar functions from

elementary calculusare shown in Figure 1.1. Scienti�c datasetsare often functions

but typically do no havean analytic descriptionof the function. In fact, the valueof a

function is measuredat discretepoints in the domain by physical meansor computed

using proceduralmethods. Di�eren t interpolation techniquesare then usedto derive

a continuousand, if necessary, smooth representation of the function. We list below

someof the sourcesof such functionsalongwith a descriptionof the propertiesstudied

in each case.This list is representativ e of someof the application areasthat we think

our methods can be applied to and is by no meansexhaustive.

1
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Figure 1.1: Graphs of some analytic functions. From left to right: y = sin(x),
z = sin(x) + cos(y), and z = x3y3.

Source 1 (X-ra y Crystallograph y) X-ray crystallographerscomputethe electron

density at various points of a molecularcrystal using di�raction measurements from

x-rays bouncingo� the crystal. It is essential to know the electrondensity to perform

structure related studies of the molecule. The electron density is a scalar function

typically de�ned on a subsetof the three-dimensionalEuclideanspace,R3.

Source 2 (Medical Imaging) Magnetic ResonanceImaging (MRI) is a popular

technique used to take pictures of di�eren t slicesof the human body. The atom

density over the slice is mapped to a gray-scale image and studied by radiologists

to detect tumors. The scalar function in this caseis the density de�ned on a set of

two-dimensionalplanesstacked together and can be viewed asa function on a subset

of R3.

Source 3 (Computational Fluid Dynamics) The �eld of computational 
uid dy-

namics studies e�cien t methods to compute 
uid 
o w properties. Somephysical

quantities that play an important role in this context include pressure,temperature,

and 
uid density. The scalar function here is one of the above quantities de�ned

either on the surfaceof the 
uid or on the volume occupiedby the 
uid.

Source 4 (Electron Microscop y) Electron Microscopy is a technique usedto ob-

tain imagesof macromoleculesby placing them in vitreous ice, taking pictures of
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slicesof the object and �nally deriving the three-dimensionalstructure using com-

puted tomography. The scalarfunction hereis a density function de�ned on a subset

of R3.
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Figure 1.2: The �gure on the left shows an isosurfaceextracted from an electron density
of a hydrogen molecule. The �gure on the right is a visualization of the same dataset
using volume rendering where di�eren t sectionsof the volume are mapped to colors that
correspond to the function value but with varying transparency so that the core is also
visible.

Humans are able to easily interpret and comprehendvisual information. The �eld

of data visualization capitalizes on this abilit y and aims to give the user a deeper

understanding of the data and the underlying laws governing it. This is achieved

by providing a comprehensive display of the data along with annotations. A simple

visualization method interprets the scalarvalue at each point as an additional coor-

dinate and plots a graph, asshown in Figure 1.1. Obviously, this technique is useful

only if the domain is one- or two-dimensional. Other techniques are available to

handle higher-dimensionaldomainswhile being applicable to lower dimensionstoo.

Figure 1.2 shows two of thesetechniquesapplied to visualize electron density data.

Again, thesetechniquesdo have limitations and it is imperative to makea good choice

for an e�ectiv e and e�cien t visualization. A severelimitation of many of the existing

techniquesis the inabilit y to handle hugedatasets,which are becomingincreasingly

common. One approach towards solving this problem is to compressthe data using
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geometric techniques. Another approach is to automatically extract features from

the dataset and present them to the user. Computing the topological properties of

the domain is a step in the latter direction and has been studied, under di�eren t

names,for both scalar functions [7, 34, 112] and for vector functions [50, 59, 99].

1.2 Topological Analysis

We now discusswhat topologicalanalysismeansand how it can be usedfor extract-

ing featuresfrom scienti�c datasets. For simplicity, let us considera smooth scalar

function de�ned on a subsetof the plane, R2. The function value can be interpreted

as a third coordinate and a surfaceplot or terrain can be drawn as shown for the

function sin(x) + cos(y) in Figure 1.1. Distinct features in this terrain include the

mountain peaks,valleys,and mountain passesbetweenthe peaks.Each oneof these

featurescorrespond to a point in the planewherethe gradient of the function is zero.

Thesepoints are called the critical points or singularities of the function. A topolog-

ical analysisof the function refersto the computation and classi�cation of structures

over the critical points.

All our methods have their mathematical footing in Morse theory. An important

result in this theory states that any genericsmooth function has a discrete set of

non-degeneratecritical points. It further says that in the neighborhood of each non-

degeneratecritical point, the function has a quadratic behavior. In particular, in

the neighborhood of the corresponding critical point, the surfacelooks like one of

thoseshown in Figure 1.3. This quadratic behavior is exhibited in higher dimensions

too. We transport this result to piecewiselinear domainsin order to classifycritical

points. Morsetheory alsoshows the invarianceof certain propertiesof critical points

over all smooth functions de�ned on a given domain. This suggeststhat the critical

point behavior is global in nature although the classi�cation can be donelocally.
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Figure 1.3: Surface in the neighborhood of non-degeneratecritical points of a smooth
function on the plane: (left to right) a minimum, saddle,and maximum.

Note that the number of critical points is usually smaller than the input size.

Therefore,a structure built on top of them will be easyto comprehend. Moreover,

a display of this structure will give a global view of the function behavior making

it easyto identify regionsof interest and perhapsobtain a magni�ed view in later

iterations. In caseswherethe number of critical points is too large to handlewe can

apply simpli�cation techniquesto reducetheir number. We do not addressthis issue

in this thesis and mention it as future work. Having given the generalcontext, we

now describe the contributions of this thesis.

1.3 Con tributions

An important aspect of the techniqueswe develop is the separationof combinatorial

and numerical components of algorithms. This separationleadsto implementations

that are e�cien t becausecombinatorial algorithms are typically simpleand fast. We

alsosimulate di�eren t properties of smooth functions like genericity, di�eren tiabilit y

etc. and hencetransport intuition from the smooth setting to produce consistent

results in the piecewiselinear domain. We have three collectionsof results: density

map simpli�cation [72], 3D Morse-Smalecomplexes[28] and scalarfunction compar-

ison [29].

Densit y map simpli�cation. We describe an algorithm for simplifying a scalar
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function represented by a tetrahedral mesh. We refer to the function as a density

function/map due to historical reasons:density is a frequently measuredquantit y in

the scienti�c community. The algorithm consistsof two main ingredients:

1. A topology preservingedgecontraction operation that ensuresthe simpli�ed

modelsare homeomorphicto the original.

2. A quadratic cost function that determinesthe order of edgecontractions. This

cost function attempts to both preserve the density map aswell as improve the

quality of the tetrahedra in the mesh.

Weperform extensiveexperiments to study the e�ect of increasingthe relativeweight

of the meshquality improvement on the density map preservation aswell asthe sizeof

the coarsestmeshreachable by simpli�cation. We alsostudy statistics of the critical

point count during the simpli�cation processin order to comparethe geometricand

topological simpli�cation.

3D Morse-Smale Complexes. A Morse-Smalecomplexpartitions the domain of

the scalar function into regionswith uniform gradient 
o w behavior. We consider

the casewherethe domain is three-dimensional.Morse-Smalecomplexeswerede�ned

more than �ft y yearsago for smooth functions [98]. We extend thesede�nitions to

the piecewiselinear domain. Further, we give algorithms for constructing a complex

that is combinatorially indistinguishablefrom the Morse-Smalecomplex. We develop

a visualization tool that combinesstandard visualization techniqueswith the display

of sub-structures of the Morse-Smalecomplex. Working with material scientists,

we study dislocations in a copper crystal using our visualizations. We also study

the shape of biological macromoleculesusing one-dimensionalsubstructuresof the

Morse-Smalecomplex.

Scalar function comparison. We de�ne a new comparisonmeasurebetween k
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functions de�ned on a commond-manifold. For the casewhen k = d = 2, we give

alternative formulations for the measurethat relatesit to the Jacobi set, which con-

sistsof critical points of onefunction restricted to level setsof the other. We develop

visualization software that enablesthe user to compare multiple scalar functions.

We extend the software to time-varying functions and useit to study two functions

measuredduring a combustion process.

1.4 Layout of Material

We begin the dissertation with this chapter motivating the study of topology for the

development of e�ectiv e techniquesfor scienti�c data visualization. The next three

chaptersdiscussthe three contributions of this thesis: density map simpli�cation, 3D

Morse-Smalecomplexes,andscalarfunction comparison.Wegiveour conclusionsand

mention future work in Chapter 5. There are various terms usedin this dissertation

that may not be new to a reader who is familiar with the areasof topology and

Morse theory. However, other readersmay require an introduction to someof the

basic terminology and feel a needto refer back to the de�nitions while reading the

dissertation. We have collected these terms together with brief descriptions and

placedthem in Appendix A, which is organizedinto four topics: manifolds,simplicial

complexes,homology, and Morse theory.
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Chapter 2

Densit y Map Simpli�cation

We considerscienti�c datasetsthat describe density (scalar) functions over a three-

dimensionaldomain and study the relationship between topological and geometric

simpli�cation. In this chapter, we describe a simpli�cation algorithm that constructs

the coarserrepresentation with a three-fold objective:

� get a good approximation of the scalar function;

� preserve the topological type of the meshand;

� improve the quality of the tetrahedral meshelements.

We evaluate our results by computing the approximation error, visualizing the func-

tion using isosurfaceextraction, and validating the topological correctnessof the

mesh. We assessthe changein topological featuresby tracking the number of critical

points during the simpli�cation process.

2.1 In tro duction

2.1.1 Motiv ation

Scienti�c datasetsare rapidly growing in size making it di�cult to visualize them

using traditional techniques. One popular approach to overcomethis problem is to

reducethe sizeof the data and work with the resulting coarserrepresentation. The

smaller size results in fast visualization and analysis of the data. The techniques

usedto reducethe sizeof the data are typically geometric in nature i.e. they work

on the elements of the underlying mesh. Changesto the geometrymight a�ect the
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topology of the mesh,which in turn could a�ect the analysisdrastically. Therefore,

it is important to control the changein topology during the geometrysimpli�cation.

2.1.2 Prior Work

Many of the techniques used for tetrahedral mesh simpli�cation are extensionsof

the onesusedfor surfacesimpli�cation. Surfacemeshsimpli�cation has beenstud-

ied in a wide rangeof communities including cartography, computational geometry,

computer graphics,computer vision, �nite element analysis,and scienti�c visualiza-

tion. Heckbert and Garland [47] survey the surfacesimpli�cation algorithms from

the above mentioned �elds and classify them basedon the type of technical prob-

lem they solve. Decimation methods form the classof simpli�cation algorithms that

start with a polygonalrepresentation and simplify it until the desiredlevel of approx-

imation is achieved. A popular approach to surfacedecimation usesedgecontrac-

tions [41, 42, 51, 53]. An edgecontraction deletesan edgeby merging its endpoints

into onevertex. The sequenceof edgecontractions is critical for its successand dif-

ferent criteria have beenstudied to prioritize the edges.Garland and Heckbert [35]

use a quadric error metric to determine the order of edgecontractions and extend

this error measureto surfaceswith attributes [36]. Hoppe [52] proposedan extension

of the quadric error metric for storing errors in surfaceattributes, which scalesbetter

with the number of attributes. Cignoni et al. [19] give a comparisonof someof the

above mentioned algorithms. Various other approaches to surfacedecimation, like

vertex clustering [81], vertex removal [84], and triangle contraction [38], have also

beenproposed.

Renzeand Oliver [80] extend the vertex removal approach to perform volume

decimation. Trotts et al. [101] extend the triangle contraction operation described

by Gieng et al. [38] to a tetrahedral contraction operation and construct multi-
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ple levels of tetrahedral meshesapproximating a density function. Popovic and

Hoppe [77] extendedthe edgecontraction operation usedto generateprogressive sur-

facesmeshes[51] in order to handle triangulations in arbitrary dimensions. Staadt

and Gross[93] apply this extensionto the special caseof 3D and give a robust im-

plementation for tetrahedral meshes.They alsoaddressthe de�nition of appropriate

cost functions for speci�c applications, like the �nite element method. Van Gelder

et al. [102] comparea mass-basedand a density-basedmetric for usein rapidly deci-

mating a tetrahedral mesh. Cignoni et al. [17] comparedi�eren t cost functions that

have beenusedto prioritize edgecontractions. Softwareperforming tetrahedral mesh

simpli�cation is available now both as freeware visualization packages[18, 104] and

aspart of commercialvisualization packageslike Amira [97], VolView [56], and Ansys

icem cfd [4].

Topological simpli�cation of scalar �elds has also beenstudied, primarily in the

graphicsand visualization community, albeit using di�eren t notions of what consti-

tutes a topological feature. He et al. [49] reducethe number of holes, tunnels, and

cavities in a surfaceby representing the surfaceas a zero set of a function in R3

and then extracting isosurfacesfrom smoothed versionsof the function. Guskov and

Wood [45] order the tunnels in a surfaceand remove the smaller onesusing local

remeshingtechniques. Bremer et al. [11] usea hierarchy of Morse-Smalecomplexes

to generatesimpli�ed scalar �elds. Somerecent work addressesthe related issuesof

preservingthe topology of isosurfaces[16] or controlling the topology simpli�cation

of isosurfaces[37] during the volume simpli�cation.

2.1.3 Approac h and Results

We simplify a tetrahedral meshrepresenting a three-dimensionaldensity function by

a sequenceof edgecontractions. We modify the quadric error measuredescribed by
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Garland and Heckbert [35] to combine three goalsin prioritizing the contractions:

� the accurateapproximation of the density function;

� the faithful preservation of global topological type of the mesh;

� the improvement of the meshquality de�ned in terms of angles.

To pursuethe �rst goal, we extend well establishedideasfrom R2 to R3. The second

goal needsno new resultsand is basedon applying tests described in [22]. To pursue

the third goal, we develop a new idea, namely the addition of particular hyperplanes

to the quadricsthat havea positive in
uence on the meshquality. Weperform various

experiments which show that a small relative weight of the third goal furnishesdra-

matic improvements in meshquality. Further increasingthat weight adverselya�ects

the approximation of the density function. Lindstrom and Turk [62] attempt to im-

prove the meshquality by introducing an additional constraint while determining the

location of the vertex that replacesan edgeupon its contraction. The e�ect of their

method is limited becausethe new constraint applies only if the other constraints

lead to an ambiguous solution, which happens typically at the meshboundary. In

contrast, our method in
uences the placement of every vertex and also a�ects the

sequencein which the edgesare contracted. By adding extra hyperplanesinto the

quadric error metric, we pro-actively in
uence the shape of the tetrahedra createdaf-

ter an edgecontraction. This is strongerthan previoustechniques,like that described

in [17], which merely do not perform an edgecontraction if it results in badly shaped

tetrahedra. We observe an interesting side-e�ect: a small but non-zeroweight on the

meshquality improvement results in better approximations of the density map.

Another surprising �nding concernsthe relationship betweengeometricand topo-

logical simpli�cation, the latter aiming at preservingthe critical point structure of

the function. While geometricsimpli�cation preservesthe overall shape of the func-
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tion, it sometimesintroducesa large number of spuriouscritical points that confuse

the topological picture. However, we show that thesenewly created critical points

canbe converted to regular points by a small changein function valueand hencethat

they are of lessimportance. In other words, geometricsimpli�cation is compatible

with but not a substitute for topological simpli�cation.

2.2 Edge contraction

The input to our simpli�cation algorithm is a triangulation K of a 3-manifold with

boundary. We extend K to the triangulation of a 3-manifold without boundary by

connectinga dummy vertex to each boundary component. The dummy vertex can

be connectedto simpliceson the boundary using the coneoperation. The cone from

a vertex x to a k-simplex � is the convex hull of x and � , which is the (k + 1)-simplex

x� . The operation is de�ned only if x is not an a�ne combination of the verticesof

� . If Bd K is connectedwe just add onedummy vertex, ! , and denotethe extended

triangulation by K ! = K [ ! Bd K . The link of a simplex � 2 K ! is denoted by

Lk ! � . For a simplex � 2 Bd K , the link of � within the boundary is denoted by

LkBd � . In a 3-manifold without boundary, the stars and the links are particularly

simple: the link of a vertex is a sphere,that of an edgeis a circle, and that of a

triangle is a pair of vertices. Similarly in a 2-manifold, the link of a vertex is a circle

and that of an edgeis a pair or vertices. Note that we candeterminewhether a given

simplicial complex is a triangulation of a 3-manifold by checking if the link at every

vertex is homeomorphicto the 2-dimensionalsphereS2. In this section, we discuss

the basicoperation in our algorithm that contracts an edgeto a vertex. We describe

the conditions usedto determineif an edgecontraction changesthe topological type

and the cost, associated with each edge,that is usedto order the edges.

Upon contraction of an edgeab, we replaceit with a vertex c. This changesthe
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triangulation only in the neighborhood of a and b. In particular, the cofacesof a

and b are deletedand simplicesconnectingc to the boundary of the createdhole are

added. Formally, thesesimplicesare the conesfrom c to simplicesin the link of the

set of simplicesL = f ab;a;bg. Figure 2.1 illustrates an edgecontraction but shows

only a subsetof the simplicesthat are removed and added.

a

b

c

Figure 2.1: Edgecontraction: the edgeabis contracted to the vertex c. Only the changes
in the star of the edgeab are shown.

2.2.1 Preserving Topology

Our simpli�cation algorithm performs a sequenceof edgecontractions on the tetra-

hedral mesh. Each edgecontraction preservesthe topological type of the mesh. The

algorithm recognizesthe edgesthat can be contracted without changing the topo-

logical type by looking at their neighborhoods. The abilit y to make this judgment

basedon local computations is crucial for the e�ciency of our algorithm.

A 3-complex is a simplicial complexconsistingof tetrahedra, triangles, edgesand

vertices. Dey et al. [22] derive local criteria, called link conditions, for recognizing

when an edgecontraction in a 3-complexpreserves the topological type. The link

conditions comparethe link of the edgeab that is to be contracted with the links

of its endpoints. Figure 2.2 shows a situation in a 3-manifold where a contraction

would changethe topology. In the caseof a 3-manifold with boundary, N , Dey et

al. [22] show that the contraction of an edgeab preservesthe topological type if the

intersection of the links of the two vertices equalsthe link of the edge,and this is
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Figure 2.2: Triangle vwp lies in the link of both a and b. After contracting ab to
a new vertex c, the triangle vwp belongs to only one tetrahedron, namely vwpc. The
neighborhood of a point in vwp is thus no longer homeomorphic to R3. The ring of edges
in Lk ab is uvwxyzu.

true both in the extended3-complexand in the boundary of the 3-complex:

Lk ! a \ Lk ! b = Lk ! ab; and (2.1)

LkBd a \ LkBd b = LkBd ab: (2.2)

2.2.2 Specialized Link Conditions

In order to implement the above conditions, we would have to considerthe cofaces

of ! as special casesbecausetheseare not explicitly stored. To simplify the imple-

mentation, we eliminate ! from the condition. We have three cases,depending on

whether ab;a; and b belongto the boundary or the interior.

Case 1: a;b 2 Bd N and ab 62Bd N . The contraction of ab would change the

topological type of N by pinching. It is thereforeprohibited.

Case2: At least one of a or b 62Bd N . Without loss of generality, assumethat b

is not on the boundary. Sinceb and henceab are not on the boundary, LkBd b and

LkBd abarenot de�ned and Condition (2) doesnot apply. The only verticesand edges

whoselinks contain ! or any of its cofacesare the oneson the boundary. This implies

Lk ! b= Lk band Lk ! ab= Lk ab. Condition (1) now simpli�es to Lk a\ Lk b= Lk ab.
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Case3: ab2 Bd N . We necessarilyalsohave a and b on the boundary. We partition

Lk ! a into Lk a and the set ! LkBd a that contains the simplicesthat are cofacesof ! .

Similarly, we partition Lk ! b and Lk ! ab and obtain

(Lk a \ Lk b) _[ (! LkBd a \ ! LkBd b) = Lk ab _[ ! LkBd ab;

which is equivalent to Condition (1). Threeof the termscontain no simplexin the star

of ! and the other three contain only simplicesin the star of ! . We can therefore

expressthe condition as a conjunction of two conditions. We further simplify by

removing ! from the secondset of three terms and get

Lk a \ Lk b = Lk ab; and

LkBd a \ LkBd b = LkBd ab:

The following lemmasummarizesthe resultsof the caseanalysisby stating a modi�ed

link condition for a 3-manifold with boundary.

Lemma 1 If N is a 3-manifoldwith boundary then the contraction of an edgeab2 N

preservesthe topological type if oneof the following is true:

(1) at least oneof a and b doesnot belongto Bd N and Lk a \ Lk b = Lk ab;

(2) ab belongsto Bd N , Lk a \ Lk b= Lk ab, and LkBd a \ LkBd b= LkBd ab.

Lemma1 appliesto our data, which in all casesconsistsof a tetrahedral meshof a cube

in R3. In Section2.3.3,we describe the procedurethat checks the link conditionsand

explain how to make it moree�cien t than the direct implementation of the formulas.

2.2.3 Cost of Con traction

We usea cost associated with each edgeto determine the order of contractions. A

vertex is a point in R4, with three spatial coordinates and the fourth giving the
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function value. Each vertex and edgeis associated with a �nite set of hyperplanesin

R4. The cost of an edgeis the minimum, over all points of R4, of the sum of square

distancesbetween the point and the hyperplanesassociated with the edgeand its

endpoints. This costcanbecomputedfrom the hyperplanesusingan extensionof the

quadric error measureproposedby Garland and Heckbert [35]. Hoppe [52] extends

the quadric error metric for surfaceattributes by �rst performing a projection to R3

and then computing geometric and attribute errors. This approach is particularly

e�cien t when the number of attributes is large unlike our setting with only one

attribute. We choseto use the simple and more direct extension of Garland and

Heckbert's quadric error metric, namelyperforming a projection in R4 for computing

the error.

The purposeof the hyperplanesassociated with a vertex is to locally preserve the

density function. We usehyperplanesspannedby tetrahedra of the mesh. Initially ,

each vertex is associated with the set of hyperplanesspannedby the tetrahedra in

its star. When we createa new vertex c by contracting the edgeab we associate the

union of the setsof a and b to c. The purposeof the hyperplanesassociated with an

edgeis to locally improve the quality of the mesh. We useperpendicular bisectorsof

edges.Speci�cally, the hyperplanesassociated with ab are the bisectorsof the edges

in the link of L = f ab;a;bg. For each edgein this link, we take the bisecting plane

in R3 and extend it vertically to a hyperplanein R4. Figure 2.3 illustrates this idea

one dimension lower, where the link of a contractible closededgeis a circle. The

rationale for this choiceof hyperplanesis to encouragealmost sphericallinks of new

vertices. As a consequence,the newtetrahedra arealmost isosceles,with threealmost

equally long edges.Sincethere are no preferredvertices,we really encourageregular

tetrahedra. The contraction of an edgeab causesa changein the link of all vertices

in Lk a [ Lk b and thus requiresan update in the setsof hyperplanesassociated with
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Figure 2.3: The dotted link of a closededgeand the solid bisectorsof its edges.

the edgesincident to thesevertices.

Let H be a set of hyperplanesand x = (x1; x2; x3; x4)T a point in R4. Let the unit

normal of a hyperplaneh 2 H be vh = (v1; v2; v3; v4)T and the o�set � h = � pT � vh,

for any point p 2 h. The squareof the distancebetweenh and x is given by:

Dh = ((x � p)T � vh)2 = (xT � vh � pT � vh)2

= (xT � vh + � h)2 = (xT � vh)2

= (xT � vh)(vT
h � x) = xT (vh � vT

h )x;

wherex = (x1; x2; x3; x4; 1)T and vh = (v1; v2; v3; v4; � h)T . The sum over all h 2 H is

D =
X

h2 H

Dh = xT

 
X

h2 H

vh � vT
h

!

x:

The 5-by-5 matrix Q =
P

h2 H vh � vT
h is symmetric and positive semi-de�nite and

is called the fundamental quadric of H . Instead of storing sets of hyperplanes,we

store their fundamental quadrics. This representation requirestwo typesof updates

whenever we contract an edgeab. First the quadric of the new vertex c is computed

as the sum of the quadricsof a and b. This new quadric really represents a multi-set

of hyperplanesbecausea hyperplaneassociated with both endpoints is now counted

twice. The di�erence to the quadric of the set (without double-counting) is however

small sincea singlehyperplanecannot be counted more than four times. Second,the
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contraction changesall edgesthat have a or b as endpoint. We update the quadrics

storedat edgesassociatedwith the changedbisectorsby subtracting the contributions

of the old and adding the contributions of the new bisectors.

Although the edgecontraction operation preservesthe continuity of the model, it

doesnot handlethe boundary very well. Following the solution proposedby Garland

and Heckbert [35], werectify this by addingboundaryconstraints. For each boundary

triangle, we include the hyperplanepassingthrough the triangle and perpendicular

to the hyperplane spannedby the tetrahedron that contains the triangle as a face.

Further, thesenew hyperplanesare weighted with a large penalty value preventing

verticesfrom moving too far from the boundary. Weighted hyperplanescan be easily

incorporated into the current setting. The squaredistancebetweena vertex x and

a hyperplane h with weight wh is now Dh = wh � xT (vhvT
h )x. The sum of square

distancesto all hyperplanescan be derived as before. We compute new quadricsby

adding old ones,sameas before. The only changeis in the step wherewe compute

the initial quadrics.

Another place where we use weights is in controlling the in
uence of the mesh

quality improving hyperplaneson the simpli�cation process.Each such hyperplane

is weighedby a constant ' � 0, which we refer to as the meshquality factor. For

example, ' = 0 corresponds to no in
uence from these hyperplanesand ' = 1

corresponds to equal in
uence of both typesof hyperplanes.

2.2.4 Optimal Vertex Placemen t

The cost of an edgeabdependsalsoon the location of the new vertex. In the generic

case,there is a unique location c 2 R4 that minimizes the error. This minimum is
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given by setting the partial derivativesto zero, for i = 1; 2; 3; 4:

@D(x)
@x i

=
@xT

@x i
� Q � x + xT � Q �

@x
@x i

= qT
i � x + xT � qi

= 0;

where qT
i is the i -th row and q i the i -th column of Q. The solution is given by

c = � Q� 1 � q, whereQ is the upper left 4-by-4 submatrix of Q and q is the 4-vector

consistingof the upper four entries in the �fth column of Q.

In the non-degeneratecase,Q hasrank four. Wedetectdegeneraciesby estimating

the rank of Q beforecomputing c. Ranks three, two and one correspond to a line,

plane and hyperplane of minima in R4, respectively. Note that Q has at least one

non-zerodiagonal element and hencethe rank is never zero. In each of the three

degeneratecases,we add the contributions of additional hyperplanes to increase

the rank of the matrix. We estimate the rank by comparing the coe�cien ts of the

characteristic polynomial given by

det (Q � �I ) = � 4 � �� 3 + � 2� 2 � � 3� 1 + � 4:

Here, � 4 is the determinant and � 1 is the trace of Q. The other two coe�cien ts are

sums of 3-by-3 and 2-by-2 minors of Q. We note that the coe�cien ts are cheaper

to compute than the eigenvaluesand may be substituted for the latter in estimating

the rank of the matrix. Speci�cally, we consider Q to have rank three, two and

one, respectively, if the absolute value of 256� 4=� 4
1, 16� 3=� 3

1 and 8� 2=� 2
1 is small.

Restricting the above ratios to small valuesis equivalent to bounding the number of

eigenvaluesof Q that are closeto zero.

Let ab be the edgebeing contracted. In the caseof a rank three matrix, we add

the contribution of the hyperplanenormal to the line of minima that passesthrough
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the midpoint of ab to the fundamental quadric, hoping that the rank increasesto

four. If it doesnot, then our fall back strategy is to selectoneof the endpoints of ab

or its midpoint asthe new vertex location. In the caseof a rank two matrix, we have

a plane of minima. We compute two hyperplanesthat are orthogonal to each other

and the planeand that passthrough the midpoints of aband add their contributions

to the quadric. We compute the �rst hyperplaneby taking the crossproduct of the

two independent rows, and the secondby taking the wedgeproduct of the now three

independent rows. Similarly, in the caseof a rank one matrix, we get three new

hyperplanesand add their contributions to the quadric.

2.3 Algorithm

In this section, we describe our implementation of the edgecontraction operation.

Variouschoicesweremadein determiningthe orderof contractions, recognizingtopol-

ogypreservingcontractions, andupdating all data structures. Webeginwith the data

structures and the outline of the simpli�cation procedure.

2.3.1 Data Structure

We usea heapto implement the priorit y queuefor the edgesof the mesh. Along with

the edges,we store the cost of contraction and the optimal vertex location. We store

the meshin a triangle-edgedata structure [69], which is a versionof the moregeneral

edge-facetdata structure by Dobkin and Laszlo [23]. It is made up of triangles,

each represented by the six possibleorderings of its three vertices. As illustrated

in Figure 2.4, each ordering maintains a pointer to the next triangle reached by a

rotation about the edgeof its �rst two vertices. The list of triangles is stored in an

array. The coordinatesof the verticesare stored in another array, and the indicesof

the verticesin this array are usedas vertex names.

20



a

z

v

b

u

w

xy

Figure 2.4: Each ordering abv storesa pointer to the next triangle: abv:next = abw. By
following thesepointers, we traversethe ring of triangles in the star of ab. After contracting
ab to c, the ring of triangles becomesa ring of edgesaround c.

2.3.2 Algorithm Overview

Function Simplify performs a sequenceof edgecontractions to simplify the tetra-

hedral mesh K . It continues until the mesh reaches a user-speci�ed number of at

most v0 verticesor no edgecan be contracted without changingthe topological type,

whichever occurs �rst.

MeshSimplify (MeshK )

initialize priorit y queuePQ with set of edgesin K ;

while #v erticesin K exceedsv0 do

pop the minimum cost edgefrom PQ and call it ab;

if PresTop (ab) then

deleteedgesin St a and St b from PQ;

update costsof edgesin St x, x 2 Lk a [ Lk b;

K = Contra ct (K , ab, c);

insert edgesin St c into PQ;

endif

endwhile ;

return K .
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The remainderof this sectionexplainsthe two main functions usedin this algorithm.

2.3.3 Checking Link Conditions

Function PresTop usesthe two conditions in Lemma 1 to determine whether or

not the contraction of abpreservesthe topological type of K . We prevent redundant

tests by �rst checking which part of the edgeis on the boundary and then test zero,

oneor two conditions.

boolean PresTop (Edgeab)

if a;b2 Bd K and ab =2 Bd K then return False endif ;

if ab =2 Bd K then return LinkCond1 (ab) endif ;

if ab2 Bd K then return (LinkCond1 (ab) and LinkCond2 (ab)) endif.

Functions LinkCond1 implementing Condition (1) and LinkCond2 implementing

Condition (2) useenumerations of the simplicesin the link of a vertex or edge. In

Function LinkCond2 , we alsoneedthe restrictions of theselinks to the boundary of

K , and to facilitate their computation, we label each triangle in Bd K . Each link is

computedby a local search procedurethat starts at an orderedtriangle provided by

the vertex or edgefor which we compute the link. Next, we describe the implemen-

tation of Function LinkCond1 , which determineswhether or not the intersectionof

the links of a and b contains simplicesthat do not belong to the link of ab. We use

a marking mechanism to keeptrack of the processedvertices.

boolean LinkCond1 (Edgeab)

foreach v 2 Lk a do Mark (v) endfor ;

foreach v 2 Lk ab do Unmark (v) endfor ;

foreach v 2 Lk b do if IsMarked (v) then return False endif endfor ;

return Tr ue.
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After testing the three links, we unmark all vertices again. We repeat the same

test for edgesin the intersectionof the links restricting it to edgesthat connecttwo

vertices in Lk ab. It is not necessaryto test triangles. Condition (2) is tested in a

similar mannerby Function LinkCond2 , which traversesthe links of a, b and abon

the boundary of the mesh.

2.3.4 Con tracting Edges

Function Contra ct updatesthe meshK by contracting an edgeab as follows:

MeshContra ct (MeshK , Edgeab, Vertex c)

foreach triangle axy 2 St a do

if x; y 6= b then add cxy to K endif

endfor ;

foreach triangle bxy 2 St b do

if x; y 6= a and cxy 62K then add cxy to K endif

endfor ;

deleteall triangles in St a and St b from K ;

return K .

2.3.5 Reentering Edges

Note that the contraction of ab may changethe status of other edgesin the mesh.

We are interested in edgesxy that violate the conditions of Lemma 1 before the

contraction of aband that satisfy theseconditionsafter the contraction of ab. We say

theseedgesturn contractible. We detect the edgesthat have the potential for turning

contractible and add them to the priorit y queue, using labels to avoid duplicate

entries. We prove below that only edgesin a relatively small subsetof the link of c

can turn contractible. This result is essential for an e�cien t detection of theseedges.

23



Lemma 2 If the contraction of abcausesanother edgexy to turn contractible x and

y are contained in Lk ab.

Pr oof. We have Lk xy � Lk x \ Lk y for every edgexy, and we have equality if xy

doesnot violate the conditions in Lemma1. SupposeLk x \ Lk y consistsof the cycle

Lk xy plus someadditional simplices. The only way the contraction of ab can cause

xy to turn contractible is by removing theseextra simplices.Now, for Lk x \ Lk y to

shrink, we needa and b in both links. Sincea 2 Lk x i� x 2 Lk a, this is equivalent

to x; y 2 Lk a \ Lk b. Lemma 2 follows becauseab satis�es both link conditions,

particularly Lk a \ Lk b= Lk ab.

2.3.6 Accum ulating Edge Bisectors

We concludethis sectionwith a brief comparisonbetweentwo di�eren t implementa-

tions of the meshquality improvement using bisecting hyperplanes. The algorithm,

asexplainedabove, usesa memorylessimplementation in which the bisectorsat each

step are taken for edgesin the current mesh. Alternativ ely, we could accumulate the

bisectorsof edgesin the original mesh,similar to the way we accumulate hyperplanes

spannedby tetrahedra in the original mesh. Initially , each vertex storesthe quadric

de�ned by the hyperplanesbisectingthe edgesin the link. Note that in the caseof a

vertex, the link is preciselythe boundary of the star. Later in the processthe vertex

represents a collection of verticesin the original meshand storesthe quadric de�ned

by the hyperplanesbisectingedgesin the boundary of union of vertex stars. The link

condition guaranteesthat this is a topological ball and its boundary is a topological

sphere.The quadric of this setof hyperplanescanbe computedby accumulation, but

there is a complication causedby the needto remove hyperplanesthat bisect edges

in the interior of the ball. We cope with this complication by inclusion-exclusion:

24



� initialize a quadric for each simplexof the original meshde�ned by the bisectors

of the edgesin the boundary of the star of the simplex;

� upon contracting the edgeab to the vertex c, compute the quadric as Q(c) =

Q(a) + Q(b) � Q(ab).

Similarly, we useinclusion-exclusionto compute the quadricsof newly formed edges

and triangles. We note that inclusion-exclusionis also the preferredway to accumu-

late the quadrics of shape preservinghyperplanes,except that the simpler method

of just adding quadricscommits only the negligibleerror of double-counting certain

hyperplanes.

2.4 Exp erimen ts

There are two parametersthat a�ect the performanceof our algorithm: the target

vertex count, v0, and the relative weight of the hyperplanesthat were added into

the quadric to improve the mesh quality, ' . We perform various experiments in

order to determine an good values for ' . We evaluate the results by computing

approximation errors,visualizing the simpli�ed meshthrough isosurfacesand looking

at critical point statistics. We computethe approximation error of a simpli�ed mesh

as the root meansquareand maximum of the error at each vertex of the simpli�ed

mesh. The error at a vertex is the di�erence betweenits density value and density

value of the corresponding point in the original mesh. All results reported below are

for the memorylessimplementation unlessexplicitly speci�ed.

2.4.1 Datasets

We apply our simpli�cation algorithm to four datasets.Table 2.1 lists the sizeof the

datasets. Isosurfacesof the original and several simpli�ed versionsof the data can
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be seenin Figures2.10-2.14. The �rst two are MRI scandata from the Chapel Hill

dataset #v ertices #tetrahedra
brain 51,772 285,768
head 70,262 391,608
turbine 126,976 714,420
hydrogen 32,768 178,746
ribosome 512,000 2,958,234

Table 2.1: List of datasetsusedfor evaluation.

volumerenderingtest data set, volumeI. The third is density data of a turbine blade.

The fourth contains electron density data for a hydrogen moleculeand the �fth is

cryo electron microscopy data of a ribosome.Each of the datasetsis available to us

for input asa tetrahedral meshwith function valuesspeci�ed at the meshverticesand

linearly interpolated within the meshelements. We eliminate the e�ects of largescale

di�erences between the spatial coordinates and the function valuesby normalizing

the data within the unit hypercube in R4.

2.4.2 Tetrahedral Shape Impro vement

The objective of the �rst experiment is to determine the e�ect of varying ' on the

mesh quality. We do this by applying the simpli�cation using various values of '

and computing the dihedral, solid, and faceanglesof the tetrahedra in the simpli�ed

meshes.The averagevaluesof the three typesof anglesremain almost constant at

around 1:20; 0:49; and 1:05 radians. We seein Figure 2.5 that the introduction of

a positive value for ' sharpens the distribution of anglesaround their respective

averages.Figure 2.6 provides visual evidenceof the improvement in the tetrahedral

shape quality. Theseresults are for experiments run on the hydrogen dataset. The

other datasetsbehave similarly.
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Figure 2.5: Graph of the standard deviation for the dihedral, solid and face angle
measurements for various valuesof ' . Note the initial dip followed by almost no change.

2.4.3 Appro ximation Error vs Tetrahedral Shape

As mentioned earlier, we add weighted hyperplanesinto the error quadric in the hope

of improving the shapeof tetrahedra in the mesh. However, adding thesehyperplanes

reducesthe weight on the density map error that should be minimized for a good

approximation. The objective of our secondexperiment is to study the e�ect of

varying ' on the approximation error. Figure 2.7 shows the root mean squareand

max error for variousvaluesof ' , both of which increasefor increasing' , asexpected.

2.4.4 Topology Preserv ation vs Tetrahedral Shape

In this experiment, we study the e�ect of varying ' on the smallestachievablevertex

count. Violation of the link condition seemsto require badly shaped tetrahedra, so

we expect that we can reach smaller sizesif we increase' . Figure 2.8 is a graph of

the number of verticesin the smallestmeshreachableby the simpli�cation algorithm
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Figure 2.6: The simpli�ed meshesof the hydrogen dataset obtained for ' = 0:0 (left)
and ' = 0:01 (right). Note the dramatic improvement in the shape of the elements for a
non-zeroshape quality factor.

for various valuesof the parameter ' . Note the expecteddip followed by an almost

horizontal section. This is consistent with the earlier observation of a dramatic im-

provement in the shape quality of the meshtetrahedra even with small valuesof '

followed by no signi�cant changeon further increasing' .

2.4.5 Densit y Map Preserv ation

The resultsof the above experiments suggestswe choosea meshquality factor in the

range where the graphs show signi�cant improvement in the shape quality of mesh

tetrahedra. Weset ' = 0:02and run the simpli�cation algorithm on the �v edatasets.

Figures 2.10- 2.14 displays a small sampleof isosurfaceto provide a feeling for the

e�ect the simpli�cation has on the datasets. Signi�cant artifacts begin to appear

when the target vertex count drops to 10% or below. This is re
ected in the root

meansquareand max errors shown in Tables2.2 - 2.4. There is a sharp increasein

error whenthe target vertex count dropsbelow 10%for the brain , headand turbine

datasets,whereasthe hydrogen and ribosome datasetsstart degradingonly below
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Figure 2.7: Graphs of the root mean squareerror (with values shown on the left) and
maximum error (with valuesshown on the right) of the simpli�ed meshesfor various values
of ' . After someerratic 
uctuation the errors increasemonotonically.

2%. The tables alsoshow the time taken to perform the simpli�cation.

brain
% #v ert rms max time

100 51,772
50 25,886 0.001 0.051 224
30 15,531 0.003 0.123 310
20 10,354 0.007 0.145 356
10 5,177 0.015 0.261 406
5 2,588 0.022 0.243 435
3 1,553 0.034 0.492 447
2 1,035 0.036 0.306 453
1 517 0.051 0.344 460

head
% #v ert rms max time

100 70,262
50 35,131 0.001 0.045 315
30 21,078 0.004 0.074 438
20 14,052 0.008 0.209 504
10 7,026 0.018 0.399 575
5 3,513 0.026 0.332 616
3 2,107 0.032 0.285 633
2 1,405 0.043 0.463 643
1 702 0.066 0.463 653

Table 2.2: The root mean squareand max errors associated with each of the simpli�ed
meshesfor the brain and head MRI datasetsand the running time in seconds.

2.4.6 Critical Poin t Statistics

The topography of a density map is often expressedin terms of its critical points,

which in the genericcaseare of one of four types: minima, 1-saddles,2-saddlesand
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Figure 2.8: Graph of the number of vertices in the smallest mesh reachable by the
algorithm. Similar to the meshquality we observe a dramatic initial improvement followed
by almost no change.

maxima. As de�ned in [28], the lower link of a vertex u is the subcomplex of the

link inducedby the verticeswith smaller function value than u. Using reducedBetti

numbers for measuringthe connectivity of the lower link, we classifyu as regular or

critical. In the piecewiselinear case,a critical vertex canhave non-trivial multiplicit y

even in the generic case,which is re
ected in our statistics shown in Figure 2.9.

Contrary to our initial expectations, the simpli�cation �rst increasesthe number of

critical points beforedecreasingthem. Weexplain this phenomenonby the temporary

creation of spuriouscritical points in relatively 
at regionsof the distribution. The

criticalit y of theseverticesis basedon small 
uctuations of the density function. We

substantiate this rationalization by measuringthe importance of a critical point as

the amount of change in function value necessaryto turn it into a regular point.

Formally, we compute the persistenceof the critical vertices as de�ned in [31]. In

the graphsof Figure 2.9, we re
ect this information by ignoring critical points whose

persistenceis lessthan a threshold that increasesfrom back to front. We seethat a
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turbine
% #v ert rms max time

100 126,979
50 63,488 0.000 0.008 606
30 38,092 0.001 0.053 825
20 25,395 0.002 0.087 938
10 12,698 0.010 0.275 1,058
5 6,348 0.022 0.364 1,126
3 3,809 0.032 0.602 1,155
2 2,539 0.035 0.602 1,170
1 1,269 0.069 0.692 1,187

hydrogen
% #v ert rms max time

100 32,768
50 16,384 0.000 0.010 135
30 9,830 0.001 0.059 187
20 6,553 0.002 0.069 213
10 3,276 0.005 0.092 242
5 1,638 0.009 0.132 257
3 983 0.013 0.132 264
2 655 0.018 0.189 267
1 327 0.026 0.174 271

Table 2.3: The root mean squareand max errors associated with each of the simpli�ed
meshesfor the turbine and hydrogen datasetsand the running time in seconds.

ribosome
% #v ert rms max time

100 512,000
50 256,000 0.000 0.016 3,009
30 153,600 0.001 0.223 4,178
20 102,400 0.002 0.684 4,771
10 51,200 0.003 0.392 5,403
5 25,600 0.006 0.140 5,760
3 15,360 0.007 0.205 5,914
2 10,240 0.008 0.218 5,997
1 5,120 0.011 0.310 6,087

Table 2.4: The root mean squareand max errors associated with each of the simpli�ed
meshesfor the ribosome dataset and the running time in seconds.

very small threshold su�ces to erode the gain in critical points causedin the initial

simpli�cation phase.

2.4.7 Sanit y Checks

To ensurethat the implementation doesnot have subtle 
a ws that createbiasesor

other artifacts is always a challengewhen working with non-trivial datasets. Typi-

cally, one looks for unusual behavior while testing the code against special data. In

addition, we check the code by collecting evidencethat the output is structurally

correct. We perform low and high level structural checks of the mesh. At the lowest
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Figure 2.9: Graphs of the numbers of critical points in the brain data: The numbers
changefrom left to right as we simplify the density and from back to front as we eliminate
critical points of low persistence.The graphs for remaining datasetsare similar.

level, we test whether the triangles in K are connectedthe right way. Details of such

tests can be found in M•ucke [69]. At a higher level, we computethe Euler character-

istic: � = s0 � s1 + s2 � s3, where si is the number of i -simplicesin K . The Euler

characteristic of a 3-ball is 1, and sinceour algorithm maintains the topological type,

it must be 1 throughout the process.There is a relation betweenthe Euler charac-

teristic and the critical points, namely � = c0 � c1 + c2 � c3, wherec0, c1, c2 and c3

count the minima, 1-saddles,2-saddlesand maxima, respectively. The compacti�ca-

tion that changesthe 3-ball into the 3-spherechangesthe Euler characteristic to 0.

The alternating sum of critical points thus furnishesanother test for the correctness

of the simpli�ed mesh.
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2.4.8 Inclusion-Exclusion

We repeated all of the above experiments using the inclusion-exclusionmethod for

accumulation of bisectinghyperplanesand comparedthe resultswith the memoryless

method, �nding possiblypredictable di�erences in performance:

(i) the inclusion-exclusionmethod is fasterthan the memorylessmethod by a factor

of about three;

(ii) the approximation error for the inclusion-exclusionmethod is marginally higher

than that of the memorylessmethod;

(iii) the reachable limit of maximum simpli�cation increasesfrom about 0:5% for

the memorylessmethod to about 3% for the inclusion-exclusionmethod.

In summary, the quality of the simpli�cation is marginally worse for the inclusion-

exclusionmethod, but the running time is somewhatbetter. Weplacemoreweight on

the quality of the computedresult than on speedand thusdecidedto present detailed

experimental results only of the memorylessmethod of meshquality improvement.

2.5 Discussion

We described an algorithm for simplifying a density function represented by a tetra-

hedral meshof a three-dimensionalgeometricdomain. The main ingredients of the

algorithm are topology preserving edge contractions and quadratic cost functions

that attempt to preserve the density map as well as improve the meshquality. We

performedvariouscomputational experiments to determinerelationshipsbetweenthe

parametersthat control the algorithm. We ran our algorithm on �v e datasetsand

evaluated the results by computing the approximation error, someisosurfaces,and

the number of critical points, all asvariablesdependingon the amount of simpli�ca-

tion. We concludethis chapter by mentioning a coupleof future projects.
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(1) Use the hierarchy of critical points to get a comparisonbetween two similar

density functions that is more qualitativ e than the approximation error com-

puted in this work. Study the behavior of this comparisonas the functions

becomeprogressively lesssimilar.

(2) Comparethe numerical method that maintains the meshboundary usingextra

hyperplaneconstraints with a combinatorial method basedon the generallink

condition. The latter method would preserve the faceand edgestructure of the

meshboundary and treat boundary verticeswith higher priorit y.

The natural next step in simplifying a density function is a synthesis of geometric

and topologicalmethods, similar to the work of Bremer et al. [11] and Edelsbrunner

et al. [30] for two-dimensionalfunctions. This amounts to constructing the three-

dimensionalMorse-Smalecomplex [28] and simplifying it in a sequenceof cancella-

tions orderedby persistence[31]. We describe the construction of the Morse-Smale

complexin three-dimensionsin the next chapter and discussthe technical challenges

involved in implementing a hierarchical version. An alternative would be to simplify

the density function by re-prioritizing the edgecontractions in our current algorithm

to include topological information about the critical points. An advantage of the

latter idea is that it is potentially easyto implement by extending the existing im-

plementation.
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Figure 2.10: Top-left to bottom-righ t: isosurfacesextracted from the original brain
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.

Figure 2.11: Top-left to bottom-righ t: isosurfacesextracted from the original head
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.
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Figure 2.12: Top-left to bottom-righ t: isosurfacesextracted from the original turbine
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.

Figure 2.13: Top-left to bottom-righ t: isosurfacesextracted from the original hydrogen
dataset and after simplifying the meshto 50%, 30%, 10% and 5% of its original size.
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Figure 2.14: Top-left to bottom-righ t: isosurfacesextracted from the original ribosome
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.
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Chapter 3

3D Morse-Smale Complexes

We continue to study three-dimensionalscalar functions in this chapter. However,

we now focus on the extraction of topological features to present a global view of

the function. In order to extract the topological features,we useresults from Morse

theory, which has been traditionally used for studying the topology of manifolds.

Appendix A describes the basic terminology from Morse theory that we require for

the discussionin this chapter. For a more comprehensive view, we refer to the books

on this subject by Matsumoto [65] and Milnor [68]. The Morse-Smalecomplexof a

Morse function partitions its domain into regionswith uniform gradient 
o w. Such

partitions were developed to study the behavior of dynamical systems. We extend

Morse-Smalecomplexesto piecewiselinear 3-manifoldsand describe a combinatorial

algorithm to compute them.

3.1 In tro duction

3.1.1 Motiv ation

Thereis anabundanceof natural phenomenathat canbemodeledby three-dimensional

Morse functions. In oceanography, we study the distribution of temperature and

other measurements over the Earth's oceans. In medical imaging, we reconstruct

the inside of a living body from density distributions measuredby MRI and other

sensingtechnology. In x-ray crystallography, we determinethe conformationsof pro-

teins and other moleculesfrom electron densitiesderived from x-ray di�ractions. In

each case,essential information is obtained from variations of the density over the
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space. Morse theory o�ers the basic mathematical languageto reasonqualitativ ely

and quantitativ ely about this variation. In oceanography, we might be interestedin

the temperature extrema and how they changeover time. In medical imaging, we

usesharp changesin density to segment the body into bone, tissue and other con-

stituents. In x-ray crystallography, we reconstruct geometricstructure by following

ridgesconnectingmaxima in the electrondensity. Clearly, a systematicstudy of the

variation in density (i.e. gradient of the density function) will be of signi�cant usein

understandingdata obtained from the above mentioned scienti�c domains. Indeed,

such studieshave beenconductedin the past.

3.1.2 Related work

The Morse-Smalecomplexcapturesthe gradient 
o w characteristicsof the scalar�eld

by partitioning the spaceinto regionsof uniform 
o w. Thom is probably the �rst to

formally develop a way of partitioning spaceusing gradient 
o ws [98]. One of the

earliestwork on such partitions that usedMorsetheory is that of Smalein the context

of dynamical systems[88, 90]. He usesresults from the study of thesepartitions to

construct an elegant proof of the higher dimensional Poincar�e conjecture [89, 91].

Besidesthe work done by Smale, there has beenextensive study of such partitions

in the smooth category [85]. All work on piecewise-linearmanifolds have, however,

beenrestricted to the two-dimensionalcase.Edelsbrunneret al. [30] de�ne the Morse-

Smalecomplexfor piecewise-linear2-manifoldsby consideringthe PL function asthe

limit of a seriesof smooth functions and using the intuition to transport ideasfrom

the smooth case. We follow the sameapproach in 3D. There are newer types of

criticalities and hencenew typesof cells in the Morse-Smalecomplexwhen we move

from 2D to 3D. This makesthe extensionsof the results from 2D a non-trivial task.

The two-dimensionalpiecewise-linearcasehasbeenstudiedextensively in di�eren t
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�elds, under di�eren t names,motivated by the needfor an e�cien t data structure to

storesurfacefeatures. Cayley [15] and Maxwell [67] proposea subdivision of surfaces

using peaks,pits, and saddlesalong with curves between them. Warntz usessuch

partitions to study surfacesarising in social sciences[105]. Pfaltz [76] proposeda

graph basedrepresentation of the partition, called a surface network. Applications

and extensionsof surfacenetworks have beenstudied within various �elds including

cartography [109], computer vision [57], and crystallography [54]. The development

of di�eren t data structures for representing topographical featuresis discussedin a

collection of expositions edited by Rana [78].

Three-dimensionaldensity functions are commonly visualizedby drawing one or

several level sets. In three-dimensionalEuclidean space,such a set is generically a

2-manifold, often referredto asan isosurface,which divides the spaceinto insideand

outside. The 1-parameter family of isosurfacessweepsout each cell in the Morse-

Smale complex in a predictable manner, starting at the minimum and proceeding

towards the opposite maximum while crossingthe boundary everywhereat a right

angle. The most popular method for computing an isosurfaceis the marching cube

algorithm, which assumesthe density is givenby its valuesat the verticesof a regular

cubic grid [64]. Extensions and improvements of this algorithm can be found in

[43, 55, 66, 71, 73, 103, 107, 111].

The marching cube algorithm visits the entire grid, which implies a running time

proportional to the number of grid cells. A signi�cant improvement in performance

can be achieved by limiting the traversal to those cells that have a non-empty in-

tersection with the constructed isosurface. Starting at a `seededge', the algorithm

traversesthe cells following the component of the isosurfaceas it is uncovered [6].

A minimal collection of seededgesthat toucheseach component of every level set is

provided by a minimal covering of the Reebgraph [79], stored for quick accessin a

40



hierarchical data structure referred to as the contour tree [58]. The Reebgraph is a

compressedrepresentation of the components, but it has no geometric information

related to the gradient 
o w as expressedby the Morse-Smalecomplex. Extensions

and improvements of the original algorithm for constructing contour trees can be

found in [14, 75, 96].

Another conceptrelated to Morse-Smalecomplexesis the medial axis of a shape

in three-dimensionalEuclidean space. As introduced by Blum [10], it is the set

of centers of spheresthat touch the boundary of the shape in at least two points

without crossingit. Medial axesare usedin a wide variety of applications, including

shape representation [21, 86], meshgeneration[87], geometricmodeling [94], motion

planning [44], imageprocessing[74] and computer vision [110]. If the boundary is an

orientable 2-manifoldembeddedin three-dimensionalEuclideanspace,we may de�ne

the signeddistance as a function over the space. The medial axis then consistsof

arcsand quadranglesin the Morse-Smalecomplex.

Partitions similar to the Morse-Smalecomplex have been computed earlier for

vector �elds as well but most of them employ numerical methods. Helman and

Hesselink [50] classify the zeros of a vector �eld and perform particle tracing to

compute the topology of the vector �elds in two and three dimensions. Globus et

al. [39] describe a software for visualizing the topology of three dimensionalvector

�elds that alsousesnumerical methods to trace the 
o w lines.

3.1.3 Approac h and Results

A fundamental di�cult y in applying Morsetheoretic ideasto scienti�c problemsis the

lack of smoothnessin real data. We takea combinatorial approach to this problemby

simulating smoothnessto the extent necessaryand then carry on the intuition from

the smooth setting. One advantage of our approach asopposedto a numerical oneis
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the guaranteesthat wecanprovide about the consistencyof the computedstructures.

We extend the de�nition of Morse-Smalecomplexesto the piecewiselinear domain

and describe it asan overlay of the descendingand ascendingmanifolds. We alsogive

a combinatorial algorithm for constructing it with guaranteed structural correctness.

Finally, we describe our visualization tool for displaying sub-structuresof the Morse-

Smalecomplex. We usethe visualizations to study dislocations in a copper crystal

and the shape of biological macromoleculeselectronmicroscopy data.

3.2 De�nition

The datasetsthat we work with are piecewiselinear. So,we needto transport Morse

theoretic ideasthat wereoriginally developed in the smooth setting into the piecewise

linear domain. After giving de�nitions for the Morse-Smalecomplex for smooth 3-

manifolds, we introducequasi Morse-Smalecomplexesand discussthe artifacts that

ariseupon moving to the piecewiselinear domain.

3.2.1 Smooth 3-Manifolds

In tegral Lines. Given a Riemannian metric on M and a local coordinate system

with orthonormal tangent vectors @
@x i

(p), the gradient of f at p is

r f (p) =
�

@f
@x1

(p);
@f
@x2

(p);
@f
@x3

(p)
� T

:

It is the zero vector i� p is critical. An integral line 
 : R ! M is a maximal path

whosevelocity vectorsagreewith the gradient: @

@s (s) = r f (
 (s)) for all s 2 R. Each

integral line is open at both ends,and we call org
 = lim s!�1 
 (s) the origin and

dest
 = lims!1 
 (s) the destination of 
 . Both are necessarilycritical points of f .

Integral lines are pairwisedisjoint. We considereach critical point asan integral line
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by itself, and with this stipulation the integral lines partition M. We use them to

decomposeM into regionsof similar 
o w patterns.

Ascending and Descending Manifolds. The descendingand ascendingmanifolds

of a critical point p are

D(p) = f pg [ f x 2 M j x 2 im 
 ; dest
 = pg;

A(p) = f pg [ f x 2 M j x 2 im 
 ; org
 = pg;

where im 
 is the imageof the path 
 on M. If x and y are points di�eren t from p

that belongto the descendingand the ascendingmanifolds of p then f (x) < f (p) <

f (y). This implies that D(p) \ A(p) = p. The descendingmanifolds of f are the

ascendingmanifolds of � f and, symmetrically, the ascendingmanifolds of f are

the descendingmanifolds of � f . This implies that the two typesof manifolds have

the samestructural properties. Speci�cally, the descendingmanifold of a critical

point p of index i is an open cell of dimension dim D(p) = i . Since the integral

lines partition M, so do the descendingmanifolds. Moreover, they form a complex

as the boundary of every cell is the union of lower-dimensionalcells that are its

faces. The ascendingmanifolds form a dual complex: for critical points p and q of f ,

dim D(p) = 3 � dim A(p), and D(p) is a faceof D(q) i� A(q) is a faceof A(p).

Morse-Smale Complex. A Morsefunction f is Morse-Smaleif the descendingand

ascendingmanifolds intersect only transversally. SupposeD(p) and A(q) have non-

empty commonintersection. If dim D(p) = 2 and dim A(q) = 1 then the transversal-

it y assumptionimplies D(p) \ A(q) = p = q. In the more interesting casein which

both are 2-manifolds,A(p) and D(q) are facesof A(q) and D(p) and, as illustrated

in Figure 3.1, the commonintersection is a simple path connectingthe two critical

points. Following [30], we de�ne the cells of the Morse-Smalecomplex as the com-

ponents of the setsD(p) \ A(q), over all critical points p and q of f . By de�nition,
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p q

Figure 3.1: The dotted line is the common intersection of the descending2-manifold of
p and the ascending2-manifold of q.

each cell of the Morse-Smalecomplex is a union of integral lines that all sharethe

sameorigin q and the samedestination p. The dimension of the cell is then the

di�erence betweenthe two indices. We call the cellsof dimension0 to 3 nodes, arcs,

quadrangles, and crystals. Each two-dimensionalcell is indeeda quadrangle,but its

boundary may be glued to itself. The prototypical caseof a crystal is a cube, which

we imagine standing on its tip, but more interesting casesare possibleas shown in

Figure 3.2.

Figure 3.2: Crystals in the Morse-SmaleComplex: The oneon the left is the protot ypical
casein the shape of a cube and the one on the right is a more interesting case.
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3.2.2 Piecewise Linear 3-Manifolds

Quasi Morse-Smale Complex. We construct a complex that is structurally in-

distinguishablefrom the Morse-Smalecomplexby taking open manifoldsmadeup of

simplicesin K . It is a decomposition of spaceinto crystals in which the boundary

of each crystal is a quadrangulation. The function f has its critical points at the

nodes of this complex and is monotonic within all the arcs, quadranglesand crys-

tals. It di�ers from the Morse-Smalecomplexbecausethe arcsand quadranglesmay

not be those of maximal ascent and descent. Let U, V, X and Y be the sets of

minima, 1-saddles,2-saddlesand maxima of f , let R, S and T be the sets of arcs

that connectminima to 1-saddles,1-saddlesto 2-saddles,and 2-saddlesto maxima

respectively, and let P and Q be the setsof quadrangleswith nodesfrom U; V; X ; V

and V; X ; Y; X in that order, respectively, around the boundary. We de�ne a quasi

Morse-Smalecomplex of f asa decomposition of M into open cells that satis�es the

following properties:

(i) all nodesare from U [ V [ X [ Y, all arcsare from R [ S [ T, and all quad-

ranglesare from P [ Q,

(ii) there are no critical points within the arcs,quadranglesand crystals, and

(iii) each arc in S is on the boundary of four quadrangles,which in a cyclic order

alternate betweenP and Q.

Note that a quasi Morse-Smalecomplexcan be split into complexesde�ned by U; P

and Y; Q. Theseare complexesthat are structurally indistinguishable from thoseof

the descendingand ascendingmanifolds.

Simulating disjoin tness. Integral lines are not well de�ned for piecewiselinear

manifolds. So, following [30], we construct monotonic curvesand surfacesthat never
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cross.Thesecurvesand surfacescan mergetogether and fork later. When a curve or

surfacemergeswith another curve or surface,we pretend that they remain in�nites-

imally closeto each other without crossinguntil they either fork or reach a common

critical point.

3.3 Data Structures

We usetwo main data structures, one for the triangulation K of the 3-manifold M

and the other for the Morse-SmalecomplexQ of the function f : M ! R. The two

consistof various piecesand are connectedto each other as shown in Figure 3.3.

D DQ

K

D

S S S S3210

D0 1 2 3

Figure 3.3: The data structures usedto represent the triangulation and the Morse-Smale
complex.
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3.3.1 Triangulation

The triangulation of M is a 3-dimensionalsimplicial complex consistingof vertices,

edges,triangles, and tetrahedra. Miscellaneousinformation about the simplices is

stored in the arrays S0, S1, S2, and S3. Each simplex is identi�ed by its dimension

and its index in the corresponding array. The connectivity betweenthe simplicesis

represented by another array, K , whoseelements are sextetsof pointers that connect

the triangles in rings about the edges.This data structure is akin to the edge-facet

structure introducedin [23]. As illustrated in Figure 3.4, a sextet is madeup of the

six orderedversionsof a triangle.

The operation enext rotates the ordering of the three vertices cyclically by one

position to the left. The operation symexchangesthe �rst two verticesin the ordering.

Both move from oneto another ordering in the samesextet, but enextmoveswithin

one orientation while sym changesbetween orientations. Using explicit pointers, a

sextet supports the operation fnext, which movesfrom an orderedtriangle abcto the

next and similarly orderedtriangle abdin the ring about the edgeab. Furthermore,

it supports the operation org, which moves from abc to its origin, a. Note that

an ordered triangle abc uniquely de�nes four ordered simplices,namely a, ab, abc,

and abcd, and can therefore be interpreted as a vertex, an edge, a triangle, or a

tetrahedron, whichever is appropriate or convenient.

To illustrate the functionality of this data structure, considerthe computation of

the link of a vertex p = pi . Letting puv be oneof the triangles that sharethat vertex,

we usedepth-�rst search to traverseall triangles in the star. For each visited triangle

pxy, the edgexy belongsto the link of p and so do the triangles that precedeand

succeedpxy in the ring around xy. Given the initial triangle puv, the search takes

time proportional to the number of edgesin the link.
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Figure 3.4: Algebra of ordered triangles.

With an additional test of the vertex heights, we can identify the lower link as

a subcomplex of the link. We use the reducedBetti numbers of the lower link to

classify the vertex p as regular, minimum, 1-saddle,2-saddle,maximum or multiple

saddle. The appendix describes the classi�cation processin detail. We get the

reduced Betti numbers by keeping track of the components in the lower link. If

there are no components then ~� � 1 = 1 and ~� k = 0 for all k 6= � 1, sop is a minimum.

If the lower link is equal to the link then ~� 2 = 1 and ~� k = 0 for all k 6= 2, so p

is a maximum. Otherwise, ~� � 1 = ~� 2 = 0 and ~� 0 is one less than the number of

components. We get ~� 1 from ~� 0 and the Euler characteristic � = s0 � s1 + s2, where

sk is the number of k-simplicesin the lower link of p: ~� 1 = ~� 0 + 1 � � . p is regular

if ~� 0 = ~� 1 = 0 and it is a multiple saddlecombining ~� 0 1-saddlesand ~� 1 2-saddles,

otherwise.

3.3.2 Morse-Smale Complex

The Morse-Smalecomplex of f consistsof simple open cells of dimensions0, 1, 2,

and 3, which we refer to as nodes, arcs, quadrangles,and crystals. Miscellaneous

related information is stored in arrays D0, D1, D2, and D3, as shown in Figure 3.3.
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Each cell is identi�ed by its dimensionand its index in the corresponding array. The

connectivity is stored in another array, Q, whoseelements are octets of pointers, as

illustrated in Figure 3.5. Similar to orderedtriangles, we have the operations anext

sym

anext

an
ex

t

anext anext anext

anextanextanext

sy
m

sy
m

sy
m

sy
m

sym

sym

sym

d c

ba

dcba adcbcbad

dabc

badc

abcd bcda cdab

Figure 3.5: Algebra of ordered quadrangles.

and sym, which move betweenorderingsin the sameoctet. The operation qnexttakes

us from abcdto the next similarly orderedquadrangleabef in the ring about the edge

ab. Finally, the operation org takesus from abcdto its origin, a.

A node in the Morse-Smalecomplex is just one of the vertices of the triangu-

lation, but arcs and quadranglesare more complicated objects that needelaborate

representations. Each arc is an open sequenceof edgesand, as indicated in Fig-

ure 3.3, it is stored as a sequenceof oriented edgesor pointers into K . Similarly,

each quadrangleis an open patch of triangles and, as indicated in Figure 3.3, it is

stored asa 2-manifold of oriented triangles or pointers into K . The connectivity can

be recovered from the connectivity information in K , so we can get by with simple

and compact representations. It is important that each arc and quadranglehas its

own �xed orientation, which is then usedin the algebraillustrated in Figure 3.5.

We have to be preparedto store partial complexeswhile constructing the Morse-

Smalecomplex and to add new quadranglesand arcs. As a generalpolicy, we add
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a new cell when its description in terms of simplices in K is complete. Another

complication is the possibility that cells may fold onto themselves and onto each

other. We keepthe data structure of the complexoblivious to such events. Instead,

we use additional data structures to resolve such degeneracies.We describe these

next.

3.3.3 Normal Structures

We say that arc or quadranglefolds onto itself if it contains a point of M multiple

times. Similarly, arcs and quadranglescoincide if they share points of M . While

permitting such events, we simulate an in�nitesimal separationsothat we canreason

about sidednessand incidencesin an unambiguous manner, as we will be able to

without any additional data structures in the absenceof folding. A normal disk

captures the in�nitesimal structure around an edgeand a normal interval captures

the in�nitesimal structure normal to a triangle.

The normal structuressupport the decisionmaking during the construction of the

Morse-Smalecomplex. They are transient data structures that are usedonly while

building the Morse-Smalecomplex. We list the operations supported by the normal

structures, treating them as abstract data structures. Speci�c implementation with

varying running times per operation can be found in standard algorithm texts [20].

A normal disk belongsto an edgein K and has the structure of a planar graph.

There are points in the interior of the disk, called base points, that represent de-

scending,ascendingand intersectionarcscontaining the edge.There are alsopoints

on the disk boundary that represent how quadranglescontaining the edgeenter and

exit the disks. The normal disk also contains between these points that represent

the quadranglescontaining the edge. A path may connect an interior point to a

boundary point, two boundary points, or two interior points. The third caseis a
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degeneratesituation wherepart of a quadranglecollapsesonto an arc. The normal

disk contains multiple paths if many quadranglescontain the edge.We require that

all these paths meet the boundary of the normal disk at distinct points. An easy

combinatorial argument shows that for each �xed k and l, there is a �nite number

of topological types for the set of paths in an normal disk with k basepoints and l

paths. In fact, if we �x N points on the boundary of the normal disk and N i direc-

tions orderedcyclically around each basepoint, with 2l = N + N1 + : : : + Nk , then

the family determinesand is determined by a pairing of thesepoints together with

a placement of the basepoints that are not connectedto the boundary by any path.

However, not every pairing and/or placement can occur.

A di�cult y in implementing the normal disk comesfrom the fact that the graph

may havemorethan onecomponent and thesemay benested.The data typesupports

the following operations:

INSERT/DELETE a point (arc) or a path (quadrangle).

MERGE/SPLIT normal disks.

DECIDE whether a given path separatestwo components or two points.

A normal interval belongsto an orderedtriangle in K and lists the orderedquadran-

glesthat contain it. The data type supports the following operations:

INSERT/DELETE an orderedquadrangle.

MERGE/SPLIT normal intervals.

Note that the information stored in the normal interval of a triangles is duplicated in

the normal disks of its edges.So, we neednot store the normal intervals explicitly.

However, we refer to them in our descriptionfor clarity reasons.Figure 3.6 illustrates

folding events and the corresponding normal structures.
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Figure 3.6: Top: a descendingdisk starting at a 2-saddlex that folds onto itself and
the normal disk of an edge in the folded region. The two paths x and x0 correspond to
the oriented descendingdisks passing through the edge. Bottom: two descendingdisks
merging along their boundary arcs. The normal disk of the sharededgehas two vertices in
the interior (basepoints) corresponding to the two arcs.

3.4 Algorithm

In this section, we �rst give an overview of the algorithm followed by detailed de-

scriptions of how we construct descendingand ascendingmanifolds.

3.4.1 Overview.

A quasiMorse-Smalecomplexis constructedduring two sweepsover the 3-manifold.

The �rst sweepis in the order of decreasingfunction value(height) and computesthe

descendingmanifolds. The secondsweepis in the order of increasingheight, which

is the preferred order for computing the ascendingmanifolds. However, instead of
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computing the two collections independently, we use the structure provided by the

descendingmanifolds and add the ascendingmanifolds accordingly.

Step 1. Construct the complexformed by the descendingmanifolds.

Step 2. Construct the ascendingmanifolds in piecesinside the cells formed by the

descendingmanifolds.

Somerouting decisionsin Step 1 require rudimentary structural information about

the ascending2-manifolds, so we compute that already in Step 1. We compute

the intersectionsbetween the descendingand the ascending2-manifolds before we

construct the latter. It is in fact easierto compute theseintersections�rst and then

widen them into the ascending2-manifolds. An overriding goal is to get the structure

of the quasi Morse-Smalecomplex right, and to achieve that goal we createvarious

kinds of degeneraciesand usethe normal structures to help in resolving them when

necessary. In order to streamlineour descriptionof the variousstepsin the algorithm,

we denotethe verticesof K by p1; p2; : : : ; pn assumingf (p1) > f (p2) > : : : > f (pn ).

Assuming a quasi Morse-Smalecomplex without any folding events, we claim a

running time that is boundedfrom above by nlog(n) plus the input size. The nlog(n)

term covers the time neededto sort the n vertices by height. The input size is the

number of simplicesin K . By choiceof the data structure representing K , Lk pi can

be computedin time proportional to its size. Similarly, the classi�cation of pi , which

reducesto counting the simplicesand the components in the lower link, can be done

in time proportional to that size. By de�nition, the size of the link is the number

of simplicesit contains, and becauseit is a two-dimensionalsphere,this is 3t i + 2,

where t i is its number of triangles. Each triangle belongsto only two links, which
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implies that the total sizeof all vertex links is

nX

i =1

3t i + 2 = 6t + 2n;

wheren is the number of verticesand t is the number of triangles in K . As wewill see

later, the above time analysisappliesto most stepstaken by our algorithm. Indeed,

we typically work inside a vertex link and compute simple sub-structures, such as

shortest-pathtreesand circlesseparatingoceansand continents from each other. We

will seethat with the assumptionof unit length edgesboth tasks and miscellaneous

others can be performed in time proportional to the size of the link and, in total,

proportional to the sizeof K . The output sizeis the total number of simplicesused

to describe the complex. In the assumedabsenceof any folding events, the output

size is lessthan the input size and can therefore be neglectedin the running time

analysis.

The assumptionof no folding amongthe arcsand quadranglesin the quasiMorse-

Smalecomplexis however not very realistic. Indeed,we do expect folding in practice

and this is the reasonwhy we have introduced the normal structures in the �rst

place. A triangle can belongto arbitrarily many quadranglesand an edgecan belong

to arbitrarily many arcs. The output sizeis thereforeno longer boundedfrom above

by the input sizeand hencethe running time of the algorithm is boundedfrom above

by nlog(n) plus the input sizeplus the output size.

3.4.2 Descending Manifold Construction

We computethe descending1- and 2-manifoldssimultaneouslyduring onesweep. To

simplify the explanationof how this is done,we �rst discussthem separately, restrict-

ing our attention to simple critical points. One of the delicateparts of the construc-

tion is keepingtrack of degeneratesituations and how they shouldbe resolved. These
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include both foldingsand coincidenceswheredescendingand/or ascendingmanifolds

overlap and need to be separated. As mentioned in the previous section, we deal

with thesedegeneratesituations with the help of special data structures, and we will

explain how this is doneas we describe the construction.

Descending 1-manifolds. Each descending1-manifold is an open interval that

belongsto and includes a 1-saddlep = pi . It consistsof two descendingarcs and

we call p the root of the 1-manifold and of its arcs. As illustrated in Figure 3.7, the

1-manifold descendsfrom its root on both sidesand, by simulation of the Morse-

Smalecondition, ends at minima of f . It is possiblethat the two arcs end at the

sameminimum, but becausethey do not contain that minimum, their union is still

an open interval and not a closedcircle. In the Morse-Smalecase,all verticesof the

Figure 3.7: The descending1-manifold rooted at a 1-saddle. The spheressketch the
links of the root, a regular point, and one of the two minima.

1-manifold except for its root are regular, but in the piecewiselinear caseit is also

possiblethat the 1-manifold passesthrough another critical point pj . We have j > i

becausepj is necessarilylower than the root. For an arc it makes little di�erence

whether it passesthrough a regular or a critical point. However, sincepj starts its
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own descendingmanifold, we needto make surethat the arcsdescendingfrom pi and

pj are consistent in the senseof simulated disjointness. A consistent choiceof edges

will be automatic in the descendingcasebecausewe extend each arc by adding the

edgefrom the current endpoint to the lowest vertex in its lower link. This choiceof

extensionimplies, for example,that oncetwo arcsmerge,they go together until they

both end at the sameminimum. The structure can be much moresubtle, however, if

descendingdisks and other elements of the structure intersect thesearcs as we will

seelater.

We distinguish between three operations in the construction of the descending

1-manifolds: starting, extendingand gluing. The samethree operationsalsooccur in

the construction of descending2-manifolds,and they are processedwithin the same

logical structure. The starting operation appliesif p is a 1-saddleand starts the two

arcsof the corresponding 1-manifold using edgesfrom p to the lowest vertex in each

oceanof the link. The extending operation continuesall descendingarcs ending at

p by adding an edgefrom p to the lowest vertex in its lower link. An exception to

this rule occurs if p is a 1-saddle. In this case,we will later start an ascending2-

manifold manifestedin the link by a closedcycle in the continent that separatesthe

two oceans.We then extend each descendingarc to the lowest vertex in the speci�c

oceanthat is not separatedfrom the arc by that ascending2-manifold. The gluing

operation applies if p is a minimum, which it declaresa node of the Morse-Smale

complex,and gluesthe descendingarcsending at p to each other.

Structure of a 2-manifold. The construction of the descending2-manifolds is

more complicatedthan that of descending1-manifolds. We begin by discussingtheir

structure and by formulating an invariant maintained by the algorithm. Each de-

scending2-manifold is an open disk that belongsto a 2-saddle,which we call its root.

The disk descendsfrom the root, which is its highest vertex. Its boundary is a circle
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along which we alternately encounter 1-saddlesand minima joined by descending

arcs. This boundary circle might be partially glued to itself along oneor more arcs.

Note that this is fundamentally di�eren t from the casein which the disk folds onto

itself: the folding can be simulated away sinceit doesnot happen for smooth func-

tions, while the boundary gluing is an inherent feature of descending2-manifolds. It

is important that the descending2-manifold does not contain its boundary, elseit

would not necessarilybe a disk. In the most extremecase,the boundary circle is a

singlevertex so that the closureof the disk is a sphere.

Beyond being an open disk which descendsfrom its root, we require that the

restriction of f to the descending2-manifold has no critical points other than the

maximum at its root p. This property is guaranteed by an invariant maintained

during the construction. At any moment, we have an open disk whoseboundary

is partially �nal or frozen and partially unfrozen. The frozen boundary grows from

the empty set to a collection of open segments, which eventually merge to form a

completecircle. The unfrozenboundary shrinks from a completecircle to a collection

of closed segments, until it eventually disappears.

Disk Inv ariant. Let q be a vertex in the unfrozen portion of the boundary of a

disk and let qu be an interior edge. Then u is either an interior vertex or a

frozenboundary vertex, and f (u) > f (q).

Note that the Disk Invariant prohibits interior edgesthat connect two unfrozen

boundary vertices. This implies that as long as the entire boundary is unfrozen,

there are no interior edgesconnectingtwo boundary vertices,and all edgesdescend

from the interior to the boundary. Figure 3.8 illustrates the resulting structure of a

descendingdisk. A regular vertex u in the restriction of f to the disk is characterized

by a non-empty connectedlower link. In other words, the edgesin the star change
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between descendingfrom u to descendingtowards u and back again exactly once

around u. The disk is extendedat the highest unfrozenvertex q which either lies in

u

p

q

Figure 3.8: A portion of the triangulation of a partially constructed descending2-man-
ifold. The edgesare oriented from the higher to the lower endpoints.

the interior of an unfrozenboundary segment or is the endpoint of a frozenboundary

segment. In the former case,all interior edgesdescendtowards q. In both caseswe

maintain the Disk Invariant by extending the disk such that all newly added edges

descendfrom q. It follows that the only new interior vertex, which is q itself, is a

regular point of f restricted to the disk.

Starting a 2-manifold. We start descendingdisks at 2-saddlesand extend them

at all unfrozenboundary vertices. Let p = pi be a 2-saddle,as shown in Figure 3.9,

and let q be the lowest vertex in its link. By assumption,the lower link is a retract

of the belt-like ocean around the link, and q belongsto that ocean. We start the

corresponding descendingdisk by constructing a circle in the lower link, making sure

that the circle contains q as one of its vertices. Even though we call it a circle, it

may fold onto itself, and sometimessuch folding is unavoidable. There are many

ways to construct such a circle. We �nd a short circle using the shortest-path tree
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q

p

Figure 3.9: The disk rooted at p starts by connecting p to a circle in the belt-lik e ocean
that passesthrough the lowest vertex q.

rooted at q that spansthe lower link. Here we stipulate unit length edgesso that

shortest translates to minimum number of edges. After constructing the tree, we

classify non-tree edgesin the lower link depending on whether or not they divide

the two continents. The circle is then de�ned by the dividing non-tree edgein the

lower link whosetwo endpoints minimize the sum of distancesto q. Returning to the

classi�cation, we note that the tree cuts the link open but keepsit connected.If we

cut along a non-tree edge,we split the link into two disks. Considerthe casewhere

oneof the diskscontains both continents while the other is contained insidethe ocean.

The latter disk is triangulated and, by construction, its triangulation hasall vertices

on its boundary so it can be collapsed. We can therefore remove the triangles from

this disk by repeatedcollapsing: at each step remove a triangle that has both edges

on the boundary and declarethe third edgea new boundary edge.The classi�cation

of non-treeedgesin the lower link thus proceedsby repeatedcollapsing,which marks

all non-dividing edgesand leavesall dividing edgesunmarked.

Extending a 2-manifold. In the non-degeneratecasein which we are currently

working, an interior vertex of a disk is typically a regular point of f , although it can
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alsobe a 1-saddleor a 2-saddle.We �rst considera regular point p = pi and assume

it belongsto the boundary of a descendingdisk. Recall that we visit the vertices in

the order of decreasingheight, so p is the highest unfrozenboundary vertex. There

are three cases,illustrated in 3.10. In the �rst case,p is adjacent to two unfrozen

boundary edgesand hastwo neighbors a and b, connectedto p by unfrozenboundary

edges. In the secondcase,there is only one unfrozen neighbor, c, with the other

neighbor frozen. In the �nal caseboth neighbors are frozen,asare the edges,but p is

not yet frozen. The algorithm treats the �rst two casessimilarly and simultaneously.

a
b c

q

p

d f
e

Figure 3.10: Three descendingdisks that touch p and intersect the link in a path each.
One path starts and ends in the ocean, another starts in the continent and ends in the
ocean,and yet another starts and ends in the continent.

Speci�cally, it constructsa shortest-path tree from the lowest vertex q in Lk � p. The

points a and b belong to the lower link and are therefore vertices of the tree. We

connecta to q along the unique path in the tree and extend the corresponding disk

by connectingp to the edgesof that path. We do the samefor b and c and for all

other verticesthat are connectedto p by unfrozenboundary edges.Note that no two

paths crossoneanother, but it is possiblethat somepaths fold onto each other and

we must keeptrack of sidednessasbefore. In the third casewhereboth neighbors of
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p are frozen, the disk is developing a structure that we call a spike. The descending

paths that enter at the points e and f , which may be the same,mergeor continue

mergedas they exit from p to q. The disk is continued by imagining an in�nitesimal

strip that sits between the two mergedpaths. As the processcontinues from this

point on this spike is then treated for lower vertices as a degenerateversion of this

third case,whereboth endpoints and the descendingpath all degenerateto a single

point.

There is no essential di�erence in the computations if p is a 2-saddle,exceptthat

p itself starts an additional descendingdisk. By usingthe sametree for starting disks

and for extendingdisksweavoid intersections,but asusual,folding onto themselvesor

each other is allowed. The caseof a 1-saddlep is moreinteresting. If the two neighbors

of p along the boundary of the disk are both unfrozenand belong to opposite polar

oceansin the link then we do the samecomputationswithin both oceans.The point

p remains on the boundary, but its two neighbors change to the vertices that are

adjacent along the descending1-manifold rooted at p. Beforecontinuing, we declare

p and the two incident boundary edgesfrozen for the descendingdisk. If the two

neighbors of p along the boundary of the disk belong to the sameocean, then we

proceedaswe did for a regular point, working in this singleocean. In this casenone

of the new edgesare frozen.

If either or both neighbors of p are frozenwe have a special situation to consider.

A frozen endpoint lies on a descendingarc that will be continued parallel to one of

the endsof the descending1-manifoldstarted at p. In order to makerouting decisions

in this case,we require the structure of the ascendingdisk that originates at p. We

discussthis situation later.

Simulated disjoin tness. Beforeproceedingto the generalcaseof a multiple-saddle

with all the complications that this will bring, it is time to introduce someextra
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structure to describe the singular behavior we have encountered so far.

First considerthe coincidenceof two descendingarcs. Oneway this canhappen is

whenwe have a multiple-saddle. In this casea descendingarc will be started for each

ocean,and descending1-manifoldswill bedescribedby a pairing of someof thesearcs.

When an arc is paired with more than oneother, it will represent a coincidence.The

other way that this happensamongdescendingarcs is when oneencounters another

critical point with more than oneocean. Then it will be continued in parallel to one

of the arcs started at this point, creating a coincidence.We can track coincidences

by simply assigninga multiplicit y to the edgesthey share. When descendingdisks

meet thesedescendingarcs,however, we needmore preciseinformation about which

disk intersectswhich copy, etc.

The coincidenceof a descendingdisk and a descendingarc can occur in an es-

sential way, when the descendingarc is part of the boundary of the closureof the

descendingdisk, or in an incidental or tangential way, whena descendingarc contacts

a descendingmanifold either at its root or at another point. In either casethe arc

always follows the steepest edgepath and the descendingdisk always contains the

lowest point in its link at each step of the construction, so oncethe contact is made

the descendingarc remainsinsidethe disk until it terminatesat oneof the minima on

the boundary of the disk. The simulation then "pushes" the arc o� in the direction

normal to the disk that it entered. When several disks contain a descendingarc in

their boundary, they are orderedconsistently around it to prevent them intersecting.

We store this information in the normal disks associated with edgesin the arc.

When two descendingarcs merge at a point p, their normal disks are joined

along a segment of their boundary to make a new normal disk for the outgoing

edge. Furthermore, their setsof paths are merged(sometimesa path is unchanged,

sometimestwo paths join to make a new single path). A coincidencealso happens
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whenonedescendingdisk contains the root of another or when two descendingdisks

come together at some later point in their construction. Both casesshow up in

the processof extending a 2-manifold. After an extension step at a point p has

beencompletedthe various descendingdisks are ordered in normal intervals of the

triangles that they passthrough in St p.

Simultaneous construction. As mentioned earlier, the descendingarcsand disks

are really constructed simultaneously, in a single sweep over the 3-manifold. Fur-

thermore, instead of unfolding the multiple-saddlesinto simple ones,we work with

generalpoints wherepossibly ~� 0 + ~� 1 � 2. Notice that for both regular and critical

points of all types, the link has ~� 0 + 1 oceansand ~� 1 + 1 continents. We processa

vertex p in �v e steps:

Step 1.1. Start ~� 1 descendingdisks.

Step 1.2. Prepare ~� 0 ascendingdisks.

Step 1.3. Start ~� 0 descending1-manifolds.

Step 1.4. Extend descendingarcs that touch p.

Step 1.5. Extend descendingdisks that touch p.

Figures3.19-3.23illustrate thesestepsby showing the structural changeswithin the

link of a vertex that has three oceansand three continents. The primary di�cult y

in the simultaneousconstruction is the coordination of the descendingand ascending

arcs and discsso that they all intersect in a locally and globally consistent manner

that correctly simulatesthe structure wewould expect for a smooth function. Keeping

track of all this requiressometerminology that we now introduce.

The initial structure at p. When we arrive at the vertex p during the construction

of descendingmanifolds in the downward sweep,certain structures will already have
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been created in its link. We restrict our attention to the structures contained in

descending1- and 2-manifolds that begin above and contain p. Other tangential

structures lying on Lk p are handledeither at an earlier or a later stagein the sweep.

A D-point is the vertex in Lk p where one or more descendingarcs that pass

through p intersect its link. A D-point x comesequipped with a normal structure,

namely that of the edgexp. A D-path is the path of intersection betweenLk p and

a descendingdisk that contains p. If this intersection is closedthen we refer to it as

a D-cycle. When we arrive at p, each D-path has its vertices in a single continent

except for its endpoints which either lie in an oceanor at a D-point. The normal

structures give the incidencerelationship between the D-paths and D-points. We

distinguish between�v e typesof D-paths:

(i) Both endpoints lie in a singleocean.

(ii) Each endpoint lies in a di�eren t ocean.

(iii) One endpoint lies in an oceanand oneat a D-point.

(iv) Both endpoints lie on D-points.

(v) The entire path lies within a normal disk for a singleD-point.

The �nal descending structure at p. Steps1.1 to 1.6 will create the following

structures at p: when ~� 0 > 0, a descendingarc is begunfor each oceanby adding an

edgejoining p and an appropriate vertex in the ocean. p now becomesa D-point for

each such vertex in the oceans.The newly addededgeswill have associated normal

disks whosebasepoints and paths will be inserted as the rest of the structure is

constructed. The descending1-manifoldsthat begin at p are described by a set of ~� 0

pairs of thesenewly addededgeswith each edgeappearing in at least onepair.

Each oceanO hasa graph consistingof a shortest path tree rooted at the lowest

point q plus � 1(O) markededgesthat alongwith edgesin the tree make � 1(O) cycles.
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The inclusion of the graph into O is a homotopy equivalence.Hence,the graph is a

union of � 1(O) D-cycles,each obtained by following the two endsof a marked edge

back to q. Each edgeof the graph will have an associated normal interval, namely

that of the triangle containing the edgeand p, that stores the number of oriented

times the D-cyclespassthrough it. Note that only onepassoccursthrough a marked

edge.

Each continent C with � 1(C) > 0 has a graph consisting of a tree plus � 1(C)

marked edgesthat along with edgesin the tree make � 1(C) A-cycles. The tree is

rooted at the highest point of its continent. Again each edgehas a normal interval

structure that hassimilar properties as the edgesof graphsin the oceans.

The descendingdisksandarcsendingat p areextendedinto the oceans.p becomes

a D-point for each vertex to which a descendingarc is extendedto. The descending

disksmeetLk p in a collectionof D-cyclesand D-paths that areobtainedby extending

the D-paths in the initial structure at p. Each D-cyclepassesthrough the lowestpoint

of the unique oceanthat it meetsand each D-path either endsat the lowest points

of the two oceansit connects,connectsthe lowest point in an oceanto a D-point in

a continent, connectstwo D-points that lie in a single continent, or lies completely

within a normal disk as a path connecting two basepoints. As always, each edge

contained in a D-path or D-cycle hasan associated normal interval representing the

directionsand multiplicit y of the elements that passthrough it. We now describe the

�v e stepsin the construction.

Steps 1.1 and 1.2: Constructing families of circles. In Steps1.1 and 1.2, we

start a family of descendingdisks and prepare the starting of the ascendingfamily.

The former are contained in the oceansand separatethe continents, while the latter

lie on the continents and separatethe oceans,asillustrated in Figure 3.11. Weextend

the algorithm described earlier to construct the �rst family of circles in the oceans.
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Figure 3.11: We draw ~� 1 = 2 (dotted) circlesto separatethe three continents and ~� 0 = 1
(dashed) circle to separatethe two oceans. The descendingdisks that start at p intersect
the link in the dotted circles,and the ascendingdisk intersectsthe link in the dashedcircle.

We start with the tree consisting of shortest-paths from the lowest vertex in each

ocean, and classify non-tree edgesin the lower link depending on whether or not

they divide the continents into two non-empty sets. Oncewe have selecteda dividing

edge,we add it to the tree that contains its endpoints, thereby making a cycle, and

continue using collapsesto eliminate edgesthat do not divide the continents. We

repeat until we have added ~� 1 edgesto the collection of trees. Theseedgesde�ne the

~� 1 cyclesrequired in Step 1.1.

We repeat the samealgorithm in Lk+ p switching the roles of oceansand con-

tinents. This will give the ~� 0 circles required in Step 1.2. Note however that the

construction of the secondfamily is complicatedby the presenceof D-paths from the

descendingdisks of higher vertices. We next describe thesecomplicationsand how

we cope with them.

Transv ersal in tersections. Each relevant D-path intersectsat most two oceansand

one continent. Clip the path to the boundary of that continent and let x and y be

the endpoints of the clipped path. The four possiblecasesare shown in Figure 3.12:
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� both x and y lie in the continent ( d1);

� x lies in the continent and y lies on the boundary of the continent (d2, d3 and

d4);

� x and y lie on a commonboundary component (d5);

� x and y lie on di�eren t boundary components (d6).

d

d
d d

d

6

5

d

4

3
2

1

Figure 3.12: Someof the descendingdisks passingthrough p form barriers in our e�ort
to draw circles preparing ascendingdisks within the continents. The squaresare gateways
at which the dashedcircle may crossthe paths.

We take precautions to ensurethat the ascendingdisks either do not crossthe D-

paths or crossthem minimally and transversally. In particular, if a D-path meets

Lk p in two di�eren t oceansthen it shouldcrossevery ascendingdisk, which is started

by a circle separatingthe two oceans,exactly once. We cope with this di�cult y by

modifying the continents beforebuilding the circles.

Consider a single continent C, and let G be the graph made up of the edges

of the D-paths that meet it. Cut C open along G in order to form a barrier that

ensurestransversal intersection between a D-path and a circle constructed in the

continent. In practice, we create these barriers by duplicating all edgesand most

verticesof G that lie in C. A few vertices,calledgateways, are not duplicated. These

67



gateways are potential points of intersection betweenthe D-paths and circles in the

continent. The two copiesof a duplicated edgeor vertex lie on di�eren t sidesof the

barrier and are connectedto simplices in the star lying on the respective side. G

could have vertices with degreegreater that two. For example, the D-paths d2; d3

and d4 in Figure 3.12sharea D-point. In this case,the vertex could possiblybe split

into multiple verticespartitioning the neighborhood of the vertex in C into multiple

wedges.We now describe how we choosethe gateways. The graph G consistsof one

or more connectedcomponents. Considera component that consistsof verticeswith

degreeat most two. This could be an edgepath of type (iii) or (iv) or two paths

of type (ii) alongwith perhapsa sequenceof paths of type (i) that together make a

simplepath connectingoneor two components of the boundary of C. We choosethe

highest vertex of this graph component as a gateway.

Let V3 denotethe set of verticesin G that have degreeat least three. The second

type of graph components have at least one vertex from V3. These components

contain two typesof paths: type I that connectthe boundary of C to a vertex in V3;

type I I that connect two vertices in V3. Let there be k paths of type I I in G. If all

verticesin V3 are madegateways then � 1(C) increasesby k. This is becausesplitting

along a type II path introducesa loop whereassplitting along a type I path leaves

� 1(C) unchanged. If none of the vertices in V3 are made gateways then C shatters

into multiple regions. We need to choosean appropriate subsetof V3 as gateways

such that no loopsare introducedand C remainsconnected.Identifying this subsetis

easierif we construct a graph, ~G, representing the connectivity betweenthe di�eren t

regionsof C. ~G is constructed as follows: Add the set of vertices from V3 and add

a vertex for each region of C formed when none of the vertices in V3 are gateways.

Introducean edgebetweena vertex associated with a region of C and a vertex from

V3 if the region contains the vertex. Our goal now reducesto �nding a subgraph, ~T,
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of ~G that is homotopy equivalent to C and containing all vertices of ~G. The edges

of ~G that are not included in ~T will correspond to the splits of vertices in V3. If a

vertex of V3 is not split then it becomesa gateway. We chooseall but oneboundary

component of C and follow the regionsadjacent to each component, tracing edges

of ~G in this process.Include theseedgesinto ~T and then add enoughedgesto ~T in

order to ensurethat all verticesof ~G are included and no loopsare introducedin ~T.

Figure 3.13 illustrates the useof ~G to determinethe gateways.

(a)

(c)

(b)

Figure 3.13: Creating barriers in continents to ensureminimal and transversal inter-
sectionsbetween ascendingand descendingdisks: an illustration for a continent that has
three adjacent oceans. (a) Multiple descendingdisks could pass through the continent.
(b) Compute graphs ~G and ~T. Vertices of ~G are shown as black disks and its edgesare
shown in bold. Edgesbelonging to ~T are marked. (c) Split a vertex of V3 if its incident
edgesare not included in ~T.
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After creating the barriers in C, we can construct the shortest-path trees rooted

at the highest point in the continent and route the circlesas explainedbefore. This

completessteps1.1 and 1.2. Note that in both caseswe make additions to normal

intervals and disks whereappropriate to track the new elements. Notice that the A-

cyclesconstructedby this proceduremay passthrough someof the D-points. This is

in fact what typically happensat a vertex of G with degreegreater than two. When

this happens,the circlesare routed through the normal disk sothat they missall the

basepoints and intersect the paths inside the normal disk minimally. This routing

will be part of what determinesthe pairings of descendingarcsthat make descending

1-manifolds.

Steps 1.3 and 1.4: Starting and extending descending arcs. When ~� 0 > 0,

there is a descending1-manifold dual to each ascendingdisk starting at p. We start

a descendingarc for each oceanby adding an edgefrom p to its lowest point. The

descending1-manifoldsare then described by pairing thesearcs. The A-cyclesdivide

Lk p into regions,each containing a singleocean. The descendingarcsfor two oceans

are then paired if and only if they are separatedby a singleA-cycle. A basepoint is

addedto the normal disk of each edgethat constitutes a descendingarc originating

at p. This normal disk could contain a path representing a descendingdisk started

at p into this ocean. The D-cycle corresponding to this descendingdisk divides Lk p

into two components and henceseparatesthe descendingarcspaired with the onein

its oceaninto two sets. The path in the normal disk separatesthe basepoints in the

sameway as the D-cycle separatesthe descendingarcs.

The ascendingdisks originating at p are also used to tell us how to extend de-

scendingarcs that passthrough p. This is more subtle becausethe ascendingdisks

can cut through the normal disk associated with a D-point. The descendingarc is

routed into an oceanwithout causingany intersectionswith ascendingdisks.
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Step 1.5: Extending descending disks. We extend the procedure described

earlier for extending descendingdisks to the caseof multiple oceans.We start with

a D-path that could be one of �v e types as listed earlier. In the �rst three types,

atleast one end of the D-path lies in an ocean. We extend the end(s) lying in an

oceanby a path to the lowest point in the oceanthereby creating a D-cycle. We also

add a path in the normal disk of any D-point that the extensionmeets. Each such

path in the normal disk will connecttwo boundary points and will not meetany base

point. If the D-path crossesan A-cycle, then both endsareextendedto lowest points

in the appropriate oceans. This extensionmight result in the creation of a spike in

which casea path connectingbasepoints is addedto the normal disk. Extending the

fourth type of D-path restricts it to the normal disk of a D-point creating a spike.

The oceancontaining this D-point is not separatedfrom the D-path by an A-cycle.

We createa path betweentwo new basepoints in the normal disk of this D-point. In

the �fth and �nal case,the D-path connectstwo basepoints in the normal disk of a

D-point representing a previouslycreatedspike. This spike is simply carried through.

3.4.3 Ascending manifold construction

We construct the ascendingmanifolds during a sweepof the 3-manifold in the direc-

tion of increasingfunction value.Theconstruction is similar to that of the descending

manifolds, except for the complications causedby the fact that the latter already

exist. The added constraints are expressedin terms of barriers formed within ver-

tex links. Conceptually, we �rst construct the ascending1-manifoldsby connecting

2-saddlesto maxima and the intersectioncurvesbetweenthe descendingand ascend-

ing 2-manifolds by connecting 1-saddlesthat lie on the boundary of a descending

2-manifold to its source2-saddle. The intersection curvesand ascendingarcs trace

the boundary of the quadranglesthat constitute the ascending2-manifolds. These

71



quadranglescan now be �lled in one at a time. The algorithms performs all these

constructionssimultaneously.

As with descendingmanifolds, let's �rst understand the constructions one at a

time in the casewhere all critical points are non-degenerate.We will also suppress

the discussionof normal disks and intervals for now.

In tersection curv es and ascending arcs. Recall that for a Morse-Smalefunction

on a 3-manifold, the intersectionbetweena descendingdisk D and an ascendingdisk

A is either empty or is a curve connectingtheir roots. From D's point of view, the

curve starts at a 1-saddleon its boundary and increasesstrictly monotonically until

it ends at its root. The Disk Invariant maintained during the construction of the

descendingdisks implies that the restriction of f to D has no critical points other

than the maximum at its root. To construct the curve, we thus start at the 1-saddle

and repeatedly extend the path by connectingits endpoint to the highest adjacent

vertex in the triangulation of D. The curves starting from various 1-saddleson the

boundary may meetbut never crossand eventually end at the root of D. Two curves

from di�eren t descendingdisks may also meet, but these casesare resolved along

with the descendingdisks by simulation of an in�nitesimal separationgiven by the

normal structures.

Westart the two arcsof an ascending1-manifoldat every 2-saddle.The algorithm

is similar to the one for descending1-manifolds,except that we now avoid crossing

any of the already establisheddescendingdisks. Considerthe D-cycleconstructedin

the oceanfor starting the descendingdisk from a 2-saddlep. This D-cycle consists

of a tree along with two shortest paths from end points of a special edgee to the

root of the tree. Furthermore, each descendingdisk that contains p is extendedby

adding the path in this tree to its root, thereby forming a new D-cycle or extending

the D-path. In particular, no such D-cycle or D-path contains the edgee.
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Consider the connectedcomponents of Lk p that are cut out by the D-cycles

and D-paths createdwhile extending the descendingdisks that passthrough p, not

including the D-cyclecorresponding to the dist starting at p. Wewill call the closures

of thesecomponents asthe slabsof p. Sincenoneof the D-cyclesand D-paths contains

e, the slab that contains e meetsboth continents. We start the two ascendingarcsby

connectingp to the highest point in each continent that lies in this slab, making no

intersection with the disks descendingfrom above. If either or both of thesepoints

lie on the boundary of a slab, then the ascendingarc is being constructed within

one or more descendingdisks and the choice of which way to route the arc will be

determinedby the normal disk.

Ascending disks. The lowest point of a quadrangleon an ascendingdisk is the

1-saddleat which the disk is rooted. This 1-saddleis connectedto 2-saddlesby two

continuous intersection curves emanating from the 1-saddle,and the 2-saddlesare

connectedto a commonmaximum alongascendingarcs. We construct the individual

quadrangles,which then �t together to form the ascendingdisk. Each quadrangle

is constructed in a processsimilar to the one for descendingdisks. In this case,the

frozenpart of the boundary occurswhenthe boundary of the quadranglemeetseither

an intersection curve or an ascendingarc. Edgesand vertices on thesecurves and

arcs are frozen, except for the vertices where we transition from frozen to unfrozen

edges,which areconsideredunfrozen. The processalsomaintains the analogousDisk

Invariant with the inequality reversed.

Let p = pi be a 1-saddle. The ascendingdisk at p has already been prepared

during the descendingsweep. It meetsthe continent in a circle, which is cut into a

collection of segments by the descendingdisks that passthrough p. The collection

of triangles containing p and edgesfrom each such segment from the initial portion

of a quadrangle. The endpoints of these segments lie on intersection curves. To
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discussthe extensionof an ascendingquadrangle,supposethat p is the lowest point

on its unfrozen boundary. In this case,the picture is similar to that of Figure 3.10

with the rolesof oceansand continents reversedi.e. the two points adjacent to p on

the boundary of the quadrangleeither both lie in the continent of p or one lies in

the continent and the other is frozen in the ocean. Thesepoints all lie in a single

slab. (This is in fact why we work with quadrangles!)In each case,connectthe end

points in the continent to the highest point in the slab that contains them, using a

shortest path tree that spansthe slab and is rooted at its highest point. With this

background, we are now ready to describe the full construction.

Simultaneous construction. We actually construct the intersection curves, as-

cendingarcsand ascendingquadranglesin a singlepassfrom bottom to top without

explicitly splitting multiple-saddlesinto simple ones. As before,we considera gen-

eral point p = pi , which is not a maximum or a minimum and has ~� 0 + 1 oceansand

~� 1 + 1 continents and describe the construction when we reach p during the sweep.

We processp in six steps:

Step 2.1. Start ~� 1 ascending1-manifolds.

Step 2.2. Start ~� 0 ascendingdisks.

Step 2.3. Start intersectioncurves.

Step 2.4. Extend ascendingarcs that touch p.

Step 2.5. Extend intersectioncurvesthat touch p.

Step 2.6. Extend ascendingquadranglesthat touch p.

Thesestepsare illustrated in Figures 3.24-3.26for the examplethat we considered

earlier during the descendingmanifold construction.

The initial structure at p. Just as for the descendingpass,when we arrive at the

point p during the construction of the ascendingmanifolds, certain structures will
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already have beencreatedin its link. As beforewe only careabout thosestructures

that contain p (seeFigure 3.24).

The initial structure at p contains all the elements of the �nal descendingstruc-

ture. Additionally , it contains three new elements: ascendingarcs, ascendingdisks

and intersectionscurvesthat havecomefrom below p. The ascendingarcsshow up as

points, called A-points, in the oceansof p. The ascendingdisks interesectLk p along

paths whoseinterior verticeslie in the oceansand endpoints lie either in a continent

or on an ascendingarc in an ocean. We call thesepaths A-paths. The intersection

curvesappear assinglepoints in Lk p whereA-paths intersectD-paths and D-cycles.

Figure 3.24 shows an ascendingarc, depicted as a squarebox, lying on the A-path

that contains y.

Points describingascendingarcs and intersection curveshave associated normal

disks. Thesenormal disks contain more information than those encountered in the

descendingsweepbecausethe disks now store both descendingand ascendingarcs

and disks. First of all, there are two typesof basepoints, those for descendingarcs

and those for ascendingones. Secondly, there are two types of paths, those that

describe descendingdisks and thosethat describe ascendingdisks. All of thesemeet

the boundary of the normal disk in distinct points. Finally, the two typesof paths

intersect minimally and only at points that correspond to intersectioncurves.

Steps 2.1 and 2.2: Starting ascending arcs and ascending disks. We start

an ascendingarc for each continent by adding an edgefrom p to the highest point

in the continent, and create a normal disk corresponding to this edge. Thesearcs

are paired, by duality, with descendingdisks starting at p. Ascendingdisks starting

at p were preparedduring the descendingsweep. We now start constructing them

by adding in the triangles. In Figure 3.25 ascendingarcs are started at the points

labeled7, 8 and 9. Ascendingdisks are described by the dashedlines in the �gure.
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Step 2.3: Starting in tersection curv es. Start new intersectioncurvesby adding

the edgefrom p to points where the A-cycles that start ascendingdisks intersect

D-cycles or D-paths. At this stage of the construction, all of these points lie in

continents of p and particularly at a gateway. When this gateway is a D-point or

A-point, the intersectioncurve is represented by an intersectionof an ascendingpath

and a descendingpath in the normal disk. If there are more than oneof thesein the

normal disk, then we start an intersection curve for each. When the gateway does

not lie at oneof thesepoints, i.e. when it waschosenas the highest vertex of a path

connectingtwo oceansand did not coincidewith a D-point or an A-point, then we

start a new normal disk and store the intersectionpattern in it.

Step 2.4: Extending ascending arcs. Each ascendingarc that touchesp enters

into its link in an oceanand hasan associated normal disk. The paths in this normal

disk together with the D-paths and D-cycleslying within the oceansdivide the link

into slabs. We continue each ascendingarc by adding an edgefrom p to the highest

point in the slab that contains its entry point and the new edgeinherits the normal

disk. If a single normal disk contains more than one A-point and theseare routed

to di�eren t A-points in the continents, then we split the normal disk along the paths

that separatesthem and the di�eren t edgesnow inherit the individual sectionsof the

normal disk.

Steps 2.5 and 2.6: Extending in tersection curv es and ascending disks. We

�rst describe the extension of ascendingdisks. An A-path can be of �v e possible

types similar to the D-paths while extending descendingdisks. In the caseswhere

atleast one endpoint lies in a continent, we connect it to the continent's highest

point using the shortest path tree that was constructed while preparing ascending

disks. During the processof extension,we avoid intersectionswithin normal disks

except at gateways. In the caseswhere one endpoint is an oceanic A-point, it is
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possiblethat the A-path intersectsa D-cycleor D-path. In order to avoid this illegal

intersection, it is necessaryto add a spike starting from the oceanic A-point and

following the ascendingarc henceforth. For example, the A-path ending at y in

Figure 3.26intersectsa D-cycle. One of its endpoints is extendedto 8 and a spike is

addedtowards 7 to make the intersection legal. When the entire A-path lies within

a normal disk of an A-point, it is carried on along with its associated ascendingarc.

No additional work needsto be done for the extensionof intersection curves. We

recognizeand extend them along with the ascendingdisks.

3.5 Exp erimen ts

In this section,we report our experimental resultsand discusspossibleways of using

Morse-Smalecomplexesfor the analysis of various datasets. We begin with a de-

scription of the datasetsand then discusstheir visualization using the Morse-Smale

complexand isosurfaces.

3.5.1 Datasets

We use synthetic data to illustrate the structure of the Morse-Smalecomplex and

demonstratetheir usein visualizing and analyzing scienti�c data from two di�eren t

application domains: cryo electron microscopy (cryo-EM) and crystal lattice dislo-

cation studies. All of our data is available as a tetrahedral mesh of the domain

with function valuesspeci�ed at vertices. We add a dummy vertex at in�nit y along

with new tetrahedra that have the boundary simplices and the dummy vertex as

faces.This ensuresthat the input to our algorithm is a 3-manifold. We do this just

for convenienceand to avoid treating the boundary simplices as a special casein

each step of the algorithm. Table 3.1 lists the datasetsalong with their respective

sizes.4pdist and 3mindist are synthetic datasetsconstructedby sampling analytic

77



functions within a unit cube. For the 4pdist dataset, the function is the prod-

uct of distancesfrom four �xed points lying in the interior of the unit cube. The

3mindist dataset is constructed using a function de�ned as the minimum distance

from three �xed points.

dataset #v ertices #tetrahedra
4pdist 1,728 7,986
3mindist 5,832 29,478
dislocation 32,768 178,746
dnaB 125,000 705,894
dnaB-dnaC 125,000 705,894

Table 3.1: List of datasetsusedfor evaluation.

Dislo cation data. The dislocation dataset contains results from atomistic simu-

lations of dislocationsin a crystal lattice. Atomistic simulation have beenvery useful

for studying the formation of complexjunction structures in metalsundergoingwork

hardening [12]. Ductile metals bend under tensile stressby performing lateral mo-

tions betweenplanesof atoms. Studies of copper crystals reveal a large number of

mobile dislocations
o wing through the solid that eventually collide with oneanother

to form permanent rigid junctions. If the junction density is su�cien tly high, frac-

tures begin to appear becausethe solid can no longer bend through the dislocation

motion. The dislocation dataset is available as a potential energymap over a 3D

FCC lattice.

Cry o-EM data. Two of our datasetscontain cryo-EM imagesof macromolecules.

Thesedatasetsarefreely available from the macromolecularstructure databasemain-

tained by the EuropeanBioinformatics Institute [24]. Cryo electron microscopy is a

technique usedto determine the structure of biological moleculeswhere the sample

is suspendedin vitreous ice for imaging. The vitri�ed samplesare transferred to an

electron microscope where they are imagedusing low electron doses.The cryo-EM

datasetsare available to us asdensity mapsover a cubic grid. Higher density regions
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in the data correspond to the biological moleculewhereasthe lower density regions

represent the solution. Cryo-EM datasetsare consideredto have medium resolution

as opposedto high resolution data available from x-ray crystallography. The latter

providesatomic resolutiondata but is signi�cantly moretime consumingto generate.

We usetwo datasets: the �rst is a DNA helicasecalled dnaBand the secondis that

of a complex 1 between dnaBand another protein called dnaC. DNA helicaseis an

enzymethat unravels the DNA double helix and breaksthe hydrogenbonds. So, it

plays a critical role in the replication process.dnaBis the major replicative helicase

among the 12 present in E-coli. dnaCis also a protein that plays a critical role in

the replication of DNA. It delivers dnaBto the site of action on the DNA template

by �rst binding with DNA in solution to form a complex. The structure of dnaBand

dnaB-dnaCwere�rst studied by a reconstructionfrom cryo-EM imagesof frozenand

hydrated molecules[83].

3.5.2 Visualization

The Morse-Smalecomplexhasa rich structure in the presenceof numeroustopological

featuresand hencevisualizing it presents the sameproblemsas in the display of the

raw data, namely that of visual clutter. However, sub-structuresof the Morse-Smale

complexcan be displayed individually and e�cien tly. We now describe the di�eren t

sub-structures that can be visualized and demonstrate their use in analyzing our

datasets.

Ascending/Descending arcs. The ascending(descending)arcs we compute are

piecewiselinear curvesbetween2-saddles(1-saddles)and maxima (minima, respec-

tiv ely) passingthrough edgesof the input mesh. It is di�cult to perceive depth from

1The term complex is usedin this paper for two di�eren t entities. One is a mathematical structure,
namely the Morse-Smalecomplex. The other is a biological entit y, the dnaB-dnaCcomplex, that
denotesa molecule made up of a dnaBand a dnaCmolecule. The context determines which one
we refer to.
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a typical presentation of the arcs as a set of line segments and so we display them

as thin tubes. Di�eren t descendingarcs might mergeat regular vertices but once

they do, all of them remain together till they terminate at a minimum. This merging

property can be easily seenfor the descendingarcs in the 4pdist dataset (seeFig-

ure 3.14). In most datasets,there are certain regionsthat are more interesting than

others. These regions could be in Euclidean or function space. We provide some

�lters that allow the user to display arcs lying within such regions. For example,

the user can clip the arcs to those that originate from saddleswith function values

in a given range. A threshold arc length can be chosento clip away short arcs that

typically represent lesssigni�cant topological features. The usercanalsoprune away

the arcs that span a short interval in the function space.This is akin to smoothing

of the function to remove minor perturbations. There is an interesting correspon-            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure 3.14: Ascending and descendingarcs computed for the 4pdist dataset: The
descendingarcsare represented ascylinders. All of them begin at the 1-saddles(cyan) and
end at the four minima (blue). Someof them mergeafter which they stay together till their
destination. The ascendingarcs are represented as thin lines and they trace the edgesof
the cube beginning at 2-saddles(green) and ending at maxima (red).
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dencebetween isosurfacecomponents and the �ltered ascending(descending)arcs.

Each isosurfacecomponent enclosesat least one local maximum (minimum) and if

the ascending(descending)arcsare �ltered at the corresponding isovalue then we are

left with the skeletal shape of the isosurface. We found it useful to work with this

skeletal shape while exploring the data. For example,we locate interesting isosur-

facesby progressively �ltering the arcs and �nally extracting one isosurfaceinstead

of multiple isosurfaces.
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Figure 3.15: Atomistic simulations of dislocations emerging in a copper crystal under
stress. The simulation doesnot have any geometric model of the dislocations. Topological
analysiscan extract explicit representation of the fractures created in the crystal structure.
Left: an isosurfaceextracted from the dataset. Right: an explicit representation of the
fractures in terms of ascendingarcs.

This density map in the dislocation dataset is from the �nal time step in the

atomistic simulation when fractures have appeared in the crystal. However, there

is no explicit representation available for thesefractures. The ascendingarcs in the

dislocation data abstract the fractures propagating through the copper crystal.

This explicit representation enablesfurther quantitativ e analysisof the fracture. For

example, the number of connectedcomponents, length, and spatial extent of the
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fracture can be computed.
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Figure 3.16: Isosurfaces(rendered translucent) extracted from the dnaB(left) and
dnaB-dnaCcomplex (right) datasetsalong with the ascendingarcs clipped to valuesabove
the isovalue. The ascending arcs trace the ring-lik e shape in both datasets. The
dnaCmolecule attaches itself to one face of the dnaBmolecule. This is re
ected in the
isosurfaceextracted from the dnaB-dnaCcomplex but the tunnel is retained in the complex
as can be seenfrom the ascendingarcs.

dnaBhasa ring shapedhexamerstructure. The six subunits do not have the same

size. Three of them are signi�cantly larger than the remaining. The two kinds of

subunits alternate around the ring. Also, the two facesof the ring-like moleculesare

di�eren t one having threefold symmetry and the other having a sixfold symmetry.

The shape of the dnaB-dnaCcomplex is also ring-like, similar to that of dnaB. Each

one of the six subunits of dnaCinteracts with two subunits of dnaBand vice-versa.

So, the dnaCmoleculesits on the faceof dnaBthat hassixfold symmetry. The shapes

of thesemoleculeswereoriginally determinedby visually inspecting di�eren t isosur-

facesand determining an appropriate isovalue. Extracting and displaying multiple

isosurfacesis a time consumingtask. Instead, we progressively applied our �lters on

the ascendingarcs in a much faster processand observed that the ring-like structure

of the DNA helicaseis persistent over a sizeablerangeof density values. Figure 3.16

shows the corresponding isosurface.Figure 3.17shows how tunnels in the isosurface
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correspond to loopsin the ascendingarcsand whenthe tunnel opensup then sodoes

the loop.
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Figure 3.17: Two isosurfacesand ascendingarcsclippedat the corresponding isovalue for
the dnaBdataset. Note how the loops in the ascendingarcsbreak along with the isosurface.
Possibly interesting isosurfacescan be located by exploring the data using their skeletal
shape traced by the ascendingarcs.

Descendingarcsexhibit similar behavior in datasetswherelocal minima capture

important features. We envision the ascendingand descending1-manifoldsasvisual

aids for the exploration of volumetric data. Note that this complements existing

approaches like the contour spectrum [8]. The skeletal shape can be generatedfor

isovalue rangesdeterminedfrom the contour spectrum.

Ascending/Descending disks. The ascending(descending)disks we computeare

piecewiselinear surfacespassingthrough the triangles of the given mesh. Theseare

indeed displayed as triangle meshesthat are possibly translucent to show occluded

regions.The boundary of each ascending(descending)disk consistsof a collection of

ascending(descending)arcsand their corresponding nodes. The tube representation

of arcs can be used to highlight the boundary of the disks. Figure 3.18 shows an

ascendingdisk originating from oneof the saddlesin the 3mindist dataset. Note the

two descendingarcsstarting from this 1-saddledual to the ascendingdisk. The disk
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is actually a collection of quadranglesfrom the Morse-Smalecomplex, namely the

onescontaining the above 1-saddleand neighboring maxima as nodes. The ascend-

ing/descendingdiskscan be usedto annotate particular isosurfacesaswell. This can

be done e�cien tly by computing the intersection of the disks with an isosurfaceas

an isocontour over the disk.
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Figure 3.18: Visualizations of a function de�ned as the minimum distance from a set of
three points (0:25; 0:5; 0:5), (0:5; 0:5; 0:5), and (0:75; 0:5; 0:5) within a unit cube. Assume
a minimum at in�nit y connected to all points on the boundary. The critical points are
displayed as small spheresin blue, cyan, green, and red for minima, 1-saddles,2-saddles,
and maxima respectively. The edgesin the interior are the descendingarcs going between
1-saddlesand minima. The ascendingarcs are on the boundary connecting 2-saddlesto
maxima. The �gure on the left shows an isosurfacewith three components about to merge
at two 1-saddles. The �gure on the right shows an ascendingdisk originating at one of
these1-saddles.

Critical poin ts. The nodesof the Morse-Smalecomplexrepresent the critical points

(singularities) of the function. They contain information about the local features

in the data. We display the four types of critical points as color coded spheres.

Figure 3.18 shows the critical points in 3mindist . There are 3 minima (the fourth

is at in�nit y), 16 maxima lying along the edgesof the cube, 16 1-saddles,and 28

2-saddles. Clearly the number of critical points can be substantial even for such a

simple dataset.

84



3.6 Discussion

This chapter introducesthe Morse-Smalecomplex for a function over a 3-manifold

as a decomposition of the 3-manifold into crystals with quadrangular faces. It also

givesan algorithm to construct a quasi Morse-Smalecomplex for a piecewiselinear

function that guaranteesstructural correctness.Letting n be the number of vertices

in the input triangulation, the running time is proportional to n logn plus the sizeof

the input triangulation plus the total sizeof the output.

Various interesting issuesremain open. We can transform the quasiMorse-Smale

complex into the Morse-Smalecomplexby applying a sequenceof operations called

handle slides. As described for 2-manifolds in [30], using this approach we obtain a

Morse-Smalecomplex that is numerically as accurate as the local rerouting opera-

tions used to control handle slides. For 3-manifolds, it is unclear how to �nd and

order the handleslidesthat bring us closerto the Morse-Smalecomplex. In the pre-

vious section,we note the presenceof substantial number of critical points even for

simpledatasets.Therefore,it is clearly usefulto have a hierarchical representation of

the Morse-Smalecomplexwhile working with large data sets. In the past, numerical

methods [48, 61, 63, 99, 100] have beenusedon vector �elds to generatesimpli�ed

models of the 
o w topology introducedby Helman and Hesselink[50]. Thesemeth-

ods typically cluster the critical points basedon the given �ltering parameterand use

onecritical point to represent each cluster. This approach is prone to computational

errors at various stagesof the simpli�cation, which is the reasonwe prefer to follow

the approach of Edelsbrunneret al. [30] and Bremer et al. [11] to get a combinatorial

algorithm for computing the hierarchy followed by a numerical algorithm to con-

struct the monotonic regionsof the simpli�ed Morse-Smalecomplex. The hierarchy

is createdby performing a sequenceof cancellationsof pairs of critical points ordered
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by their topological persistence[31]. Extending this cancellation procedureand its

geometricrealization to 3D is a challengingproblem.
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Figure 3.19: Initial structure when the algorithm reachesp in the downward sweep: The
�gure shows Lk p with three oceansand three continents. One of the continents is shown
as the unboundedexterior. Seven D-paths and four D-points are present in the continents.
The D-points are numbered 1, 2, 3, 4 and their normal disks are shown on the right. The
basepoints in the normal disks represent descendingarcs passingthrough.
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Figure 3.20: Starting descendingdisks and arcs: Two circles are constructed passing
through the lowest point a in the ocean. The two marked edgesare added to the shortest
path tree to form the circles. The normal disk attached to the D-point a has two paths
representing the two disks. Three descendingarcs are started as edgesto the lowest point
in each ocean. Thesearcs are not yet paired to determine the descending1-manifolds.
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Figure 3.21: Preparing ascendingdisks: Two circles (dashed) are constructed in the
continent to separatethe three oceans.Thesecircles intersect existing D-paths at gateways
(shown as squares). The two marked edgesare added to the shortest path tree rooted at
the highest vertex, 7, in the continent to form the circles. Base points are added in the
normal disks of a;b;c and labelled to represent the pairing og descendingarcs. Both dashed
circles pass through the D-point 3 twice and henceshow up as four paths in its normal
disk.
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Figure 3.22: Extending descendingarcs: Descendingarcs ending at p and passing
through D-points 2; 3; 4 are extended to the lowest point a in the adjacent ocean. Note
that extension of these arcs to b or c will causean illegal intersection with an ascending
disk.
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Figure 3.23: Extending descendingdisks: All D-paths are extended towards the lowest
point in the oceanby following the shortest path in the tree. Paths corresponding to these
extensionsare added to the normal disks of a and b. Note that the path between2� and
2� is carried through to a.
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Figure 3.24: Initial structure when algorithm reaches p in the upwards sweep: Three
A-paths and two A-points (y and x) are present in the oceans. Note that x is actually a
basepoint lying in the normal disk of a.
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Figure 3.25: Starting and extending ascendingarcs: Three ascendingarcs are started
towards the highest vertex in each continent (7; 8; 9). The two continents corresponding to
paired arcs are separatedby one of the circles in the ocean. The ascendingarcs ending at
p are extended to a continent without causingany illegal intersections.
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Figure 3.26: Extending ascendingdisks: The three A-paths are extended towards the
highest verticesin the appropriate continents using the path to the root in the shortest path
tree. This intro ducesnew paths in the normal disks of 7; 8; and 3. A spike is intro duced
to prevent an illegal intersection betweenone of the descendingdisks starting at p and the
ascendingdisk represented by the A-path betweeny and 8. This spike is represented within
the normal disk of 7 by the path betweenbasepoints 78 and y.
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Chapter 4

Scalar Function Comparison

In this chapter, we introducea measurefor comparingscalar functions de�ned over

a commondomain. We begin the chapter by explaining the useof such a comparison

measure. We then de�ne our measure,give algorithms to compute it and describe

how we useit in our visualization software for studying scienti�c datasets. We end

the chapter with someideasfor future work.

4.1 In tro duction

4.1.1 Motiv ation

Scientists try to understandphysicalphenomenaby studying the relationshipbetween

multiple functions measuredover a regionof interest. For example,the temperature,

volume,pressuredistribution etc. can be usedto predict the 
o w behavior of a 
uid.

Someof thesefunctions may be redundant i.e. two or more functions have similar

behavior and henceit is enough to study one of them. The redundant functions

may be �ltered out provided they can be detected, say by using a measurethat

compareslocal similarities. Another application of such a measurewould be in the

study of time-varying functions. For example, distributions of hydrogen, oxygen,

and other gasesare measuredat various time steps during a combustion process.

Ideally, we would want �ne discretization of the time scalewhenthere are interesting

changesin the function and coarsediscretizationotherwise. A graphplot of a measure

that comparesfunctions at successive time stepscan help identify interesting time

stepsand henceguide the level of discretization. Another exampleof a time-varying
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function is when we have data from multiple computations over the period of a few

yearswhen the software is being modi�ed and di�eren t versionsof the code usedto

producethe output. A comparisonmeasurebetweenoutputs from successiveversions

of the code could identify signi�cant changesmadeto the software.

4.1.2 Approac h and Results

Given k scalarfunctions, F = (f 1; f 2; : : : ; f k), de�ned over a commond-manifold, we

introduce new local and global comparisonmeasuresthat comparethe gradients of

the functions. The averagevalue of the local measureover the d-manifold speci�es

a global comparison measure� (F ). For the casewhen k = d = 2, we describe

alternative formulations of the measurein terms of the Jacobiset [27], which consists

of the critical points of one function restricted to the isocontours of the other. We

alsodescribea visualization tool for exploringdatasetsthat contain multiple, possibly

time-varying, function. We illustrate the local and global measuresby applying them

to both synthetic and scienti�c datasets.

4.1.3 Related Work

We compare our measureto two concepts: the correlation coe�cien t and Earth

mover's distance. The correlation coe�cien t is a standard and popular statistical

measureusedto determineif two setsof valuesare linearly relatedby comparingtheir

deviations from the respective meanvalues[33, Chapter 8]. When two functions are

sampledat discretepoints, the correlation coe�cien t is computedas

% =
P n

i=1 (x i � �x) � (yi � �y)
p

(
P n

i=1 (x i � �x)2) � (
P n

i=1 (yi � �y)2)

wherex i ; yi are the corresponding valuesof the two functions and �x; �y are the mean

valuesof the two functions. Two functions have a high correlation coe�cien t if they
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deviate consistently from their respective mean values i.e. if one function takes a

value closeto its mean then so does the other function at the samepoint on the

domain. However, this measureis unsuitable to identify local similarities, because

connectivity information is not recorded in its computation. The de�nition for %

can be extendedto multiple functions in a straightforward manner. Note that the

correlation coe�cien t is a global measureand there is no notion of a local comparison

of the functions ascomparedto our measure.Our measureinsteadusesthe gradients

for comparingthe local variation of the functionsandusesit to de�ne a globalmeasure

aswell. The correlation coe�cien t candetermineif the functionsco-vary positively or

negatively. If the functions are positively correlatedover someregionsof the domain

and negatively correlated over other regions,then the correlation coe�cien t attains

a value near zeroand the functions are reported as independent. Our measureis not

able to di�eren tiate betweenpositive and negative co-variation.

The correlation coe�cien t givesequalweight to all points on the domain whereas

in many applications we want to match the featuresof the functions alone. These

featuresare typically speci�ed by the critical points. The Earth mover's distance,

introducedby Rubner et al., computesthe distancebetweenthe critical points of the

two functionsundera specialmetric and is thereforea measurethat comparesonly the

features. Given two setsof critical points, oneis consideredasa massof earth spread

in spaceand the other asa collection of holesin that samespace.The Earth mover's

distance measuresthe least amount of work neededto �ll the holeswith earth. A

unit of work correspondsto transporting a unit of earth by unit grounddistance. The

grounddistancemeasurement dependson the problemat hand. Originally introduced

for comparing color patterns [82], it has been since used in modi�ed forms for a

variety of applications like contour matching [40], object tracking [108], polyhedral

shape matching [95], and for comparingvector functions [9, 60]. Nearnessunder the

92



Earth mover's distance does not require similar features to be present within the

sameregion of the domain. Therefore, it does not capture local similarit y the way

our measuredoes.

4.2 The Measure

Considerk scalar functions de�ned over a d-manifold: F = (f 1; : : : ; f k) : M d ! Rk .

We�rst introducek-formsand then usethem to de�ne a comparisonmeasurebetween

the k functions. For a more detailed introduction to k-forms, we refer to the book

by Weintraub [106].

4.2.1 k-Forms

The expression

df i =
@f 1

@x1
dx1 +

@f 1

@x2
dx2 + � � � +

@f 1

@xd
dxd

is called a di�er ential 1-form (or simply a 1-form) in d variables. The 1-form is very

similar to a vector �eld. In fact, wecansetup a correspondencebetweenthe two such

that the gradient of f i , r f i , correspondsto df i . The notation is powerful becausewe

can now talk about higher degreeforms, which alsohave corresponding vector �elds

but theseare more cumbersometo describe. A wedgeproduct df 1 ^ df 2 betweentwo

1-formsgivesa 2-form. The wedgeproduct can thus be usedto generatea k-form:

df 1 ^ df 2 ^ : : : ^ df k :

This k-form can be written in terms of the basisof the associated
� d

k

�
-dimensional

vector space:

df 1 ^ df 2 ^ : : : ^ df k =
X

1� i 1< ��� <i k � d

! i 1 ;:::;i k dx i 1 ^ : : : ^ dx i k
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where! i 1 ;:::;i k =

�
�
�
�
�
�
�
�
�
�

@f 1
@x i 1

@f 1
@x i 2

� � � @f 1
@x i k

@f 2
@x i 1

@f 2
@x i 2

� � � @f 2
@x i k

...
...

...
@f k
@x i 1

@f k
@x i 2

� � � @f k
@x i k

�
�
�
�
�
�
�
�
�
�

We de�ne the norm of the k-form as

k df 1 ^ df 2 ^ : : : ^ df k k =
s X

1� i 1< ��� <i k � d

! 2
i 1 ;:::;i k

dx:

4.2.2 De�nition and Prop erties

For a domain D � M we de�ne the comparisonmeasureover D as the normalized

integral of the value of the k-form,

� D (F ) =
Z

x2 D
k df 1 ^ df 2 ^ : : : ^ df k k = vol(D):

Weobtain the global comparison measure as� (F ) = � M (F ) and note that 0 � � (F ) <

1 . We may alsoshrink D toward a point x 2 M and obtain the value � x (F ) in the

limit This furnishesthe local comparison measure, which is the function � : M ! R

de�ned by � (x) = � x (F ). Note that the global measureis the averagelocal measure:

� (F ) =
Z

x2 M
� (x) dx = vol(M):

Using this relationship we can deduceproperties of the global from properties of the

local measure.The local comparisonmeasurecan be evaluated directly at a point as

the norm of the k-form

� (x) =
s X

1� i 1< ��� <i k � d

! 2
i 1 ;:::;i k

:
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For example,if we have k = 2 functions on a 2-manifold embeddedin R3, then � (x)

is the length of the cross-product of the two gradients at x.

The comparisonmeasuresatis�es a number os useful algebraicproperties. How-

ever, it doesnot satisfy the triangle inequality. This canbeeasilyseenfrom a counter

example for the casek = 2. Let g be a constant function over M d. This implies

� (f 1; g) and � (g; f 2) areequalto zerowhereas� (f 1; f 2) canattain an arbitrarily large

positive value.

1. Symmetry: � (: : : ; f i ; : : : ; f j ; : : :) = � (: : : ; f j ; : : : ; f i ; : : :).

2. Degeneracy: � (F ) = 0 if df i = df j for 1 � i 6= j � k.

3. Scaling : � (� f 1 + � ; f 2; : : : ; f k) = j� j � � (f 1; f 2; : : : ; f k), with � ; � 2 R.

4. Sub-additivity : � (f 1 + g1; f 2; : : : ; f k) � � (f 1; f 2; : : : ; f k) + � (g1; f 2; : : : ; f k).

5. Sub-multiplicativity : � (f 1; : : : ; f i ; f i +1 ; : : : ; f k)
vol(M) � � (f 1; : : : ; f i )�� (f i +1 ; : : : ; f k).

The degeneracy, scaling,and symmetry propertiesfollow immediately from the de�ni-

tion. The wedgeproduct is bilinear. Therefore,the k-form (d(f 1+ g1)^ df 2^ : : :^ df k)

can be written asa sum of (df 1 ^ df 2 ^ : : : ^ df k) and (dg1 ^ df 2 ^ : : : ^ df k). Writing

out the expressionfor the norm, we can seethat the sub-additivity property holds

for � (x) at every point on the d-manifold and hencefor � (F ).

The proof of the sub-multiplicativit y property requiresmore work. We look at

the special casei = 1 in detail. We show that � x (f 1; : : : ; f k) � � x (f 1) � � x (f 2; : : : ; f k)

for every point x 2 M. To this end, we develop each determinant ! i 1 ;:::;i k along the

�rst row. Writing r for the sequenceof k indicesfrom 1; 2; : : : ; d, we get

! r =
X

s

(� 1)� r (s)+1 ! s � ! ŝ;

where s ranges over all indices in r (or subsequencesof r of length 1), ŝ is the

complementary subsequenceof k � 1 indicesfrom r , 1 � � r (s) � jr j is the position of
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s in r , ! s denoteselements in the �rst row and ! ŝ denotesthe corresponding minors.

Squaring the determinant and summing over all choicesof k indices from 1; 2; : : : ; d

we get

X

r

! 2
r =

X

r

 
X

s

(� 1)� r (s)+1 ! s � ! ŝ

! 2

=
X

r

X

s

! 2
s � ! 2

ŝ +
X

r

X

s6= t

(� 1)� r (s)+ � r (t ) ! s � ! ŝ � ! t � ! t̂

Let A denotethe secondsum. Werewrite this sum,A, over the crossterms by pairing

! s with ! t̂ instead of ! ŝ. Note that the sequencêt contains s. Given two disjoint

sequences,� and � , we combine them by sorting the indicesobtained from the union

and denotethis new sequenceby � ; � . Let m be a subsequenceof k � 2 indicesfrom

r . We expresst̂ as the union of indicesin s and m to get

A =
X

r

X

s6= t
s;t ;m = r

(� 1)� r (s)+ � r (t ) ! s � ! s;m � ! t � ! t ;m

Let a be a sequenceof k � 2 indicesfrom 1; : : : ; d and b be a sequenceof unit length

that is not contained in a. In order to get an upper bound on the abovesum,consider

the following sum of squares:

B =
X

a

 
X

b

(� 1)� b;a (b) ! b � ! b;a

! 2

=
X

a

X

b

! 2
b � ! 2

b;a +
X

a

X

b6= c

(� 1)� b;a (b)+ � c;a (c) ! b � ! b;a � ! c � ! c;a

by merely expanding the squares. In the next step we extract all terms containing

! 2
u, 1 � u � d and thereforeswitch the order of the summation in the �rst sum. We

switch the order of summation in the secondsum as well. b; c; a forms a sequence
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of length k. Denoting this sequenceas r , we reorganizethe terms as a sum over all

sequencesr . m; s and t replacea;b and c respectively.

B =
X

u;a

! 2
u � ! 2

u;a +
X

r

X

s6= t
s;t ;m = r

(� 1)� r (s)+ � r (t )� 1! s � ! s;m � ! t � ! t ;m

=
X

u;a

! 2
u � ! 2

u;a � A

Note that either � b;a(b) = � r (s) � 1 or � c;a(p) = � r (t) � 1 depending on whether the

index in the sequencebis greateror smallerthan the onein c. SinceB is non-negative,

we have

A �
X

u;a

! 2
u � ! 2

u;a

Therefore,we get an upper bound on
P

r ! 2
r , namely

X

r

! 2
r �

X

r

X

s

! 2
s � ! 2

ŝ +
X

u;a

! 2
u � ! 2

u;a

=

 
X

u

! 2
u

!  
X

v

! 2
v

!

letting v rangeover all subsequencesof k � 1 indicesfrom 1; 2; : : : ; d. This is because

a term ! 2
u � ! 2

v appearseither as ! 2
s � ! 2

ŝ if u and v do not have any commonindices

or as ! 2
u � ! 2

u;a otherwise. Becausethis inequality holds for all points x 2 M, we have

� (f 1; : : : ; f k) � vol(M) � � (f 1) � vol(M) � � (f 2; : : : ; f k) � vol(M);

which implies the sub-multiplicativit y of � for the casei = 1.

4.2.3 PL Algorithm

In practice, functions are measuredat discrete points in the manifold and linearly

interpolated within simplicesin a triangulation of the manifold. In such a setting,
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� (F ) is computed in a loop over the d-simplicesin the triangulation. Sinceall func-

tions are linear over a d-simplex, their di�eren tials areconstant within the d-simplex.

The norm of the k-form is evaluated at a point within the d-simplex directly from

the formula and weighted by the volume of the d-simplex. We divide this weighted

sum by the volume of the triangulation to get � (F ).

4.3 Jacobi Set In terpretation

In this section, we give an alternate interpretation for our comparisonmeasurein

terms of critical points of the functions. We have a result only for the casewhen

k = d = 2. We begin with an introduction to Jacobi sets,which play an important

role in this alternate interpretation.

4.3.1 Jacobi Sets

The Jacobi set of two Morse functions de�ned over a common 2-manifold is the

set of critical points of the restrictions of one function to the level setsof the other

function. For a genericpair of Morsefunctions, the Jacobiset is a smoothly embedded

1-manifold. Equivalently, the Jacobi set is the set of points where the gradients of

the functions are parallel and is hencesymmetric with respect to the two functions.

The Jacobi set of two Morse functions, f and g, is denotedby J = J(f ; g) = J(g; f ).

We think of piecewiselinear functions asthe limit of a seriesof smooth functions and

use this intuition to transport the de�nition of Jacobi sets from the smooth to the

piecewiselinear setting.

Now, let f and g be two piecewiselinear functions de�ned over a triangulation

of a 2-manifold. The Jacobi set of the two functions is a one-dimensionalsubcom-

plex of the triangulation that can be thought of as the limit of Jacobi sets for the

corresponding pairs of smooth functions. The algorithm identi�es edgeslying on the
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Jacobi set and returns the union of theseedges.Each edgeab is individually classi-

�ed to be in the Jacobi set or not by determining if it is critical with respect to the

function h� = f + �g , where the value of the parameter � is given by the condition

h� (a) = h� (b). Criticalit y testing of an edgeis donesimilar to that of a vertex namely,

basedon the structure of the lower link of the edge. In a 2-manifold, the link of an

edgeconsistsof two vertices. The function IsJa cobi doesthe criticalit y testing.

integer IsJa cobi (Edgeab)
� = f (b)� f (a)

g(a)� g(b) ;
Let x; y be verticesin Lk ab;

if (h� (x) < h� (a) and h� (y) < h� (a)) then return Maximum endif

if (h� (x) > h� (a) and h� (y) > h� (a)) then return Minimum endif

return Regular .

Jacobi sets were introduced by Edelsbrunner and Harer [27] and we refer to their

paper for detailed proofs of the assertionsand the algorithm.

4.3.2 Alternativ e Form ulations

Considertwo Morsefunctions f ; g : M 2 ! R. Assumingthat M 2 is embedded1 in R3,

we �rst rewrite k df ^ dg k as the length of the crossproduct betweenthe gradients

of f and g. � (F ) is equal to

� (f ; g) =

R
x2 M2 k r f (x) � r g(x) k dx

R
x2 M2 dx

:

Wenow rewrite � (f ; g) asan integral over the Jacobiset,which canalsobeexpressed

as the set of critical points of f restricted to level setsof g. Let v be a point on the

1All results in the paper hold without this assumption as well becausethe tangent plane at each
point in M2 can be embedded in R3. However, notation required to represent the gradients and
their di�eren t embeddingsbecomestoo cumbersome.
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Figure 4.1: UV and VW are two strips on M 2 connecting subsetsof the Jacobi set.

Jacobi set and let u; w 2 J be its neighbors along the isocontour g� 1(g(v)). By

de�nition, v is either a maximum or a minimum of the restriction of f . If v is a

local maximum of f restricted to g� 1(g(v)), then u and w are local minima. Let V

be a connectedsubsetof J containing v such that the neighbors of points in V along

isocontours of g form two connectedsubsetsU and W, of J (seeFigure 4.1). M 2 can

be partitioned into strips like UV and VW that are union of isocontour segments

connectingpoints in V with thoseof U and W respectively. k r f � r g k is equalto

the product of k r T (g) f k and k r g k, wherer T (g) f (p) is the directional derivative

of f at the point p along the tangent to the isocontour g� 1(g(p)). This is because

r T (g) f is exactly the projection of r f in the direction normal to r g. The integral

of k r f � r g k over the strip UV can be expressedas double integral to give

Z

x2 UV
k r f (x) � r g(x) k =

Z

x2 UV
k r T (g) f (x) k k r g(x) k dx

=
Z

v2 V

� Z

x2 uw
k r T (g) f (x) k

�
k r g(v) k dv:

Here, uw is the section of the isocontour g� 1(g(v)) between u and w and passing

through v. f is monotonicalongthe isocontour and sothe inner integral is computed

as the di�erence between the values that f evaluates to at u and v, the boundary

points.

Z

x2 UV
k r f (x) � r g(x) k =

Z

v2 V
jf (v) � f (u)j k r g(v) k dv:
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This equality holds for the strip VW also. Adding the integrals over UV and VW,

we get

Z

x2 UV
k r f (x) � r g(x) k +

Z

x2 V W
k r f (x) � r g(x) k dx

=
Z

v2 V
jf (v) � f (u)j k r g(v) k dv +

Z

v2 V
jf (v) � f (w)j k r g(v) k dv

=
Z

v2 V
j2f (v) � f (u) � f (w)j k r g(v) k dv:

The sum of integrals over all such subsetsV of J is equal to the sum of integrals of

k r f � r g k over the corresponding strips UV and VW. The latter sum equals

twice the integral of k r f � r g k over M 2 becauseeach strip is counted twice in the

above sum. We now have our secondformulation for � (f ; g) namely

� (f ; g) =

R
v2 J j2f (v) � f (u) � f (w)j k r g(v) k dv

2
R

x2 M2 dx
: (4.1)

where u; w 2 J are neighbors of v along g� 1(g(v)). This formulation shows that

� (f ; g) capturesthe deviations of one function over isocontours of the other.

We now derive a third formulation again as an integral over the Jacobi set. We

split the integral over J in Equation (4.1) into two integrals:

Z

v2 J
j2f (v) � f (u) � f (w)j k r g(v) k dv

=
Z

v2 J
jf (v) � f (u)j k r g(v) k dv +

Z

v2 J
jf (v) � f (w)j k r g(v) k dv

Each point in J is counted four times, twice in each integral. The sum of these

two integrals can written as one integral by introducing a sign function to give a

formulation of � (f ; g) that doesnot useany explicit pairing along the isocontours:

� (f ; g) =
2

R
v2 J sgn(v) f (v) k r g(v) k dv

R
x2 M2 dx

(4.2)
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wheresgn(v) =
�

1 if v is a maximum of f in g� 1(g(v))
� 1 if v is a minimum of f in g� 1(g(v))

Each generic level set g� 1(t) is a collection of topological circles and f restricted

to this level set has equally many minima and maxima. Letting k be this common

number, we form a pairing f (ui ; vi ) j 1 � i � kg between the minima ui and the

maxima vi such that f (vi ) � f (ui ) > 0 for all i . We further develop the integral in

Equation (4.1) to �nd a formulation in which the pairing directly relatesto a ranking

of thesecritical points. Writing pers(ui ) = pers(vi ) = f (vi ) � f (ui ), we get

� (f ; g) =

R
v2 J pers(v) dg

R
x2 M2 dx

: (4.3)

Indeed, Equation (4.1) is a special casein which the integration is done over two

pairingsof the points in the Jacobiset. A moremeaningful(single)pairing is obtained

using the concept of persistent homology [31]. It is easy to explain for a Morse

function f t : S1 ! R, which has equally many minima and maxima. Sweepingthe

circle in the direction of increasingfunction value,we get a newcomponent whenever

we passa minimum and we mergetwo components whenever we passa maximum,

exceptthat we completethe circle whenwe passthe last maximum. Each component

is represented by its oldest minimum (the onewith smallestfunction value).

Rule 1. If a maximum mergestwo components we pair it with the youngerof the

two minima representing the two components. The older minimum stays on to

represent the mergedcomponent.

Rule 2. The last maximum is paired with the �rst minimum.

The persistenceis a notion of importance of a critical point that has found usein a

number of applications involving smooth functions, seefor example[2, 13, 30].
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4.3.3 Alternativ e Algorithms

The alternative formulae for � alsolead to algorithms that compute� (f ; g) for piece-

wise linear functions f and g on a triangulation K of M. We �rst describe an

algorithm that follows directly from Equations (4.2).

In tegral over Jacobi set. In the piecewiselinear setting, the integral over J in

Equation (4.2) becomesa sum over all edgesin J. The contribution of an edgeto

� (f ; g) can now be expressedin a closedform becausef varieslinearly over the edge.

Let a;b be the end points of an edgein J. IsJa cobi (ab) classi�esan edgeab2 J as

a maximum or a minimum. The contribution of the edgeis equalto 1
2 � (f (a) + f (b)) �

jg(b) � g(a)j if the edgeis a maximum and is equal to � 1
2 � (f (a) + f (b)) � jg(b) � g(a)j

if the edgeis a minimum.

Isocontour sweep algorithm. We needto sweepK in the direction of increasing

valueof g, maintaining the level set,g� 1(t) in order to implement both Equations(4.1)

and (4.3). An edgein the Jacobi set is identi�ed using the IsJa cobi subroutine. We

can then use the persistencealgorithm to compute pers(v) for all critical points v

of g� 1(t), which are the intersectionpoints betweenthe level set and the Jacobi set.

However, in order to implement (4.3), we needto identify the level setsof g where

the persistencepairing changes. This is unclear and we mention this problem as

future work. The characterization of when the pairing changesis easierin the case

of Equation (4.1). Beforedescribingthe implementation of Equation (4.1), we derive

its analogousexpressionin the piecewiselinear setting.

A connectedsubset of an edge in the input triangulation is called a segment.

The end points of a segment on a given edgecan be speci�ed by the value of the

function g becauseit is linearly interpolated within the edge. The Jacobi set of

two functions de�ned over a triangulation of a 2-manifold consistsof critical edges
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of the triangulation. Each point v 2 J is paired with two other points u; w 2 J

namely the critical points of f restricted to g� 1(g(v)) that are adjacent to v in the

isocontour. We call (u; v) and (v; w) asJ-pairs. Extending this conceptto segments,

if s and t are segments on J whosepoints form J-pairs then we call [s; t] a segment-

pair . Figure 4.2 shows two components of J and a few segment-pairs. Note that two

segment-pairs have at most one commonJ-pair. � (f ; g) is expressedas an integral

u

g   (g(q))

g   (g(x))

g   (g(b))cba

qp

yx

w g   (g(v))v

�1

�1

�1

�1

Figure 4.2: [g(a); g(p)] and [g(b); g(q)] are a segment-pair within the samecomponent
of J and [g(b); g(x)] and [g(c); g(y)] are a segment-pair betweendi�eren t components of J.
The solid lines are components of J and the dashedlines are the isocontours.

over J in Equation (4.1). We split this integral into two asbeforeand rewrite it asa

sum over all segment-pairs:

� (f ; g) = 2
Z

(u;v )2 P
jf (v) � f (u)j k r g(v) k dv

= 2
X

[s;t ]2 Ps

Z

u2 s;v2 t
jf (v) � f (u)j k r g(v) k dv

where P is the set of all J-pairs and Ps is the set of all segment-pairs. Each J-pair

is counted twice in the integral over J and hencethe factor 2 in the integral over

P. The integral over a segment-pair can be rewritten using the meanvalue theorem

becausef and g vary linearly within a segment.

Z

u2 s;v2 t; [s;t ]2 Ps

jf (v) � f (u)j k r g(v) k dv = jf mid (s) � f mid (t)j � � g(t):
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Here, � g(t) is the di�erence betweenthe valuesof g at the end points of segment t

and f mid (s) denotesthe value of f at the midpoint of segment s.

Determining the segment-pairs is an important step in evaluating � (f ; g). The

topology of the isocontour changesas we sweep the manifold using isocontours of

g with increasingisovalues. At any stageof the sweep,a segment of J could start,

stop, or continue to intersect the current isocontour. The �rst two events happen

only when the isocontour passesthrough a vertex. We are now ready to describe the

isocontour sweepalgorithm.

We compute � (f ; g) by maintaining a list of segment-pairs that intersect the

current isocontour during the sweep. The sweepis doneby traversingthe vertex list

sorted on the value of the function g. The contribution of a segment-pair is added

when it stops intersecting the current isocontour. The processingdoneat each step

of the sweepdependson the con�guration of the upper and lower starsof the current

vertex v with respect to the function g.

Regular : The newedgesthat the isocontour crosseswhenthe sweeppassesthrough

a regular vertex are exactly the ones in the upper star. If J does not pass

through the vertex then there is nothing to do. If it does, then at least one

segment-pair stops intersecting the isocontour. For each one of the segment-

pairs that is destroyed, we add its contribution to � (f ; g). Figure 4.3 shows

a scenariowhere the segment-pair [a;b] is deletedand two new segment-pairs

[a0; x] and [y; b0] are inserted into the list of segment-pairs.

Minimum : J passesthrough the minimum by de�nition. No segment pairs are

destroyed becausethe isocontour doesnot intersectany edgesin St v beforethe

sweeppast the minimum. At least two segment-pairs are born and we insert

them into the list. Figure 4.4 shows the neighborhood of a minimum after the
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sweepcrossesit.

Maximum : J passesthrough a maximum by de�nition. We compute and add

contributions of the segment-pairs that are destroyed and deletethem from the

list. Note that no segment-pair is born becausethe isocontour component is

destroyed as we sweeppast the maximum (seeFigure 4.4).

Sadd le : Figure 4.5 shows the neighborhood of a saddle before and after the iso-

contour sweepspast the vertex and how the connectivity of the isocontour

changes. The change in connectivity destroys somesegment-pairs and intro-

ducesnewones.In addition, other segment-pairs could be createdor destroyed

by segments of J passingthrough the saddle. The new segment-pairs are in-

serted into the list and contributions of the segment-pairs that get destroyed

are addedto � (f ; g) beforethey are deletedfrom the list.

JJ
ba

v v

a' b'x y

Figure 4.3: The segment-pairs beforeand after the isocontour passesthrough a regular
vertex. The dark line is a portion of J passingthrough v, the dashedline is the isocontour
and the dotted lines are edgesof the lower link.

� (f ; g) is computed as the sum of contributions from each segment-pair at the

end of the sweep. There are a couple of issuesthat needto be handled in practice

which, if neglected,could leadto erroneousresults. The �rst onedealswith consistent

handling of boundary edgesand the seconddealswith degeneraciesin the data. The

former can be easily handled while the latter requires a non-trivial solution. We

discussthe former issueand describe how to handle degeneraciesin Section4.3.5.
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Figure 4.4: The segment-pairs after the isocontour passesthrough a local minimum (a)
and local maximum (b). The dark line is a portion of J passingthrough v, the dashedline
is the isocontour and the dotted lines are edgesof the lower link.
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Figure 4.5: The segment-pairs before and after the isocontour passesthrough a 3-way
saddle. The dark line is a portion of J passingthrough v, the dashedline is the isocontour
and the dotted lines are edgesof the lower link.

A basic assumption we make is that each point in J has a pair. This is true

if our domain is a 2-manifold. But, often the input functions are de�ned over a

surfacemeshthat hasa boundary. The isocontours in such a casemay no longer be

closed1-manifolds. One way to resolve this issueis to introduce verticesat in�nit y

corresponding to each boundary component and add simplicescontaining boundary

simplicesand the new vertices as faces. This modi�ed the domain to becomea 2-

manifold. A drawback of this approach is the increasein number of simplicesto be

processed. Instead, we simulate this construction by including the edgeslying on

the boundary into J. Theseedgesare paired only in one direction i.e towards the

interior.

107



4.3.4 Lo cal Con tributions

� (f ; g) canbecomputedusingthe de�nition or by implementing oneof the alternative

formulae. We de�ne functions expressthe contributions to � (f ; g) from triangles

in the mesh or edgesin J as the casemaybe. The contribution from triangles in

the meshto � (f ; g) equalsthe area of the triangle times � x (F ) for a point x lying

inside the triangle. � t assignsthis value to each triangle t. Each edgein J consists

of multiple segments each of which contribute to � (f ; g) when it is computed using

Equation (4.1). ~� e assignsthe sumof contributions of thesesegments to the edgein J.

Theselocal contributions help rank the Jacobisetedgesand triangles in the manifold

based on their importance. Visualizing these functions helps identify interesting

regionsof the manifold. The contributions from the Jacobi set edgesto � (f ; g) when

computed using Equation (4.2) are not useful in this respect becausethey could be

negative as well.

4.3.5 Handling Degeneracies

Degeneraciesshould be handled consistently for a correct implementation of the al-

gorithms described in this chapter. In the genericcase,

1. No two verticeshave the samefunction value and

2. No vertex in the link of an edgeab has the samevalue of h� (= f + �g ) as the

edge. Here, the value of the parameter is computed by determining when ab

becomeshorizontal i.e. h� (a) = h� (b).

The degeneratecaseshave to be handled while computing the lower link in IsJa-

cobi . We resolve the degeneratecasesby simulating a perturbation schemesimilar

to SoS[32] but applied to two functions f and g. Let f i and gi ; i = 1; : : : ; n denote
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the value of the functions f and g at vertex i of the triangulation. We perturb both

functions as follows:

~f i = f i + � i ; ~gi = gi + � i

with � i = � 2i
; � i = � 2n + i

; i = 1; : : : ; n

for a suitably small but positive value of � . Clearly

� 1 >> � 2 >> : : : >> � n >> � 1 >> � 2 >> : : : >> � n :

Let ab be an edgeand v a vertex in its link with 1 � a < b < v � n. The value of �

for which ab becomeshorizontal is given by

� =
f b � f a

ga � gb
:

The vertex v lies in the lower link of ab if h� (v) � h� (a) for the above value of � 2.

We have

f v +
f b � f a

ga � gb
gv � f a +

f b � f a

ga � gb
ga:

Multiplying both sideswith (ga � gb) and rearrangingthe terms, we get

(f a � f v)(ga � gb) + (f b � f a)(ga � gv) � 0 and (ga � gb) > 0 or

(f a � f v)(ga � gb) + (f b � f a)(ga � gv) � 0 and (ga � gb) < 0:

Let

X = (f a � f v)(ga � gb) + (f b � f a)(ga � gv):

We can rewrite it as

X = f a(gv � gb) + f b(ga � gv) + f v(gb � ga):

2Note that we can useh� (b) instead of h� (a) in this inequality
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Replacingf i ; gi with their perturbed versionsin the expressionfor X , we get

~X = X + � a(gv � gb) + � b(ga � gv) + � v(gb � ga)

+ � a(f b � f v) + � b(f v � f a) + � v(f a � f b)

+ � a(� b � � v) + � b(� v � � a) + � v(� a � � b)

We can determine if v is in the lower link of ab from the sign of X and (ga � gb).

However, one or both X and (ga � gb) could be zero, making it di�cult to classify

v. This problem doesnot arise if we usethe perturbed versionsinstead i.e. ~X and

(~ga � ~gb). The valuesof X and ~X are the sameno matter which edge-vertex pair

is chosenfrom the triangle abv. We usethis fact to unify the lower link test for all

inputs from the triangle abv. Table 4.1 lists the test for each edge-vertex pair from

the triangle abv (a < b < v). Computing the perturbed functions is not feasible

Input Test
Edge Vertex
(a;b) v ~X � (~ga � ~gb) > 0
(v; a) b ~X � (~gv � ~ga) > 0
(b;v) a ~X � (~gb � ~gv) > 0

Table 4.1: Lower link tests for edge-vertex pairs from a triangle abv.

becausewe needvery high precision. So, we simulate the perturbation schemeby a

seriesof comparisons.We now give the algorithm that classi�es a vertex present in

the link of an edge.
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boolean Lo werLink (Edgeij , Vertex k)

Sort i; j ; k and store in a;b;v (a < b< v)

Let index i  Index of i in sorted list

Let index j  Index of j in sorted list

if index j = (index i + 1) mod 3
then return ((Pos1( ~X ) and Pos2(~gi � ~gj )) or (Neg1 ( ~X ) and Neg2 (~gi � ~gj )))
else return ((Pos1( ~X ) and Pos2(~gj � ~gi )) or (Neg1 ( ~X ) and Neg2 (~gj � ~gi )))

endif

Pos1 and Pos2 return Tr ue if and only if their inputs are positive and Neg1 and

Neg2 return Tr ue if and only if their inputs are negative (i.e. Pos1 and Pos2,

respectively, are False ). Pos2 usesthe indices i and j to comparethe perturbed

functions if gi is equalto gj . More comparisonsare requiredto simulate perturbation

of X in Pos1.

boolean Pos1 (Expression ~X )

if X 6= 0 then return (X > 0) endif

if gv 6= gb then return (gv > gb) endif

if ga 6= gv then return (ga > gv) endif

if f b 6= f v then return (f b > f v) endif

return Tr ue

The sequenceof comparisonsis determined by the fact that � a >> � b >> � v >>

� a >> � b >> � v and the respective terms will dominate the expressionfor ~X if they

are not multiplied by zero.

4.4 Exp erimen ts

We perform multiple computational experiments to illustrate properties of our com-

parison measure. The visualizations show how the local measurehelps study the
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relationshipsbetweenfunctions.

4.4.1 Synthetic Functions

We �rst use a set of �v e analytic functions to get a feel for our global measure.

All functions are sampledon a regular grid over the region [� 2� ; 2� ] � [� 2� ; 2� ].

This point set is triangulated and a piecewiselinear approximation of the function

is available as our data. Table 4.2 lists the various functions that we use along

with the values of � for each function pair. We have � (cup) = � (sad) = 9:61,

� (sin ) = � (cos) = 0:96, and � (abs) = 1:0. Note that although sin can be obtained

from cos by shifting the axes,the two functions di�er accordingto our measure(i.e.

� does not go to zero) becausewe require local similarit y as well. � is not scale

invariant and thereforeit cannot be usedto decidewhether a given pair of functions

is more similar than another pair.

cup sad sin cos abs

x2 + y2 cup 0.00 78.96 5.76 5.24 6.28
x2 � y2 sad 78.96 0.00 5.76 6.28 6.28

sinx + siny sin 5.76 5.76 0.00 0.63 0.64
cosx + cosy cos 5.24 6.28 0.63 0.000 0.63

jxj abs 6.28 6.28 0.64 0.63 0.00

Table 4.2: Table of k-values for pairs of analytic functions. The matrix is symmetric
and diagonal entries are equal to zero illustrating the symmetry and degeneracyproperties
of our global measure.

4.4.2 Testing Algebraic Prop erties

We illustrate the algebraicpropertiessatis�ed by our measureusing the �v e analytic

functions mentioned above and their variants. The entries in the diagonal of the

matrix in Table 4.2 gives the value of � (f ; f ) for di�eren t functions f and hence

they are all equal to 1. Also, note that the (i; j ) th entry in the matrix is equal to

the (j ; i )th entry becauseour measureis symmetric. Three examplesillustrate the
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scalingproperty in Table4.3. Evidencefor the inequality under function addition and

sub-multiplicativit y are alsoshown using three exampleseach in Tables4.4 and 4.5.

f (x; y) g(x; y) h(x; y) � (f ; g) � (h; g)
cosx + cosy sinx + siny 3(cosx + cosy) + 5 0.632 1.897

x2 + y2 x2 + y2 � x2 � y2 0.000 0.000
cosx + cosy 2(sinx + siny) + 3 3(cosx + cosy) + 5 1.265 3.795

Table 4.3: Testing the scalingproperty: The value of � (F ) scaleswith the functions and
does not change when one of the functions is modi�ed by adding a scalar. This is shown
this using three exampleswhere f 1 has beenscaledand shifted to get f 2.

f 1(x; y) f 2(x; y) g1(x; y) LHS RHS
x2 + y2 x2 � y2 sinx + siny 79.20 84.72

sinx + siny cosx + cosy x2 + y2 5.29 5.87
sinx + siny cosx + cosy jxj 0.81 1.26

Table 4.4: Testing sub-additivit y: Three examples give evidence for sub-additivit y
property. LHS and RHS refer to the left and right side expressionsof the inequality in the
statement of the property.

f 1(x; y) f 2(x; y) LHS RHS
x2 + y2 x2 � y2 0.50 92.43

sinx + siny cosx + cosy 0.004 0.91
sinx + siny jxj 0.004 0.96

Table 4.5: Testing the sub-multiplicativit y property: Three examples give evidence
for the inequality under wedge product. LHS and RHS refer to the left and right side
expressionsof the inequality in the statement of the property.

4.4.3 Comparativ e Visualization

We develop visualization software for studying scienti�c data consistingof multiple

functionsmeasuredover a common2-manifold. Individual functionscanbevisualized

using a color map, a terrain map, or isocontours. A visual editor allows a particular

pair of functions to be chosenfrom the data. We can compare the two functions

using, for example, a terrain map for one and a color map for the other. On the

other hand, we can do the comparisonby visualizing � t and ~� e, which give the local

113



contributions from meshtrianglesand Jacobisetedgesto the comparisonmeasure.A

viewing parameterpanel lets the userchooseoneof theseoptions. Figure 4.6shows a

screenshotof the visualization tool. We �rst comparesomeof the analytic functions

mentioned above.            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure 4.6: Screenshotof the visualization tool used to comparemultiple time-varying
functions. The panelson the right can be usedto selectdi�eren t pairs of functions or time
stepsand adjust di�eren t view parameters.

cup/sad. A comparative visualization reveals that the cup and sad functions are

increasinglydissimilar alongdiagonalstowards the cornersof the squaredomain (see

Figure 4.7). The isocontours are orthogonal here and this is re
ected in � t , which

takeson high valuesin the neighborhood of the diagonal. There exist someregions

wherethe two functions are similar but the dissimilar regionsoutweigh the e�ect of

the former.

sin/cos. Figure 4.8 shows results from a comparative visualization betweensin and

cos. Note again that the isocontours in regionswith high valuesof � t are orthogonal

and parallel where � t takeson low values. The two functions are periodic and this
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Figure 4.7: (left) Isocontours extracted from the parabola (gray) and sad (black).
(right) A color-mapped visualization of the local contributions from triangles to � . Note
that the contribution is high in regionswherethe isocontours are orthogonal and low where
they are parallel.

canbe seenin the visualizations. The edgesof the Jacobiset are coloredto represent

their contribution to � . The pairing betweenedgesof the Jacobi set can be obtained

by tracing isocontours. We can also trace regionswhere the variation of sin over

cos is large, by following isocontours betweenpairs of Jacobi set with higher values

of ~� e.
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Figure 4.8: (left) Isocontours extracted from the sin (gray) and cos (black). (middle)
Visualization of the local contributions from triangles to � using a color map. The regions
where the isocontours of the two functions are orthogonal contribute more. (right) The
Jacobi set with edgescolored to represent their contribution to � .

Time-v arying data. The visualization tool can handle time-varying data as well.

We study data from the simulation of a combustion processwithin an engine.Multi-

ple quantities are measuredduring the numerical simulation of the combustion with

the objective of understandingthe in
uence of turbulenceon ignition, 
ame propaga-

tion and burnout in compressionignition engineenvironments [25]. The simulation
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is done on a dilute air-fuel mixture that ignites upon compression. Inhomogeneity

in the mixture causesignition to occur at multiple spots. After ignition, the 
ame

propagatesfrom thesespots outwardsor burns out dependingupon the air-fuel ratio.

We look at two quantities measuredduring the simulation, namely prog (progress:

measureof completion of combustion) and H2 (hydrogen: the fuel). The quantities

are available on a 600� 600grid over 67 time steps. We triangulate the grid and lin-

early interpolate the quantities within the triangles to obtain time-varying piecewise

linear functions.
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Figure 4.9: The comparisonmeasure� (scaleon right vertical axis) and the correlation
coe�cien t (scale on left vertical axis), both as functions of time as prog and H 2 from the
combustion dataset change. The vertical markers at time steps 28; 50 and 66 indicate the
ones shown in Figure 4.10. The plot of the correlation coe�cien t shows that prog and
H2 are negatively correlated, which is expected becausethe fuel depleteswith progressin
combustion.

A time serieseditor allows the user to choosethe time stepsfor two quantities.

Although this level of control is good to have, it may not beusefulin practicebecause

of the sheernumber of possiblepairs of functions. As an aid in choosing time steps
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Figure 4.10: Local comparisonof the functions prog and H 2 from the combustion dataset.
The function � t , which measurescontributions from triangles to � , is shown using a terrain
map and prog is mapped to color. From left to right: ignition phase,burning phase,and
the end of combustion. The fronts of the 
ames are tracked by a region that has large
contribution to � . This region is represented by the peaksthat enclosethe burnt region.

that may be \in teresting", wecompute� betweenthe selectedquantities at each time

step and plot it as a graph. Time stepswhere � changesrapidly or attains a global

minimum or global maximum are possiblywhen an interesting event happens.

For the H2 -prog pair, the time stepswhere� beginsto risesfrom near zerovalue

correspondsto the ignition phase.prog and H2 are turbulent initially . However, both

the hydrogenconcentration as well as the progressof combustion is low throughout

the domain. Therefore, � has a very low value. After ignition, there is a growing

region,namely the front of the 
ame, over which H2 concentration decreasessharply

ascomparedto the slower increasein prog . This causesan increasein � till the end

of the simulation. Figure 4.9shows the plot of � betweenprog and H 2 . The di�eren t

phasesof combustion cannot be immediately detected from the plot of � . We just

get an indication that something interesting happens when � begins to take larger

valuesafter time steps28. The phasesbecomeapparent from the visualization of � t .

Figure 4.10 shows snapshotsof the simulation with � t mapped to a terrain. Three

time stepsare shown: the ignition, burning, and the �nal phase.Note that the 
ame

front is tracked by regionswith large contributions. The functions are dissimilar at

the front becausethere is a sharp changefor both functions while crossingit, albeit

at vastly di�eren t rates. The higher peaksin the terrain correspond to sectionsof
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the front that are progressingfaster.

Electrostatic poten tials. In order to study our local and global comparisonmea-

suresfor functionsde�ned over a three-dimensionaldomain,we look at an application

in biology. A protein-protein complex consistsof two or more proteins docked in a

stable conformation. For example, the barnase-barstarcomplex (1BRS) consistsof

two proteins. The electrostatic potential de�ned by barnase(N) and barstar (S)

individually in their docked conformation and the potential de�ned by the complex

are available to us as functions sampledover the space. We triangulate the space

and linearly interpolate to obtain three piecewise-linearfunctions f N ; f S; and f 1B RS.

N S 1BRS N,S N,1BRS S,1BRS N,S,1BRS

� 4.01 3.22 7.22 2.30 6.83 5.17 18.66

Table 4.6: The global measure� computed for all combinations of the three electrostatic
datasets.
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Figure 4.11: Visualization of local comparisonmeasurebetweenelectrostatic potentials
de�ned by barnase and barstar in the complex 1BRS. Top: an overview of the regions
with high valuesof � in the complex. The proteins are shown as alpha-carbon traces, with
barnasein magenta and barstar in yellow. Bottom: a closeupof a hydrogen bond cluster.
Asp 39 of barstar hydrogen bonds with Arg 87, Arg 83, and His 102 of barnase. All
four residuesare highly important in the interaction betweenbarnaseand barstar.

Table4.6 lists the valuesof our global measurefor the individual functions, the three

pairs, and the triplet. Initial observations show that regionswhereour local compar-
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ison measurebetweenf N and f S is high correspond to salt bridges/strong hydrogen

bonds. Figure 4.11shows a visualization of the local contributions to � (f N ; f S). The

coloreddots in the �gure indicate high valuesof � values,namely thosein the range

[0:002; 0:0207]and are mapped from blue to red. The dots with values lower than

0:002 are not displayed. The gold lines indicate the hydrogen bonds corresponding

to thoseregionsof space.

4.4.4 Robustness

In order to get a feeling of the sensitivity of our measureto noise in the data, we

comparethe valuesof � for both the synthetic functions as well as the combustion

data after introducing noise with varying amplitudes. The noise is introduced in

each function as follows: let R be the maximum allowed amplitude for the noise. R

is speci�ed asa percentageof the rangeof the function. Randomnoiser is introduced

at each vertex as a uniform distribution in the interval [� R; R]. The new function

value at each vertex is obtained by adding (r=100) times the rangeof the function to

the original value. Table4.7 shows the error introducedin the valuesof � computed

cup sad sin cos abs

cup 1% 0.00 0.28 0.03 0.07 0.07
5% 0.00 8.31 0.98 1.11 2.36

sad 1% 0.28 0.00 0.01 0.02 0.07
5% 8.31 0.00 0.34 0.35 1.85

sin 1% 0.03 0.01 0.00 0.00 0.00
5% 0.98 0.34 0.00 0.02 0.11

cos 1% 0.07 0.02 0.00 0.00 0.01
5% 1.11 0.35 0.02 0.00 0.01

abs 1% 0.07 0.07 0.00 0.01 0.00
5% 2.36 1.85 0.11 0.12 0.00

Table 4.7: Error intro ducedin � when 1% and 5% random noiseis addedto the synthetic
functions.

for the synthetic functions. Figure 4.12 shows the plot of � for both the original
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Figure 4.12: � computed for the original pair and perturb ed pair of functions (with 1%
noise) in the combustion dataset. There is only a small di�erence betweenthe graph plots.

pair of functions as well as the pair of perturbed functions (with noise percentage

R = 1%). Note that the noisecausesonly a minor changein the plot.

4.5 Discussion

Various questionsrelated to the extensionof our comparisonmeasuresremain open.

We mention three problems:

� Our de�nition restricts the number of functions to at most the dimension of

the manifold. It would be interesting to extend it to the casek > d.

� For the particular casek = d = 2, we give alternate interpretations of � using

Jacobi sets. Theseinterpretations generalizeto the casek = d > 2, but what

about k < d?

� What is the sensitivity of our measureto the triangulation of the manifold? A

detailed understandingof this question is useful in situations where functions
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are given on di�eren t triangulations of the samemanifold. All functions need

to be �rst speci�ed over a commonmesh,ideally having a small size,beforewe

are able to compute � .

We use our visualization tool for a local comparisonof two functions measured

during the simulation of a combustion processand are able to track the front of the


ames after ignition. In future, we want to extend the software to be able handle

data in 3D.
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Chapter 5

Conclusions

We usea topological approach to develop new methods for extracting featuresfrom

scienti�c data. Wearguethat it is no longerviable to study the propertiesof this data

using traditional visualization techniquesbecausethe datasetsare becomingincreas-

ingly complex. Automatic computation of featuresfollowed by a visualization of the

function annotatedwith thesefeaturesis helpful in understandingthe behavior of the

function. We restrict our attention to scalar functions measuredat discrete points

in spaceand linearly interpolated elsewhere.All our algorithms are combinatorial

in nature and numerical issuesare handled by a simulation of the smooth setting

thereby leading to a robust and e�cien t implementation. The main contributions of

this thesisare:

� an algorithm for simplifying a 3D scalar function that improvesthe quality of

the underlying mesh and a study of the preservation of topological features

during this simpli�cation process;

� the introduction of Morse-Smalecomplexesfor piecewiselinear 3-manifoldsand

a combinatorial algorithm to compute them;

� the development of a visualization tool that displays the Morse-Smalecomplex;

� new local and global measuresfor comparingscalar functions that are de�ned

over a commonmanifold domain;

� development of software for visual comparisonof multiple, and possibly time-

varying, scalar functions.
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Open problemsraisedby the work presented in this dissertation are discussedat the

end of the appropriate chapters. The successof the methods proposedin this thesis

when applied to large models dependson how they are extendedto two important

paradigms: the data streaming model and the I/O model. We end this chapter by

discussingtheseextensions.

With rapidly increasing data sizes, many of the high performancecomputing

systemsbuilt today are basedon a client-server architecture. The server is typically

a supercomputer that performs the expensive computation and streamsdata to the

various clients that have limited resources. Data transfer and conversion are the

major bottlenecks in thesesystems. The data stream model abstracts this system

and is usedto develope�cien t schemesfor data transfer. The visualization of Morse-

Smalecomplexesin this model is non-trivial becauseit is possiblethat the number of

critical points is large. A multi-resolution representation of the Morse-Smalecomplex

needsto bedeveloped. Note that the di�eren t resolutionsarerequiredboth in domain

as well as function space.

The I/O model analyzesthe e�ciency of an algorithm by counting the number of

disk read/write operationsasopposedto the number of comparisonsor computation

steps. While working with large datasetsthat do not �t into the main memory, it

pays to be consciousabout the expensive disk operations. I/O e�cien t algorithms

have been developed in the past within the �eld of visualization [1]. The popular

approaches to the designof such algorithms include a changeof the data layout or

the use of divide and conquer techniques. Developing I/O e�cien t versionsof the

algorithms described in this thesiswill be a set of interesting research projects.
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App endix A

Algebraic Topology Basics and Morse
Theory

In an e�ort to ensurethat this dissertation is self-contained, we collect the de�nitions

of various terms usedin previouschapters and present them in this appendix. Most

of these de�nitions are from topology. We group them into manifolds, simplicial

complexes,and algebraic topology in SectionsA.1, A.2, and A.3 respectively. We

also introduce someMorse theoretic conceptsboth for smooth functions de�ned on

3-manifolds(in SectionA.1) and for the piecewiselinear category(in SectionA.3). We

refer to the booksby Matsumoto [65] and Milnor [68] for further backgroundon Morse

theory for smooth functions and to the books by Munkres [70] and Alexandrov [3]

for background on related conceptsfrom algebraicand combinatorial topology.

We deal with scalar functions in this thesis. Let us �rst de�ne them before

moving on. A function is a relation which uniquely associates members of one set

with members of another set. A set is a �nite or in�nite collection of objects in

which order has no signi�cance, and multiplicit y is not allowed. The objects that

constitute the set are called elements. Formally, a function f : X ! Y associates

each element in set X with a unique element of set Y. X is called the domain and Y

the co� domain of the function. Scalar functions have a one-dimensionalco-domain

and vector functions have a two- or higher-dimensionalco-domain. We are interested

in functions where the domain looks like the Euclidean space(at least locally) and

the co-domainis the one-dimensionalreal line, R.
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A.1 Manifolds

De�nition A.1 (Homeomorphic Spaces) Two topological spacesX and Y are

homeomorphic or havethe sametopological type if there is a homeomorphismX ! Y.

De�nition A.2 (k-Manifold) A topologicalspaceM is a k-manifold if every point

x 2 M hasan open neighborhood homeomorphicto Rk .

De�nition A.3 (k-Manifold with Boundary) A topologicalspaceN is a k-manifold

with boundary if every point x 2 N hasan open neighborhood homeomorphicto Rk

or to the closed halfspace, Hk = f (x1; x2; : : : ; xk) 2 Rk j x1 � 0g.

De�nition A.4 (Boundary of a k-Manifold with Boundary) The boundary, Bd N ,

of a k-manifold with boundary is a subsetconsistingof points whoseneighborhood

is homeomorphicto Hk .

Let M be a smooth compact 3-manifold without boundary. Examples are the

3-sphere,which consistsof all points at unit distance from the origin in R4, and

the 3-torus, which can be obtained by identifying opposite squarefacesof a three-

dimensional cube. Let f : M ! R be a smooth map. The di�eren tial of f at a

point p 2 M is a linear map from the tangent spaceat p to R, df p : TM p ! R. The

criticalit y of p is determinedby the di�eren tial of f at p.

De�nition A.5 (Critical Poin t) A point p 2 M is critical if df p is the zeromap.

De�nition A.6 (Regular Poin t) A point p 2 M is regular if df p is not the zero

map.
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Givena local coordinate system,the Hessianat p is the matrix of secondorderpartial

derivatives:

H (p) =

2

6
6
4

@2 f
@x2

1
(p) @2 f

@x1@x2
(p) @2 f

@x1@x3
(p)

@2 f
@x2@x1

(p) @2 f
@x2

2
(p) @2 f

@x2@x3
(p)

@2 f
@x3@x1

(p) @2 f
@x3@x2

(p) @2 f
@x2

3
(p)

3

7
7
5 :

De�nition A.7 (Non-Degenerate Critical Poin t) A critical point p is non-degenerate

if the Hessianat p is non-singular.

De�nition A.8 (Morse Function) A function f is called a Morse function if all

of its critical points are non-degenerateand f (p) 6= f (q) whenever p 6= q are critical.

Lemma A.1 (Morse Lemma) If p is non-degeneratewe can chooselocal coordi-

natesand signssuch that

f (x1; x2; x3) = f (p) � x2
1 � x2

2 � x2
3

in a local neighborhood of p.

critical point index

minimum 0
1-saddle 1
2-saddle 2
maximum 3

Table A.1 : The index for each type of critical point.

Note that the Morse lemma implies that non-degeneratecritical points are isolated.

The number of minusesis the index of the critical point. It is independent of the

coordinate systemand equalsthe number of negativeeigenvaluesof H (p). In threedi-

mensions,there are four typesof non-degeneratecritical points: minima, 1-saddles,

2-saddles, and maxima. The index for each type of critical point is shown in Ta-

ble A.1. We get intuitiv e local pictures by drawing a small spherearound the point
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p. The level curve of points x with f (x) = f (p) decomposesthe sphereinto oceans,

consistingof points x with f (x) < f (p), and continents, consistingof points x with

f (x) > f (p). Figure A.1 shows the local pictures of a regular point and of the four

typesof non-degeneratecritical points.

Figure A.1 : The local pictures with shadedoceansand white continents of a regular
point, a minimum, a 1-saddle, a 2-saddle, and a maximum. Take notice of the symbols
usedto mark the di�eren t typesof vertices at the centers of the spheres.

A.2 Simplicial Complexes

De�nition A.9 (k-Simplex) A k-simplex � is the convex hull of k + 1 a�nely

independent points.

De�nition A.10 (Face) A face � of a simplex� is the simplexde�ned by a nonempty

subsetof the k + 1 points and is denotedas � � � .

De�nition A.11 (Coface) A simplex � is a coface of � if � is a faceof � .

De�nition A.12 (Cone) The cone from a vertex x to a k-simplex � is the convex

hull of x and � , which is the (k + 1)-simplex x� . The operation is de�ned only if x

is not an a�ne combination of the verticesof � .
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De�nition A.13 (Simplicial Complex) A simplicial complexK is a �nite collec-

tion of non-empty simplicesfor which � 2 K and � � � implies � 2 K and � 1; � 2 2 K

implies that the intersection � 1 \ � 2 is either empty or a faceof both, � 1 and � 2.

De�nition A.14 (Underlying Space) The underlying space of K is the union of

simplices: jK j =
S

� 2 K � .

De�nition A.15 (T riangulation) A triangulation of a topological spaceX is a

simplicial complexK whoseunderlying spaceis homeomorphicto X .

De�nition A.16 (Closure) The closure of a subsetL of a simplicial complexK is

the smallestsubcomplexof K that contains L

L = f � 2 K j � � � 2 Lg:

De�nition A.17 (Star) The star of a subsetL is the set of cofacesof simplices

St L = f � 2 K j � � � 2 Lg:

De�nition A.18 (Link) The link of a subsetL is the set of all facesof simplices

in its star that are disjoint from simplicesin L

Lk L = St L � St L:

Let K be a simplicial complex that triangulates the k-manifold M. This means

there is a homeomorphismbetweenM and the underlying spaceof K , but to simplify

the discussion,we assumethat M is the underlying space. Let f : M ! R be

a continuous real-valued function that is linear on every simplex of K . To say this

moreformally, wenote that every point x in a simplexis a uniqueconvexcombination

of its vertices u` : x =
P

` � `u` with 1 =
P

` � ` and � ` � 0 for all `. Assuming f is
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given at the vertices,we have f (x) =
P

` � ` f (u` ). We refer to f asa height function

and userelative terms such as `upper' and `lower' to identify subsetsof the star and

link of a vertex.

De�nition A.19 (Lo wer Star) The lower star of a vertex u contains all simplices

in the star for which u is the highest vertex.

St� u = f � 2 St u j x 2 � =) f (x) � f (u)g:

De�nition A.20 (Upp er Star) The upper star of a vertex u contains all simplices

in the star for which u is the lowest vertex.

St+ u = f � 2 St u j x 2 � =) f (x) � f (u)g:

De�nition A.21 (Lo wer Link) The lower link contains all simplices in the link

that are facesof the lower star.

Lk � u = f � 2 Lk u j � � � 2 St� ug:

De�nition A.22 (Upp er Link) The upper link contains all simplicesin the link

that are facesof the upper star.

Lk+ u = f � 2 Lk u j � � � 2 St+ ug:

Let f denotea piecewiselinear function give at verticesof a 3-dimensionalsimpli-

cial complexand linearly interpolated within each simplex. Strictly speaking,critical

points of f are not de�ned, but we may use small bump functions and think of f

as the limit of a seriesof smooth maps. This is the intuition we use to transport

conceptsand results from the smooth to the piecewiselinear category. We use the

topology of the lower link to distinguish regular from critical verticesand to classify

the latter.
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A.3 Algebraic Topology

The topology of the lower link is expressedusing ranks of reducedhomologygroups.

We explain this after giving somebackground on chain complexesand homology

groups. Hatcher [46] givesa good introduction to homologygroupsand we refer to

Artin [5] for more background on group theory.

De�nition A.23 (Group) A group is a set G together with a binary operation

+ : G� G ! G that is associative and hasan identit y element and each element of

G hasan inverseelement.

De�nition A.24 (Ab elian Group) A abelian group is a group whoseoperation is

commutativ e.

De�nition A.25 (Subgroup) A subsetH � Gof a group(G; +) is calleda subgroup

if (H; +) is a group.

The in�nite set of integerswith addition, (Z; +) is an abelian group. The set of even

numberswith addition is a subgroupof (Z; +). The �nite setof non-negative integers

lessthan k together with addition modulo k, (Zk ; + mod k), is a �nite abelian group.

Let (G; +) be an abelian group and (H; +) be a subgroup. We can partition G using

equivalenceclasses,called cosets,generatedby the congruence relation

a � b if b= a + h; for someh 2 H:

De�nition A.26 (Coset) A cosetis a subsetof the form x + H = f x + h j h 2 Hg.

Two cosetscan be addedusing their representativ es. It doesnot matter which rep-

resentativ e is chosenfor addition. The resulting cosetis always the same.

De�nition A.27 (Quotien t Group) The quotient group GjH is the collection of

cosetswith addition de�ned by (x + H) + (y + H) = (x + y) + H.
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Note that there is a bijective map between H and each coset sendingh to x + h.

Further, if G is �nite then all cosetshave the samesize. Now, sincethe congruence

relation generatesa partition of G, we have the following relationship between the

cardinalities of G; H; and GjH:

cardGjH = cardG=cardH:

De�nition A.28 (Group Homomorphism) A homomorphismbetweengroupsG

and H is a function h : G ! H that commuteswith addition: h(x + y) = h(x) + h(y).

De�nition A.29 (Kernel of Homomorphism) The kernel of a homomorphism

h betweengroupsG and H is the subsetof G that is mapped to the identit y element

0 2 H.

De�nition A.30 (Image of Homomorphism) The image of a homomorphismh

betweengroupsG and H is the subsetof H whoseelements have preimagesin G.

De�nition A.31 (Isomorphism) An isomorphism between groups G and H is a

bijective homomorphism.

G and H are said to be isomorphic (G �= H) if there is an isomorphismbetweenthem.

Groups can be constructed on collections of simplices by de�ning an addition

operation. We restrict ourselvesto addition modulo 2.

De�nition A.32 (k-Chain) A k-chain is a subsetof k-simplices.

The sum of two k-chains is the symmetric di�erence of the two sets:

c + d = (c [ d) � (c \ d):

This is addition modulo 2 becausea simplex lies in c+ d i� it belongsto exactly one

of c or d. Let Ck be the set of k-chains and (Ck ; +) the group of k-chains.
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De�nition A.33 (Boundary of a Simplex) The boundary of a k-simplex is the

set of its (k � 1)-simplex faces:@� = f � � � j dim � = dim � � 1g:

De�nition A.34 (Boundary of a k-Chain) The boundary of a k-chain is the sum

of boundariesof its simplices:@c =
P

� 2 c @� :

We connect chain groups of di�eren t dimensionsby homomorphisms@k that map

chains Ck to their boundary Ck� 1.

De�nition A.35 (Chain Complex) The chain complexof a simplicial complexK

is the sequenceof its chain groupsconnectedby boundary homomorphisms,

: : :
@k +2! Ck+1

@k +1! Ck
@k! Ck� 1

@k � 1! : : :

0 0

1

1B

Z

0

0

01

2 1 0 -1-1

C

B

Z

C

C

0

Figure A.2 : The chain complex and the connecting boundary homomorphisms.

Two typesof chains are important for de�ning homologygroups: the oneswithout

boundary and the onesthat bound.

De�nition A.36 (k-Cycle) A k-cycle is a k-chain c with @c = 0.

De�nition A.37 (k-Boundary) A k-boundary is the boundary of a k-chain.

k-cyclesand k-boundariesare clearly subgroupsof k-chains. The boundary of every

k-boundary is empty. This canbeproveddirectly usingthe de�nition of the boundary
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of a k-chain. Figure A.2 shows the chain complex and the nestedboundariesand

cycles(Bk and Zk) contained in the chain groups. Sincewe use reducedhomology

groups,we extend the list of non-trivial chain groupsby adding C� 1
�= Z2. We de�ne

the boundary of a vertex to be @0(u) = 1, addition within C� 1: 1 + 1 = 0, and

boundary of the non-zeroelement in C� 1: @� 1(1) = 0.

De�nition A.38 (k-th Reduced Homology Group) The k-th reduced homology

group is the quotient de�ned by the k-cyclesand k-boundaries: ~Hk = Zk jBk .

The sizeof ~Hk measuresthe number of k-cyclesthat arenot k-boundaries.The ranks

of the homologygroupsare the most usefulaspectsof homologygroupsbecausethey

have intuitiv e interpretations in terms of the connectivity of the space. Given any

subsetY � G, we can form all sumsof elements in Y to form a subgroupof G. The

subsetY is a basis if it is a minimal set that generatesthe entire group. All basesof

G have the samesize,called the rank of G.

De�nition A.39 (k-th Reduced Betti Num ber) The k-th reduced Betti number

is the rank of the k-th reducedhomologygroup, ~� k = rank ~Hk .

Sincewe add modulo 2 for all groups(chains, cyclesand boundaries),they are �nite

and ~� k is the binary logarithm of the sizeof ~Hk . This is true for the ranks of Bk and

Zk too, which

rank Hk = rank Zk � rank Bk :

We classify critical points using the reducedBetti numbers of the lower link. The

reducedhomologygroupsand Betti numbers ( ~Hk and ~� k) di�er from the more com-

mon non-reducedversions(Hk and � k) only in dimensions0 and � 1. Speci�cally,

~� 0 = � 0 � 1 for non-empty lower links, and ~� � 1 = 1 for empty lower links. Since

lower links of 2-manifoldsare two-dimensional,only ~� � 1 through ~� 2 can be non-zero.
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As shown in Table A.2, the simple critical points are the onesthat have exactly one

non-zeroreducedBetti number, which is equal to one. The reasonthat we prefer

reducedover non-reducedBetti numbersis this simplecorrespondencewith the index

of the critical point. A multiple saddle is a vertex that falls outsidethe classi�cation

~� � 1
~� 0

~� 1
~� 2

regular 0 0 0 0
minimum 1 0 0 0
1-saddle 0 1 0 0
2-saddle 0 0 1 0
maximum 0 0 0 1

Table A.2 : The classi�cation of regular and simple critical points using reduced Betti
numbers.

Figure A.3 : A multiple saddle is split into a simple 1-saddleand 2-saddle. Note that
drawing a circle in the link passingthrough the other ocean would result in splitting the
multiple saddleinto a regular vertex and yet another multiple saddleand is hencenot useful
for unfolding. However, a cut as shown in the �gure can always be found.

of Table A.2 and thereforesatis�es ~� � 1 = ~� 2 = 0 and ~� 0 + ~� 1 � 2. It can be unfolded

into simple1-saddlesand 2-saddles.One way to do that is to repeatedly cut the link

along a circle that intersects the level curve separating the oceansand continents

in exactly two points. The reducedBetti numbers on the two sidesadd up to the

original ones: ~� k = ~� kL + ~� kR , for k = 0; 1. We can always choosethe circle such that

the sum of the reducedBetti number are non-zeroon both sides. It follows that the

reduction endsafter ~� 0 + ~� 1 � 1 cuts and generates~� 0 1-saddlesand ~� 1 2-saddles.

Figure A.3 shows how a multiple saddlewith two continents and two oceanscan be

unfolded into a 1-saddleand a 2-saddle.

134



Bibliograph y

[1] J. Abello and J. S. Vitter. (Eds.) External Memory Algorithms and Vi-
sualization. DIMA CS seriesin discretemathematicsand theoretical computer
science.AmericanMathematical Society Press,Providence,RhodeIsland, 1999.

[2] P. K. Agar wal, H. Edelsbr unner, J. Harer and Y. Wang. Extreme
elevation on a 2-manifold.In \Pro c. 20th Ann. Sympos.Comput. Geom.,2004",
357{365.

[3] P. S. Alexandr ov. Combinatorial Topology. Dover, Mineola, New York,
1998.

[4] http://www.ansys.com

[5] M. Ar tin. Algebra. Prentice Hall, 1991.

[6] C. L. Bajaj, V. Pascucci and D. Schik ore. Fast isocontouring for im-
proved interactivit y. In \Pro c. IEEE Sympos.Vol. Viz., 1996", 39{46.

[7] C. L. Bajaj, V. Pascucci and D. Schik ore. Visualization of scalartopol-
ogy for structural enhancement. In \Pro c. IEEE Conf. Visualization, 1996",
51{58.

[8] C. L. Bajaj, V. Pascucci and D. Schik ore. The contour spectrum. In
\Pro c. IEEE Conf. Visualization, 1997", 167{175.

[9] R. Batra and L. Hesselink. Featurecomparisonsof 3-D vector �elds using
earth mover's distance.In \Pro c. IEEE Conf. Visualization, 1999", 105{114.

[10] H. Blum. Models for the Perception of Speech and Visual Form. MIT Press,
Cambridge, 1967,362{380.

[11] P. T. Bremer, H. Edelsbr unner, B. Hamann and V. Pascucci. A
multi-resolution data structure for two-dimensionalMorsefunctions. In \Pro c.
IEEE Conf. Visualization, 2003", 139{146.

[12] V. Bula to v, F. F. Abraham, L. Kubin, B. Devincre and S. Yip.
Connecting atomistic and mesoscalesimulations of crystal plasticity. Nature,
391 (1998), 669{672.

135



[13] G. Carlsson, A. Zomor odian, A. Collins and L. Guibas. Persistence
barcodesfor shapes.In \Pro c. EurographicsSympos.Geom.Process.,2004".

[14] H. Carr, J. Snoeyink and U. Axen. Computing contour treesin all dimen-
sions. In \Pro c. 11th Ann. SIAM-ACM Sympos. Discrete Algorithms, 2000",
918{926.

[15] A. Cayley. On contour and slope lines. The London, Edinburgh and Dublin
Philosophical Magazineand Journal of Science XVI I I (1859), 264{268.

[16] Y. J. Chiang and X. Lu. Progressive simpli�cation of tetrahedral meshes
preservingall isosurfacetopologies.ComputerGraphicsForum 22 (2003),493{
504.

[17] P. Cignoni, D. Const anza, C. Mont ani, C. Rocchini and R.
Scopigno. Simpli�cation of tetrahedral mesheswith accurate error evalua-
tion. In \Pro c. IEEE Conf. Visualization, 2000", 85{92.

[18] P. Cignoni, C. Mont ani, E. Puppo and R. Scopigno. Multiresolution
representation and visualization of volume data. IEEE Trans. Visualization
Comput. Graphics 3 (1997), 352{369.

[19] P. Cignoni, C. Mont ani and R. Scopigno. A comparisonof meshsimpli-
�cation algorithms. Computersand Graphics 22 (1998), 37{54.

[20] T. H. Cormen, C. E. Lieserson and R. L. Rivest. Intr oduction to Algo-
rithms. MIT Press,Cambridge, Massachusetts, 1994.

[21] T. Cul ver, J. Keyser and D. Manocha. Accurate computation of the
medial axis of a polyhedron. In \Pro c. ACM Sympos. Solid Model. Appl.,
1999", 179{190.

[22] T. K. Dey, H. Edelsbr unner, S. Guha and D. V. Nekha yev. Topology
preservingedgecontraction. Publ. Inst. Math. (Beograd) (N. S.) 66 (1999),23{
45.

[23] D. P. Dobkin and M. J. Laszlo. Primitiv esfor the manipulation of three-
dimensionalsubdivisions. Algorithmica 4 (1989), 3{32.

[24] EBI MacromolecularStructure Database.http://www.ebi.ac.uk/msd/

136



[25] T. Echekki and J. H. Chen. Direct numerical simulation of autoignition in
inhomogeneoushydrogen-air mixtures. In \Pro c. SecondJoint Meeting of the
U.S. Sectionsof the Combustion Institute, 2001".

[26] H. Edelsbr unner. Geometry and Topology for MeshGeneration. Cambridge
Univ. Press,England, 2001.

[27] H. Edelsbr unner and J. Harer. Jacobi setsof multiple Morse functions.
Foundationsof Computational Mathematics, Minneapolis 2002, 37{57, eds.F.
Cucker, R. DeVore, P. Olver, E. S•uli, Cambridge Univ. Press,England, 2004.

[28] H. Edelsbr unner, J. Harer, V. Nat arajan and V. Pascucci. Morse-
Smalecomplexesfor piecewiselinear 3-manifolds.In \Pro c. 19th Ann. Sympos.
Comput. Geom.,2003", 361{370.

[29] H. Edelsbr unner, J. Harer, V. Nat arajan and V. Pascucci. Local
and global comparisonof continuous functions. In \Pro c. IEEE Conf. Visual-
ization, 2004".

[30] H. Edelsbr unner, J. Harer and A. Zomor odian. Hierarchical Morse-
Smalecomplexesfor piecewiselinear 2-manifolds.Discrete Comput. Geom. 30
(2003), 87{107.

[31] H. Edelsbr unner, D. Letscher and A. Zomor odian. Topological per-
sistenceand simpli�cation. Discrete Comput. Geom. 28 (2002), 511{533.

[32] H. Edelsbr unner and E. P. M •ucke. Simulation of Simplicity: A technique
to cope with degeneratecasesin geometricalgorithms. ACM Trans. Graphics
9 (1990), 66{104.

[33] W. Feller. An Intr oduction to Probability Theory and Its Applications. Vol-
ume I. Third edition, John Wiley & Sons,New York, 1968.

[34] A. T. Fomenk o and T. L. Kuni i. eds.Topological Modeling for Visualiza-
tion. SpringerVerlag. 1997.

[35] M. Garland and P. S. Heckber t. Surface simpli�cation using quadric
error metrics. In \Pro c. SIGGRAPH, 1997", 209{216.

[36] M. Garland and P. S. Heckber t. Simplifying surfaceswith color and
texture usingquadric error metrics. In \Pro c. IEEE Conf. Visualization, 1998",
263{269.

137



[37] T. Gerstner and R. Pajar ola. Topology preservingand controlled topol-
ogy simplifying multiresolution isosurfaceextraction. In \Pro c. IEEE Visual-
ization, 2000", 259{266.

[38] T. S. Gieng, B. Hamann, K. I. Joy, G. L. Schussman and I. J. Tr otts.
Constructing hierarchies for triangle meshes.IEEE Trans. Visualization Com-
put. Graphics 4 (1998), 145{161.

[39] A. Globus, C. Levit and T. Lasinski. A tool for visualizing the topology
of three-dimensionalvector �elds. In \Pro c. IEEE Conf. Visualization, 1991",
33{40.

[40] K. Gra uman and T. Darrell. Fast contour matching using approximate
earth mover's distance. In \Pro c. IEEE Conf. Computer Vision and Pattern
Recognition,2004", to appear.

[41] A. Gu �eziec. Surfacesimpli�cation with variable tolerance.In \Second Ann.
Intl. Sympos. Medical Robotics and Computer AssistedSurgery, 1995", 132{
139.

[42] A. Gu �eziec Locally TolerancedSurfaceSimpli�cation. IEEE Trans. Visual-
ization Comput. Graphics 5 (1999), 168{189.

[43] A. Gu �eziec and R. Hummel. Exploiting triangulated surface extraction
using tetrahedral decomposition. IEEE Trans. Visualization Comput. Graphics
1 (1995), 328{342.

[44] L. Guibas, R. Holleman and L. E. Ka vraki. A probabilistic roadmap
planner for 
exible objects with a workspacemedial axis basedsampling ap-
proach. In \Pro c. IEEE/RSJ Intl. Conf. Intell. Robots Systems,1999", 254{
260.

[45] I. Gusk ov and Z. Wood. Topological noise removal. In \Pro c. Graphics
Interface,2001", 19{26.

[46] A. Hatcher. Algebraic Topology. Cambridge University Press,2001.

[47] P. S. Heckber t and M. Garland. Survey of polygonal surfacesimpli�ca-
tion algorithms. In \SIGGRAPH '97 CourseNotes,1997".

[48] B. Heckel, G. Weber, B. Hamann and K. I. Joy. Construction of vector
�eld hierarchies. In \Pro c. IEEE Conf. Visualization, 1999", 19{25.

138



[49] T. He, L. Hong, A. Varshney and S. W. Wang. Controlled topology
simpli�cation. IEEE Trans. Visualization Comput. Graphics 2 (1996), 171{
184.

[50] J. L. Helman and L. Hesselink. Visualizing vector �eld topology in 
uid

o ws. IEEE Computer Graphics& Appl. 11 (1991), 36{46.

[51] H. Hoppe. Progressive meshes.In \Pro c. SIGGRAPH, 1996", 99{108.

[52] H. Hoppe. New quadric metric for simplifying mesheswith appearanceat-
tributes. In \Pro c. IEEE Conf. Visualization 1999", 59{66.

[53] H. Hoppe, T. DeR ose, T. Duchamp, J. McDonald and W. Stuetzle.
Mesh optimization. In \Pro c. SIGGRAPH, 1993", 19{26.

[54] C. Johnson, M. Burnett and W. Dunbar. Crystallographic topology
and its applications. In P. Bourneand K. Watenpaugh(Eds.), Crystallographic
Computing 7: Macromolecular Crystallographic Data, 1999.

[55] D. B. Karr on, J. Cox and B. Mishra. New �ndings from the spiderWeb
algorithm: toward a digital morsetheory. Visualization in Biomedical Comput-
ing 2359 (1994), 643{657.

[56] http://www.kitware.com

[57] J. J. K oenderink and A. J. Doorn. The structure of two-dimensional
scalar�elds with applications to vision. Biological Cybernetics 33 (1979),151{
158.

[58] M. van Kreveld, R. van Oostr um, C. Bajaj, V. Pascucci and D.
Schik ore. Contour treesand small seedsetsfor iso-surfacetraversal.In \Pro c.
13th Ann. Sympos.Comput. Geom.,1997", 212{220.

[59] Y. Lavin. Topology Based Visualization for Vector and Tensor Fields. PhD.
thesis,Dept. Physics,Stanford Univ. , California, 1998.

[60] Y. Lavin, R. Batra and L. Hesselink. Feature comparisonsof vector
�elds usingearth mover's distance.In \Pro c. IEEE Conf. Visualization, 2000",
413{415.

[61] W. de Leeuw and R. van Liere. Collapsing
o w topology using areamet-
rics. In \Pro c. IEEE Conf. Visualization, 1999", 349{354.

139



[62] P. Lindstr om and G. Turk. Fast and memory e�cien t polygonal simpli�-
cation. In \Pro c. IEEE Conf. Visualization, 1998", 279{286.

[63] S. K. Lodha, J. C. Renteria and K. M. Roskin. Topology preserving
compressionof 2D vector �elds. In \Pro c. IEEE Conf. Visualization, 2000",
343{350.

[64] W. E. Lorensen and H. E. Cline. Marching cubes: a high resolution 3D
surfaceconstruction algorithm. Comput. Graphics 21, Proc. siggraph 1987,
163{169.

[65] Y. Ma tsumoto. An Intr oduction to Morse Theory. Translatedfrom Japanese
by K. Hudsonand M. Saito, Amer. Math. Soc., 2002.

[66] S. V. Ma tveyev. Approximating of isosurfacein the marching cube: ambi-
guity problem. In \Pro c. IEEE Conf. Visualization, 1994", 299{292.

[67] J. c. Maxwell. On hills and dales.The London, Edinburghand Dublin Philo-
sophical Magazineand Journal of Science XL (1870), 421{427.

[68] J. Milnor. Morse Theory. Princeton Univ. Press,New Jersey, 1963.

[69] E. P. M •ucke. Shapes and Implementationsin Three-DimensionalGeometry.
PhD. thesis,Dept. Comput. Sci., Univ. Illinois, Urbana, Illinois, 1993.

[70] J. R. Munkres. Elementsof Algebraic Topology. Addison-Wesley, Redwood
City, California, 1984.

[71] B. K. Nat arajan On generating topologically consistent isosurfacesfrom
uniform samples.Visual Computer, 11 (1994), 52{62.

[72] V. Nat arajan and H. Edelsbr unner Simpli�cation of three-dimensional
density maps. IEEE Trans. Visualization Comput. Graphics 10 (2004), 587{
597.

[73] G. M. Nielson and B. Hamann. The asymptotic decider: Resolving the
ambiguity of marching cubes.In \Pro c. IEEE Conf. Visualization, 1991", 83{
91.

[74] R. L. Ogniewicz. Skeleton-space:A multi-scale shape descriptioncombining
region and boundary information. In \Pro c. Comput. Vision Pattern Recogn.,
1994", 746{751.

140



[75] V. Pascucci and K. Cole-McLa ughlin. Parallel computation of the topol-
ogy of level sets.Algorithmica 38 (2003), 249{268.

[76] J. L. Pf al tz. Surfacenetworks. Geographical Analysis. 8 (1976), 77{93.

[77] J. Popo vic and H. Hoppe. Progressive simplicial complexes.In \Pro c. SIG-
GRAPH, 1997", 217{224.

[78] S. Rana (Ed.) Topological Data Structures for Surfaces: An Intr oduction to
Geographical Information Science. Wiley, 2004.

[79] G. Reeb. Sur les points singuliers d'une forme de Pfa� compl�etement
int�egrableou d'une fonction num�erique. ComptesRendusde L'A cad�emie ses
S�eances, Paris 222 (1946), 847{849.

[80] K. J. Renze and J. H. Oliver. Generalizedunstructured decimation. IEEE
Computer Graphics& Appl. 16 (1996), 24{32.

[81] J. Rossigna c and P. Borrel. Multi-resolution 3D approximations for ren-
dering complexscenes.Modeling in ComputerGraphics: Methods and Applica-
tions, Springer-Verlag, eds.B. Falcidienoand T. Kunii, 1993,455{465.

[82] Y. Rubner, C. Tomasi and L. J. Guibas. The earth mover's distanceasa
metric for imageretrieval. International Journal of ComputerVision 40 (2000),
99{121.

[83] C. San Mar tin, M. Raderma cher, B. Wolpensinger, A. Engel, C.
S. Miles, N. E. Dix on and J. M. Carazo Three-dimensionalreconstruc-
tions from cryoelectronmicroscopy imagesreveal an intimate complexbetween
helicaseDnaB and its loading partner DnaC. Structure 6 (1998), 501{509.

[84] W. J. Schr oeder, J. A. Zar ge and W. E. Lorensen. Decimation of
triangle meshes.In \Pro c. SIGGRAPH 26, 1992", 65{70.

[85] M. Schwar tz. Morse Homology. Birkh•auserVerlag, Basel,1993.

[86] D. Sheehy, C. Armstr ong and D. Robinson. Shapedescriptionby medial
axis construction. IEEE Trans. Visualization Comput. Graphics 2 (1996), 62{
72.

[87] A. Sheffer, M. Etzion, A. Rappopor t and M. Bercovier. Hexahedral

141



meshgenerationusing the embeddedVoronoi graph. Engineering Comput. 15
(1999), 248{262.

[88] S. Smale. Morse inequalities for a dynamical system.Bull. Amer. Math. Soc.
66 (1960), 43{39.

[89] S. Smale. The generalizedpoincar�e conjecture in higher dimensions.Bull.
Amer. Math. Soc. 66 (1960), 373{375.

[90] S. Smale. On gradient dynamical systems.Ann. of Math. 74 (1961),199{206.

[91] S. Smale. Generalizedpoincar�e's conjecturein dimensionsgreater than four.
Ann. of Math. 74 (1961), 391{406.

[92] M. Spivak. A ComprehensiveIntr oduction to Di�er ential Geometry I . Publish
or Perish, TX. Third edition, 1999.

[93] O. G. St aadt and M. H. Gr oss. Progressive tetrahedralizations. In \Pro c.
IEEE Conf. Visualization, 1998", 297{402.

[94] D. Stor ti, G. Turkiyy ah, M. Ganter, C. Lim and D. St al. Skeleton-
basedmodeling operations on solids. In \Pro c. ACM Sympos. Solid Model.
Appl., 1997", 141{154.

[95] J. W. H. Tangelder and R. C. Vel tkamp. Polyhedral Model Retrieval
Using Weighted Point Sets. International Journal of Image and Graphics 3
(2003), 209{229.

[96] S. Taraso v and M. N. Vy ali. Construction of contour trees in 3D in
O(n logn) steps. In \Pro c. 14th Ann. Sympos. Comput. Geom., 1998", 68{
75.

[97] http://www.tgs.com

[98] R. Thom. Sur unepartition en cellulesassoci�ee�a une fonction sur unevari�et�e.
ComptesRendusde L'A cad�emie de Sciences, Paris 228 (1949), 973{975.

[99] X. Tricoche. Vector and TensorField Topology Simpli�c ation, Tracking,and
Visualization. PhD. thesis, Schriftenreihe Fachbereich Informatik (3), Univer-
sit•at Kaiserslautern,Germany, 2002.

142



[100] X. Tricoche, G. Scheuermann and H. Hagen. A topology simpli�cation
method for 2D vector �elds. In \Pro c. IEEE Conf. Visualization, 2000", 359{
366.

[101] I. J. Tr otts, B. Hamann, K. I. Joy and D. F. Wiley. Simpli�cation of
tetrahedral meshes.In \Pro c. IEEE Conf. Visualization, 1998", 287{295.

[102] A. Van Gelder, V. Verma and J. Wilhelms. Volume decimation of ir-
regular tetrahedral grids. Computer GraphicsInternational (1999), 222{230.

[103] A. Van Gelder and J. Wilhelms. Topologicalconsiderationsin isosurface
generation.ACM Trans. Graphics 13 (1994), 337{375.

[104] Visualization Toolkit. http://www.vtk.org

[105] W. Warntz. The topology of a socio-economicterrain and spatial 
o ws. Pa-
pers of the Regional Science Association 17 (1966), 47{61.

[106] S. H. Weintra ub Di�er ential Forms: A Complement to Vector Calculus.
AcademicPress,1996.

[107] J. Wilhelms and A. van Gelder. Topological considerationin isosurface
generation.ACM Trans. Comput. Graphics 24 (1990), 57{62.

[108] D. Wojt aszek and R. La ganiere. Tracking and recognizing people in
colour using the earth mover's distance. In \Pro c. IEEE Intl. Workshop on
Haptic Virtual Environments and their Applications, 2002", 91{96.

[109] G. W. Wolf. A mathematical model of cartographic generalization. Geo-
processing2 (1984), 271{286.

[110] A. Y. Wu, S. K. Bhaskar and A. Rosenfeld. Computation of geometric
properties from the medial axis transform in O(n lg n) time. Comput. Vision,
Graphics, Image Process.34 (1986), 76{92.

[111] Y. Zhou, W. Chen and Z. Tang. An elaborate ambiguity detectionmethod
for constructing isosurfaceswithin tetrahedral meshes.ComputersandGraphics
19 (1995), 355{364.

[112] A. Zomor odian. Computing and ComprehendingTopology: Persistence and
Hierarchical Morse Complexes.PhD. thesis,Dept. Comput. Sci., Univ. Illinois,
Urbana, Illinois, 2001.

143



Index

Betti number, 133

reduced,48, 133

boundary

manifold, 125

simplex, 132

coface,127

combustion, 115{118

comparisonmeasure

global, 94

local, 94, 108

properties, 95{97

cone,127

continent, 127

critical point

non-degenerate,126

de�nition, 125

index of, 126

maximum, 126

minimum, 126

saddle,126,134

degeneracy

edgecontraction, 19{20

Jacobi set, 108{111

edgebisectors

inclusion-exclusion,24{25, 33

memorylessaccumulation, 24

edgecontraction, 12{13, 23

degeneracy, 19{20

error measure,15{18

link conditions, 13{15

topology preserving,13{14

vertex placement, 18{20

electrostatics,118{119

Euler characteristic, 48

face,127

hessian,126

homeomorphicspaces,125

integral lines, 42

Jacobi set, 98{99

degeneracy, 108{111

link, 128

lower, 129

upper, 129

manifold

k-dimensional,125

with boundary, 125

144



medial axis, 41

Morse function, 126

applications, 38{39

Morse lemma, 126

Morse theory, 4

Morse-Smalecomplex

ascendingmanifold, 43

data structure, 48

de�nition, 43

descendingmanifold, 43

piecewiselinear, 45

quasi, 45

visualization, 79{84

ocean,127

persistence,102

regular point, 125

simplex, 127

boundary, 132

simplicial complex,128

simulating disjointness,45, 61

star, 128

lower, 129

upper, 129

topological type, 125

triangulation

data structure, 20, 47

de�nition, 128

vector �eld topology, 41

145



Biograph y

Vijay Natarajan wasborn in Tuticorin, India on May 11, 1977. He received the B.E.

degreein computer scienceand M.Sc. degreein mathematics,both from Birla Insti-

tute of Technology and Sciences,Pilani, India in 1999. He then beganhis graduate

studiesin computer scienceat Duke University in 1999.

Vijay was awarded a fellowship by the department of computer science,Duke

university in 1999-2000.His research interestsinclude computational geometry, com-

putational topology, scienti�c visualization, geometric modeling and meshing. He

haspublishedand presented his research �ndings in several journals and conferences.

1. Local and global comparisonof continuous functions. Written with H. Edels-

brunner, J. Harer, and V. Pascucci.In \Pro c. IEEE Conf. Visualization, 2004".

2. Simpli�cation of three-dimensionaldensity maps. Written with H. Edelsbrun-

ner. IEEE Transactionson Visualization and Computer Graphics, 2004.

3. Loops in Reeb graphs of 2-manifolds. Written with K. Cole-Mclaughlin, H.

Edelsbrunner,J. Harer, and V. Pascucci.Discrete and Computational Geome-

try, to appear.

4. Loops in Reeb graphs of 2-manifolds. Written with K. Cole-Mclaughlin, H.

Edelsbrunner,J. Harer, and V. Pascucci.In \Pro c. ACM Symposiumon Com-

putational Geometry, 2003".

5. Morse-Smalecomplexesfor piecewiselinear 3-manifolds. Written with H. Edels-

brunner, J. Harer, and V. Pascucci.In \Pro c. ACM Symposium on Computa-

tional Geometry, 2003".

146


