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Abstract

Sciertists attempt to understand physical phenomenaby studying various quarti-
ties measuredover the region of interest. A majority of these quartities are scalar
(real-valued) functions. Thesefunctions aretypically studied usingtraditional visual-
ization techniqueslik e isosurfaceextraction, volumerenderingetc. As the data grows
in size and becomesincreasingly complex, these techniques are no longer e ective.
State of the art visualization methods attempt to automatically extract featuresand
annotate a display of the data with a visualization of its features. In this thesis, we
study and extract the topologicalfeaturesof the data and usethem for visualization.

We have three results:

An algorithm that simpli es a scalarfunction de ned over a tetrahedral mesh.
In addition to minimizing the error introduced by the approximation of the
function, the algorithm improvesthe meshquality and presenesthe topology
of the domain. We perform an extensiwe setof experimerts to study the e ect of
requiring better meshquality on the appraximation error and the level of sim-
pli cation possible.We alsostudy the e ect of simpli cation on the topological

featuresof the data.

An extensionof three-dimensionalMorse-Smalecomplexesto piecewiselinear
3-manifolds and an e cient algorithm to compute its combinatorial analog.
Morse-Smalecomplexesartition the domaininto regionswith similar gradiert
ows. Letting n be the number of verticesin the input mesh,the running time
of the algorithm is proportional to nlog(n) plus the total sizeof the input mesh
plus the total sizeof the output. We dewelop a visualization tool that displays

di erent substructuresof the Morse-Smalecomplex.



A newcomparisonmeasurebetweenk functionsde ned on acommond-manifold.
For the cased = k = 2, we give alternative formulations of the de nition based
on a Morsetheoretic point of view. We alsodewelop visualization software that
performs local comparisonbetween pairs of functions in datasets cortaining

multiple and sometimestime-varying functions.

We apply our methods to data from medicalimaging, electron microscogy, and x-ray

crystallography. The results of theseexperimerts provide evidenceof the usability of

our methods.
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Chapter 1

Intro duction

This thesis exploresthe use of topological analysis for studying featuresin scien-
tic data. We restrict our study to scalar functions measuredon a two- or three-
dimensionalspace.We dewelop methods to compute topological properties of scalar
functions, comparetwo functions basedon their topological features, and presene
these properties while simplifying the represetation of the data. In this chapter,
we rst motivate the needfor a topological approad in order to obtain new and
e ective methods for analysisand visualization purposes. Next, we summarizethe
cortributions of this thesisand introducethe underlying techniquesusedin our work.

Finally, we outline the layout of the material in this dissertation.

1.1 Scalar Functions

A function uniguely maps menbers of one set to menbers of another set. We are
interested in functions that map points from a 2- or 3-dimensionalspaceto real
values. Thesefunctions are called scalarfunctions. Graphsof familiar functions from
elemertary calculusare showvn in Figure 1.1. Scieri ¢ datasetsare often functions
but typically do no have an analytic descriptionof the function. In fact, the valueof a
function is measuredat discretepoints in the domain by physical meansor computed
using procedural methods. Di erent interpolation techniquesare then usedto derive
a cortinuous and, if necessarysmaoth represetation of the function. We list below
someof the sourcesf sud functions alongwith a descriptionof the propertiesstudied
in eat case.This list is represemativ e of someof the application areasthat we think
our methods can be applied to and is by no meansexhaustive.
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Figure 1.1: Graphs of some analytic functions. From left to right: y = sin(x),
z = sin(x) + cosfy), and z = x3y3.

Source 1 (X-ra y Crystallograph y) X-ray crystallographerscomputethe electron
density at various points of a molecular crystal using di raction measuremets from
x-rays bouncingo the crystal. It is essehial to know the electrondensity to perform
structure related studies of the molecule. The electron density is a scalar function

typically de ned on a subsetof the three-dimensionalEuclidean space,R3.

Source 2 (Medical Imaging) Magnetic Resonancelmaging (MRI) is a popular
technique usedto take pictures of dierent slicesof the human body. The atom
density over the sliceis mapped to a gray-scaleimage and studied by radiologists
to detect tumors. The scalarfunction in this caseis the density de ned on a set of
two-dimensionalplanesstadked together and can be viewed as a function on a subset

of RS,

Source 3 (Computational Fluid Dynamics) The eld of computational uid dy-
namics studies e cient methods to compute uid ow properties. Some physical
quartities that play an important role in this context include pressure temperature,
and uid density. The scalar function hereis one of the above quartities de ned

either on the surfaceof the uid or on the volume occupiedby the uid.

Source 4 (Electron Microscop y) Electron Microscoyy is a technique usedto ob-
tain imagesof macromoleculeshy placing them in vitreous ice, taking pictures of

2



slicesof the object and nally deriving the three-dimensionalstructure using com-
puted tomography. The scalarfunction hereis a density function de ned on a subset

of R3.

Figure 1.2: The gure on the left shawvs an isosurfaceextracted from an electron density
of a hydrogen molecule. The gure on the right is a visualization of the same dataset
using volume rendering where di erent sectionsof the volume are mapped to colors that
\(i%rirk)talgpnd to the function value but with varying transparency so that the core is also
Humans are able to easily interpret and comprehendvisual information. The eld
of data visualization capitalizeson this ability and aims to give the user a deeper
understanding of the data and the underlying laws governing it. This is achieved
by providing a comprehensie display of the data along with annotations. A simple
visualization method interprets the scalarvalue at eat point asan additional coor-
dinate and plots a graph, asshown in Figure 1.1. Obviously, this technique is useful
only if the domain is one- or two-dimensional. Other techniques are available to
handle higher-dimensionaldomains while being applicable to lower dimensionstoo.
Figure 1.2 shows two of thesetechniquesapplied to visualize electron density data.
Again, thesetechniquesdo have limitations andit isimperative to make a good choice
for an e ectiveand e cien t visualization. A sewerelimitation of many of the existing

techniquesis the inability to handle huge datasets,which are becomingincreasingly

common. One approad towards solving this problem is to compressthe data using

3



geometric techniques. Another approad is to automatically extract featuresfrom
the dataset and presert them to the user. Computing the topological properties of
the domain is a step in the latter direction and has been studied, under di erent

names,for both scalarfunctions [7, 34, 117 and for vector functions [50, 59, 99].

1.2 Topological Analysis

We now discusswhat topological analysismeansand how it can be usedfor extract-
ing featuresfrom scieni ¢ datasets. For simplicity, let us considera smaooth scalar
function de ned on a subsetof the plane, R?. The function value can be interpreted
as a third coordinate and a surfaceplot or terrain can be drawn as shown for the
function sin(x) + cosfy) in Figure 1.1. Distinct featuresin this terrain include the
mountain peaks,valleys,and mountain passedetweenthe peaks. Each one of these
featurescorresppnd to a point in the plane wherethe gradiert of the function is zero.
Thesepoints are calledthe critical points or singularities of the function. A topolog-
ical analysisof the function refersto the computation and classi cation of structures

over the critical points.

All our methods have their mathematical footing in Morsetheory. An important
result in this theory states that any genericsmaoth function has a discrete set of
non-degeneratecritical points. It further says that in the neighborhood of ead non-
degeneratecritical point, the function has a quadratic behavior. In particular, in
the neighborhood of the correspnding critical point, the surfacelooks like one of
thoseshawvn in Figure 1.3. This quadratic behavior is exhibited in higher dimensions
too. We transport this result to piecewisdinear domainsin order to classify critical
points. Morsetheory alsoshows the invarianceof certain properties of critical points
over all smaoth functions de ned on a given domain. This suggestghat the critical
point behavior is global in nature although the classi cation can be donelocally.

4



Figure 1.3: Surfacein the neighborhood of non-degeneratecritical points of a smooth
function on the plane: (left to right) a minimum, saddle,and maximum.

Note that the number of critical points is usually smaller than the input size.
Therefore, a structure built on top of them will be easyto comprehend. Moreover,
a display of this structure will give a global view of the function behavior making
it easyto identify regionsof interest and perhapsobtain a magni ed view in later
iterations. In caseswherethe number of critical points is too large to handle we can
apply simpli cation techniquesto reducetheir number. We do not addressthis issue
in this thesis and mertion it as future work. Having given the generalcortext, we

now describe the cortributions of this thesis.
1.3 Contributions

An important aspect of the techniqueswe deelop is the separationof combinatorial
and numerical componerts of algorithms. This separationleadsto implemertations
that are e cien t becausecombinatorial algorithms are typically simple and fast. We
alsosimulate di erent properties of smooth functions like genericity, di erentiabilit y
etc. and hencetransport intuition from the smooth setting to produce consisten
results in the piecewiselinear domain. We have three collectionsof results: density
map simpli cation [72], 3D Morse-Smalecomplexeg28] and scalarfunction compar-
ison [29].

Density map simplication.  We descrike an algorithm for simplifying a scalar

5



function represered by a tetrahedral mesh. We refer to the function as a density
function/map dueto historical reasons:density is a frequertly measuredquartity in

the sciertic commnunity. The algorithm consistsof two main ingredierts:

1. A topology preservingedgeconraction operation that ensuresthe simpli ed

models are homeomorphicto the original.

2. A quadratic costfunction that determinesthe order of edgecortractions. This
costfunction attempts to both presene the density map aswell asimprove the

quality of the tetrahedra in the mesh.

We perform extensiwe experimerts to study the e ect of increasingthe relative weight

of the meshquality improvemert on the density map presenation aswell asthe sizeof
the coarsestmeshreadable by simpli cation. We alsostudy statistics of the critical

point court during the simpli cation processin orderto comparethe geometricand
topological simpli cation.

3D Morse-Smale Complexes. A Morse-Smalecomplex partitions the domain of
the scalar function into regionswith uniform gradiert ow behavior. We consider
the casewherethe domainis three-dimensional.Morse-Smalecomplexesverede ned

more than ft y yearsago for smaoth functions [98]. We extend thesede nitions to

the piecewisdinear domain. Further, we give algorithms for constructing a complex
that is combinatorially indistinguishablefrom the Morse-Smalecomplex. We dewelop
a visualization tool that conbinesstandard visualization techniqueswith the display
of sub-structures of the Morse-Smalecomplex. Working with material scieriists,

we study dislocations in a copper crystal using our visualizations. We also study
the shape of biological macromoleculesusing one-dimensionalsubstructures of the

Morse-Smalecomplex.

Scalar function comparison. We de ne a new comparisonmeasurebetween k
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functions de ned on a commond-manifold. For the casewhenk = d = 2, we give
alternative formulations for the measurethat relatesit to the Jacobi set, which con-
sistsof critical points of onefunction restricted to level setsof the other. We dewelop
visualization software that enablesthe user to compare multiple scalar functions.
We extend the software to time-varying functions and useit to study two functions

measuredduring a combustion process.

1.4 Layout of Material

We beginthe dissertation with this chapter motivating the study of topology for the
dewelopmen of e ectiv e techniquesfor scierti ¢ data visualization. The next three
chaptersdiscussthe three cortributions of this thesis: density map simpli cation, 3D
Morse-Smalecomplexesand scalarfunction comparison. We give our conclusionsand
mertion future work in Chapter 5. There are various terms usedin this dissertation
that may not be new to a reader who is familiar with the areasof topology and
Morse theory. Howewer, other readersmay require an introduction to someof the
basic terminology and feel a needto refer bad to the de nitions while reading the
dissertation. We have collected these terms together with brief descriptions and
placedthem in Appendix A, which is organizedinto four topics: manifolds, simplicial

complexeshomology and Morsetheory.



Chapter 2
Densit y Map Simpli cation

We considerscierti ¢ datasetsthat descrike density (scalar) functions over a three-
dimensionaldomain and study the relationship betweentopological and geometric
simpli cation. In this chapter, we descrike a simpli cation algorithm that constructs

the coarserrepresemation with a three-fold objective:
get a good approximation of the scalarfunction;
presene the topological type of the meshand;

improve the quality of the tetrahedral meshelemerts.

We evaluate our results by computing the approximation error, visualizing the func-
tion using isosurfaceextraction, and validating the topological correctnessof the
mesh. We assesshe changein topologicalfeaturesby tracking the number of critical

points during the simpli cation process.

2.1 Intro duction

2.1.1 Motiv ation

Scieni ¢ datasetsare rapidly growing in size making it dicult to visualize them
using traditional techniques. One popular approad to overcomethis problem is to
reducethe sizeof the data and work with the resulting coarserrepresetation. The
smaller size results in fast visualization and analysis of the data. The techniques
usedto reducethe sizeof the data are typically geometricin nature i.e. they work
on the elemerts of the underlying mesh. Changesto the geometry might a ect the

8



topology of the mesh,which in turn could a ect the analysisdrastically. Therefore,

it is important to cortrol the changein topology during the geometrysimpli cation.

2.1.2 Prior Work

Many of the techniques used for tetrahedral mesh simpli cation are extensionsof
the onesusedfor surfacesimpli cation. Surfacemeshsimpli cation has beenstud-
led in a wide range of communities including cartography, computational geometry
computer graphics,computer vision, nite elemen analysis,and scierti ¢ visualiza-
tion. Hedbert and Garland [47] survey the surfacesimpli cation algorithms from
the above merntioned elds and classify them basedon the type of technical prob-
lem they solve. Decimation methods form the classof simpli cation algorithms that
start with a polygonalrepresemation and simplify it until the desiredlevel of approx-
imation is achieved. A popular approad to surfacedecimation usesedgecortrac-
tions [41, 42, 51,53. An edgeconraction deletesan edgeby mergingits endpoints
into one vertex. The sequenceof edgecortractions is critical for its successand dif-
ferent criteria have beenstudied to prioritize the edges.Garland and Hedbert [35]
use a quadric error metric to determine the order of edgecortractions and extend
this error measureto surfaceswith attributes [36]. Hoppe [52] proposedan extension
of the quadric error metric for storing errorsin surfaceattributes, which scalesbetter
with the number of attributes. Cignoni et al. [19 give a comparisonof someof the
above mertioned algorithms. Various other approatesto surfacedecimation, like
vertex clustering [81], vertex removal [84], and triangle cortraction [38], have also

beenproposed.

Renzeand Oliver [80] extend the vertex removal approad to perform volume
decimation. Trotts et al. [10]] extend the triangle cortraction operation describted

by Gieng et al. [38 to a tetrahedral corntraction operation and construct multi-
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ple levels of tetrahedral meshesapproximating a density function. Popovic and
Hoppe [77] extendedthe edgecortraction operation usedto generateprogressie sur-
facesmesheg5]] in order to handle triangulations in arbitrary dimensions. Staadt
and Gross[93] apply this extensionto the special caseof 3D and give a robust im-
plemertation for tetrahedral meshes.They alsoaddressthe de nition of appropriate
cost functions for speci ¢ applications, like the nite elemen method. Van Gelder
et al. [104 comparea mass-baseand a density-basedmetric for usein rapidly deci-
mating a tetrahedral mesh. Cignoni et al. [17] comparedi erent cost functions that
have beenusedto prioritize edgecortractions. Software performing tetrahedral mesh
simpli cation is available now both as freeware visualization padkages[18, 104 and
aspart of commercialvisualization packageslike Amira [97], VolView [56], and Ansys
icem cfd [4].

Topological simpli cation of scalar elds has also beenstudied, primarily in the
graphicsand visualization comnunity, albeit using di erent notions of what consti-
tutes a topological feature. He et al. [49] reducethe number of holes, tunnels, and
cavities in a surfaceby represeting the surfaceas a zero set of a function in R®
and then extracting isosurfacesrom smoothed versionsof the function. Guskov and
Wood [45] order the tunnels in a surfaceand remove the smaller onesusing local
remeshingtechniques. Bremer et al. [11] usea hierarchy of Morse-Smalecomplexes
to generatesimpli ed scalar elds. Somerecert work addresseshe related issuesof
preservingthe topology of isosurfaceq16] or cortrolling the topology simpli cation

of isosurface437] during the volume simpli cation.

2.1.3 Approac h and Results

We simplify a tetrahedral meshrepreseting a three-dimensionaldensity function by

a sequenceof edgecortractions. We modify the quadric error measuredescriked by
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Garland and Hedbert [35 to combine three goalsin prioritizing the cortractions:

the accurateapproximation of the density function;
the faithful presenation of global topological type of the mesh;

the improvemen of the meshquality de ned in terms of angles.

To pursuethe rst goal, we extend well establishedideasfrom R? to R3. The second
goal needsno new results and is basedon applying tests described in [22]. To pursue
the third goal, we dewelop a new idea, namely the addition of particular hyperplanes
to the quadricsthat have a positivein uence onthe meshquality. We performvarious
experimerts which shaov that a small relative weight of the third goal furnishesdra-
matic improvemerns in meshquality. Further increasingthat weight adverselya ects
the approximation of the density function. Lindstrom and Turk [62] attempt to im-
prove the meshquality by introducing an additional constrairt while determining the
location of the vertex that replacesan edgeupon its cortraction. The e ect of their
method is limited becausethe new constrairt appliesonly if the other constraints
lead to an ambiguous solution, which happenstypically at the meshboundary. In
cortrast, our method in uences the placemen of every vertex and also a ects the
sequencen which the edgesare cortracted. By adding extra hyperplanesinto the
quadric error metric, we pro-actively in uence the shape of the tetrahedra createdaf-
ter an edgecortraction. This is strongerthan previoustechniques,like that descriked
in [17], which merely do not perform an edgecortraction if it resultsin badly shaped
tetrahedra. We obsene an interesting side-e ect: a small but non-zeroweight on the
meshquality improvemert resultsin better appraximations of the density map.
Another surprising nding concernshe relationship betweengeometricand topo-
logical simpli cation, the latter aiming at preservingthe critical point structure of
the function. While geometricsimpli cation presenesthe overall shape of the func-
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tion, it sometimesintroducesa large number of spuriouscritical points that confuse
the topological picture. Howewer, we showv that thesenewly created critical points
can be corverted to regular points by a small changein function value and hencethat
they are of lessimportance. In other words, geometric simpli cation is compatible

with but not a substitute for topological simpli cation.

2.2 Edge contraction

The input to our simpli cation algorithm is a triangulation K of a 3-manifold with
boundary. We extend K to the triangulation of a 3-manifold without boundary by
connectinga dummy vertex to ead boundary componert. The dummy vertex can
be connectedto simpliceson the boundary using the coneoperation. The cone from
avertex x to a k-simplex isthe corvex hull of x and , which is the (k+ 1)-simplex
X . The operation is de ned only if x is not an a ne comnbination of the vertices of
. If BAK is connectedwe just add onedummy vertex, ! , and denotethe extended
triangulation by K, = K [ ! BdK. The link of a simplex 2 K, is denoted by
Lk, . For asimplex 2 BdK, the link of within the boundary is denoted by
Lkss . In a 3-manifold without boundary, the stars and the links are particularly
simple: the link of a vertex is a sphere,that of an edgeis a circle, and that of a
triangle is a pair of vertices. Similarly in a 2-manifold, the link of a vertex is a circle
and that of an edgeis a pair or vertices. Note that we can determinewhether a given
simplicial complexis a triangulation of a 3-manifold by cheding if the link at every
vertex is homeomorphicto the 2-dimensionalsphereS?. In this section, we discuss
the basicoperation in our algorithm that corntracts an edgeto a vertex. We descrike
the conditions usedto determineif an edgecortraction changesthe topologicaltype

and the cost, assaiated with ead edge,that is usedto order the edges.
Upon cortraction of an edgeal, we replaceit with a vertex c. This changesthe
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triangulation only in the neighborhood of a and b. In particular, the cofacesof a
and b are deletedand simplicesconnectingc to the boundary of the createdhole are
added. Formally, thesesimplicesare the conesfrom c to simplicesin the link of the
set of simplicesL = fab;a;bg. Figure 2.1 illustrates an edgecortraction but shows

only a subsetof the simplicesthat are removed and added.

.- .

S

Figure 2.1: Edgecortraction: the edgeabis cortracted to the vertex c. Only the changes
in the star of the edgeab are showvn.

2.2.1 Preserving Topology

Our simpli cation algorithm performs a sequenceof edgecortractions on the tetra-
hedral mesh. Each edgecortraction presenesthe topologicaltype of the mesh. The
algorithm recognizesthe edgesthat can be corntracted without changing the topo-
logical type by looking at their neighborhoods. The ability to make this judgment
basedon local computationsis crucial for the e ciency of our algorithm.

A 3-complexis a simplicial complexconsistingof tetrahedra, triangles, edgesand
vertices. Dey et al. [22] derive local criteria, called link conditions, for recognizing
when an edgecortraction in a 3-complexpresenesthe topological type. The link
conditions comparethe link of the edgeab that is to be contracted with the links
of its endpoints. Figure 2.2 shows a situation in a 3-manifold where a cortraction
would changethe topology. In the caseof a 3-manifold with boundary, N, Dey et
al. [22] show that the cortraction of an edgeab presenesthe topologicaltype if the
intersection of the links of the two vertices equalsthe link of the edge,and this is
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Figure 2.2: Triangle vwp lies in the link of both a and b. After cortracting ab to
a new vertex c, the triangle vwp belongsto only one tetrahedron, namely vwpc. The

neighborhood of a point in vwp is thus no longer homeomorphicto R3. The ring of edges
in Lk abis uvwxyzu.

true both in the extended3-complexand in the boundary of the 3-complex:

Lk! a\ Lkl b

Lk, ab and (2.2)

Lkes @\ Lkos b = Lk ab: 2.2)

2.2.2 Specialized Link Conditions

In order to implemert the above conditions, we would have to considerthe cofaces
of I asspecial casesbecausetheseare not explicitly stored. To simplify the imple-
mertation, we eliminate ! from the condition. We have three cases,depending on
whether ab;a; and b belongto the boundary or the interior.
Casel: a;b 2 BAN and ab 62BdN. The cortraction of ab would change the
topologicaltype of N by pinching. It is therefore prohibited.
Case?2: At leastoneof a or b 62BdN. Without loss of generality, assumethat b
is not on the boundary. Sinceb and henceab are not on the boundary, Lky, b and
Lkg, abarenot de ned and Condition (2) doesnot apply. The only verticesand edges
whoselinks cortain ! or any of its cofacesare the oneson the boundary. This implies
Lk, b= Lk band Lk, ab= Lk ah Condition (1) now simplies to Lk a\ Lk b= Lk ah
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Case3: ab2 Bd N. We necessarilyalsohave a and b on the boundary. We patrtition
Lk, ainto Lk a and the set! Lkg, a that cortains the simplicesthat are cofacesof! .

Similarly, we partition Lk, band Lk, aband obtain
(Lk a\ Lkb) [ (! Lkyg a\ ! Lkg b) = Lkab[_! Lkyy ab;

which is equivalert to Condition (1). Three of the terms cortain no simplexin the star
of I and the other three cortain only simplicesin the star of ! . We can therefore
expressthe condition as a conjunction of two conditions. We further simplify by

removing ! from the secondset of three terms and get

Lka \ Lkb

Lk ab and

Lkgy @ \ Lkgy b = Lkg, ab:

The following lemmasummarizeghe resultsof the caseanalysisby stating a modi ed

link condition for a 3-manifold with boundary.

Lemma 1 If N isa3-manifoldwith boundarythen the contraction of anedgeab2 N

presenesthe topologicaltype if one of the following is true:

(1) at leastoneof a and b doesnot belongto BAN and Lka\ Lkb = Lkab

(2) abbelongsto BdAN, Lka\ Lkb= Lkab and Lky a\ Lkg b= Lky ab

Lemmal appliesto our data, which in all casesonsistsof a tetrahedral meshof a cube
in R3. In Section2.3.3,we descrile the procedurethat cheds the link conditions and

explain how to make it moree cien t than the direct implemertation of the formulas.

2.2.3 Cost of Contraction

We usea cost assaiated with ead edgeto determine the order of cortractions. A
vertex is a point in R*, with three spatial coordinates and the fourth giving the
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function value. Each vertex and edgeis ass@iated with a nite setof hyperplanesin
R*. The cost of an edgeis the minimum, over all points of R*, of the sum of square
distancesbetweenthe point and the hyperplanesassaiated with the edgeand its
endpoints. This costcanbe computedfrom the hyperplanesusingan extensionof the
quadric error measureproposedby Garland and Hedbert [35. Hoppe [52] extends
the quadric error metric for surfaceattributes by rst performing a projection to R3
and then computing geometric and attribute errors. This approad is particularly
e cient when the number of attributes is large unlike our setting with only one
attribute. We choseto usethe simple and more direct extension of Garland and
Hedbert's quadric error metric, namely performing a projection in R* for computing

the error.

The purposeof the hyperplanesassaiated with a vertex is to locally presene the
density function. We use hyperplanesspannedby tetrahedra of the mesh. Initially ,
ead vertex is assaiated with the set of hyperplanesspannedby the tetrahedra in
its star. When we createa new vertex c by cortracting the edgeab we assaiate the
union of the setsof a and bto c. The purposeof the hyperplanesassaiated with an
edgeis to locally improve the quality of the mesh. We useperpendicular bisectorsof
edges.Speci cally, the hyperplanesassaiated with ab are the bisectorsof the edges
in the link of L = fab;a;bg. For ead edgein this link, we take the bisecting plane
in R® and extend it vertically to a hyperplanein R*. Figure 2.3 illustrates this idea
one dimension lower, where the link of a cortractible closededgeis a circle. The
rationale for this choice of hyperplanesis to encouragealmost sphericallinks of new
vertices. As a consequencehe newtetrahedra are almostisosceleswith three almost
equally long edges.Sincethere are no preferredvertices, we really encourageregular
tetrahedra. The cortraction of an edgeab causesa changein the link of all vertices

in Lk a[ Lk band thusrequiresan update in the setsof hyperplanesassaiated with
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Figure 2.3: The dotted link of a closededgeand the solid bisectorsof its edges.
the edgesincidert to thesevertices.
Let H be a setof hyperplanesand x = (X1;X2;X3;X4)" apoint in R*. Let the unit
normal of a hyperplaneh 2 H be vy = (vi;Vo;v3;V4)T andthe oset , = p' vy,

for any point p 2 h. The squareof the distancebetweenh and x is given by:

Dh = (x P w)?>= (X" v p' w)?
= (X" Va+ n)? = (X' vp)?
= (xT V(v X) = xT(vh vp)X;

wherex = (X1, Xo; Xa; Xa; 1)T and v, = (V1;V2; V3, Vs, 1)'. The sumoverallh2 H is
!
X X
D = D, = x' Vh Vp X

h2H h2H
The 5-by-5 matrix Q = ,,, Vn V} is symmetric and positive semi-de nite and
is called the fundamental quadric of H. Instead of storing sets of hyperplanes,we
store their fundamertal quadrics. This represemation requirestwo typesof updates
wheneer we cortract an edgeah First the quadric of the new vertex ¢ is computed
asthe sum of the quadricsof a and b. This new quadric really represets a multi-set
of hyperplanesbecausea hyperplaneassaiated with both endpoints is now courted
twice. The di erence to the quadric of the set (without double-courting) is however

small sincea singlehyperplanecannot be courted more than four times. Second the
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cortraction changesall edgesthat have a or b as endpoint. We update the quadrics
storedat edgesassaiated with the changedbisectorsby subtracting the corntributions

of the old and adding the contributions of the new bisectors.

Although the edgecortraction operation presenesthe cortinuity of the model, it
doesnot handlethe boundary very well. Following the solution proposedby Garland
and Hedbert [35], werectify this by adding boundary constrairts. For eadt boundary
triangle, we include the hyperplane passingthrough the triangle and perpendicular
to the hyperplane spannedby the tetrahedron that cortains the triangle as a face.
Further, these new hyperplanesare weighted with a large penalty value preverting
verticesfrom moving too far from the boundary. Weighted hyperplanescan be easily
incorporated into the current setting. The squaredistance betweena vertex x and
a hyperplane h with weight wy, is now Dy = w, XT(vhv{)x. The sum of square
distancesto all hyperplanescan be derived as before. We compute new quadrics by
adding old ones,sameas before. The only changeis in the step where we compute
the initial quadrics.

Another place where we use weiglts is in cortrolling the in uence of the mesh
quality improving hyperplaneson the simpli cation process. Each sud hyperplane
is weighedby a constart * 0, which we refer to as the meshquality factor. For
example,' = 0 correspnds to no inuence from these hyperplanesand ' = 1

correspndsto equalin uence of both typesof hyperplanes.

2.2.4 Optimal Vertex Placement

The cost of an edgeab dependsalsoon the location of the newvertex. In the generic

case,there is a unigue location ¢ 2 R* that minimizesthe error. This minimum is
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given by setting the partial derivativesto zero,for i = 1;2; 3;4:

T

d;

X+ X!

di
= O,

where q' is the i-th row and g; the i-th column of Q. The solution is given by
c= Q! g whereQ is the upper left 4-by-4 submatrix of Q and q is the 4-vector
consistingof the upper four ertries in the fth column of Q.

In the non-degeneratease,Q hasrank four. We detectdegeneracieby estimating
the rank of Q beforecomputing c. Ranks three, two and one correspnd to a line,
plane and hyperplane of minima in R*, respectively. Note that Q has at least one
non-zerodiagonal elemen and hencethe rank is newer zero. In ead of the three
degeneratecases,we add the cortributions of additional hyperplanesto increase
the rank of the matrix. We estimate the rank by comparing the coe cien ts of the

characteristic polynomial given by
det(Q ') = 4 3+ 2, i+ 4

Here, 4 isthe determinart and 1 is the trace of Q. The other two coe cien ts are
sums of 3-by-3 and 2-by-2 minors of Q. We note that the coe cien ts are cheaper
to compute than the eigervaluesand may be substituted for the latter in estimating
the rank of the matrix. Speci cally, we considerQ to have rank three, two and
one, respectively, if the absolute value of 256 4= f, 16 3= } and 8 ,= 2 is small.
Restricting the above ratios to small valuesis equivalert to bounding the number of
eigervaluesof Q that are closeto zero.

Let ab be the edgebeing cortracted. In the caseof a rank three matrix, we add
the cortribution of the hyperplanenormal to the line of minima that passeghrough
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the midpoint of abto the fundamertal quadric, hoping that the rank increasesto
four. If it doesnot, then our fall bad strategy is to selectone of the endpoints of ab
or its midpoint asthe newvertex location. In the caseof a rank two matrix, we have
a plane of minima. We compute two hyperplanesthat are orthogonalto ead other
and the plane and that passthrough the midpoints of aband add their cortributions
to the quadric. We computethe rst hyperplaneby taking the crossproduct of the
two independert rows, and the secondby taking the wedgeproduct of the now three
independert rows. Similarly, in the caseof a rank one matrix, we get three new

hyperplanesand add their cortributions to the quadric.

2.3 Algorithm

In this section, we descrike our implemertation of the edgecortraction operation.
Variouschoicesweremadein determiningthe order of cortractions, recognizingtopol-
ogy preservingcorractions, and updating all data structures. We beginwith the data

structures and the outline of the simpli cation procedure.

2.3.1 Data Structure

We usea heapto implemert the priority queuefor the edgesof the mesh. Along with
the edgeswe store the cost of cortraction and the optimal vertex location. We store
the meshin atriangle-edgedata structure [69], which is a versionof the more general
edge-facetdata structure by Dobkin and Laszlo [23. It is made up of triangles,
eat represeted by the six possibleorderings of its three vertices. As illustrated
in Figure 2.4, eat ordering maintains a pointer to the next triangle reated by a
rotation about the edgeof its rst two vertices. The list of trianglesis storedin an
array. The coordinates of the verticesare storedin another array, and the indices of

the verticesin this array are usedas vertex names.
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Figure 2.4: Each ordering abv storesa pointer to the next triangle: abv.inext = abw. By
following thesepointers, we traversethe ring of triangles in the star of ab. After contracting
abto c, the ring of triangles becomesa ring of edgesaround c.

2.3.2 Algorithm Overview

Function Simplify performs a sequenceof edgecortractions to simplify the tetra-
hedral meshK . It cortinuesuntil the meshreadesa user-sgeci ed number of at
most vy verticesor no edgecan be cortracted without changingthe topologicaltype,

whichewer occurs rst.

MeshSimplify (MeshK)
initialize priority queueP Q with set of edgesin K
while #v erticesin K exceeds/y do
pop the minimum costedgefrom PQ and call it aly
if PresTop (ab then
deleteedgesin Sta and Stb from PQ;
update costsof edgesin Stx, x 2 Lka[ Lkb;
K = Contra ct (K, ah c);
insert edgesin Stcinto PQ;
endif
endwhile;

return K.
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The remainderof this sectionexplainsthe two main functions usedin this algorithm.

2.3.3 Checking Link Conditions

Function PresTop usesthe two conditions in Lemma 1 to determine whether or
not the cortraction of ab presenesthe topologicaltype of K. We prevent redundart
testsby rst cheding which part of the edgeis on the boundary and then test zero,

one or two conditions.

boolean PresTop (Edgeab
if a;b2 BdK andab2z BdK then return False endif ;
if abZzBdK then return LinkCondl (ab) endif ;
if ab2 BdK then return (LinkCondl (ab) andLinkCond2 (ab) endif.

Functions LinkCond1 implemerting Condition (1) and LinkCond2 implemerting
Condition (2) use erumerations of the simplicesin the link of a vertex or edge. In
Function LinkCond2 , we alsoneedthe restrictions of theselinks to the boundary of
K, and to facilitate their computation, we label ead triangle in BAK . Ead link is
computedby a local seart procedurethat starts at an orderedtriangle provided by
the vertex or edgefor which we compute the link. Next, we descrilke the implemen-
tation of Function LinkCond1 , which determineswhether or not the intersection of
the links of a and b contains simplicesthat do not belongto the link of ab We use

a marking medanismto keeptrack of the processedrertices.

boolean LinkCond1l (Edgeab
foreach v 2 Lk a do Mark (v) endfor;
foreach v 2 Lk abdo Unmark (v) endfor;
foreach v2 Lkbdoif IsMarked (v) then return False endif endfor;

return Tr ue.
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After testing the three links, we unmark all vertices again. We repeat the same
test for edgesin the intersection of the links restricting it to edgesthat connecttwo
verticesin Lk ab It is not necessaryto test triangles. Condition (2) is testedin a
similar manner by Function LinkCond2 , which traversesthe links of a, band abon

the boundary of the mesh.

2.3.4 Contracting Edges
Function Contra ct updatesthe meshK by cortracting an edgeab asfollows:

MeshContra ct (MeshK, Edgeab, Vertex c)
foreach triangle axy 2 Sta do
if x;y 6 bthen add cxy to K endif
endfor ;
foreach triangle bxy 2 Stbdo
if x;y 6 aandcxy 6X then add cxy to K endif
endfor ;
deleteall trianglesin Sta and Stb from K ;

return K.

2.3.5 Reentering Edges

Note that the cortraction of ab may changethe status of other edgesin the mesh.
We are interested in edgesxy that violate the conditions of Lemma 1 before the
contraction of aband that satisfy theseconditions after the cortraction of ah We say

theseedgedurn contractible We detectthe edgeghat have the potertial for turning

cortractible and add them to the priority queue, using labels to avoid duplicate
ertries. We prove below that only edgesin a relatively small subsetof the link of ¢
canturn cortractible. This result is essetial for an e cien t detection of theseedges.
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Lemma 2 If the cortraction of ab causesanother edgexy to turn cortractible x and

y are cortained in Lk ah

Proof. WehavelLkxy Lkx\ Lky for every edgexy, and we have equality if xy
doesnot violate the conditionsin Lemmal. SupposeLk x\ Lk y consistsof the cycle
Lk xy plus someadditional simplices. The only way the cortraction of ab can cause
Xy to turn cortractible is by removing theseextra simplices. Now, for Lk x\ Lky to
shrink, we needa and b in both links. Sincea2 Lkx i x 2 Lk a, this is equivalert
to x;y 2 Lka\ Lkb Lemma 2 follows becauseab satis es both link conditions,

particularly Lk a\ Lk b= Lkah

2.3.6 Accum ulating Edge Bisectors

We concludethis sectionwith a brief comparisonbetweentwo di erent implemerta-
tions of the meshquality improvemen using bisecting hyperplanes. The algorithm,
asexplainedabove, usesa memorylessimplemertation in which the bisectorsat eat
step are taken for edgesin the current mesh. Alternativ ely, we could accunulate the
bisectorsof edgesn the original mesh,similar to the way we accunulate hyperplanes
spannedby tetrahedra in the original mesh. Initially , ead vertex storesthe quadric
de ned by the hyperplanesbisectingthe edgesin the link. Note that in the caseof a
vertex, the link is preciselythe boundary of the star. Later in the processthe vertex
represems a collection of verticesin the original meshand storesthe quadric de ned
by the hyperplanesbisectingedgesn the boundary of union of vertex stars. The link
condition guararteesthat this is a topological ball and its boundary is a topological
sphere.The quadric of this setof hyperplanescanbe computedby accunulation, but
there is a complication causedby the needto remove hyperplanesthat bisect edges

in the interior of the ball. We cope with this complication by inclusion-exclusion:
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initialize a quadric for ead simplexof the original meshde ned by the bisectors

of the edgesin the boundary of the star of the simplex;

upon cortracting the edgeabto the vertex ¢, compute the quadric as Q(c) =

Q@+ Q(b Q(ab.

Similarly, we useinclusion-exclusionto compute the quadricsof newly formed edges
and triangles. We note that inclusion-exclusionis alsothe preferredway to accumnu-
late the quadrics of shape preserving hyperplanes,exceptthat the simpler method
of just adding quadrics commits only the negligible error of double-courting certain

hyperplanes.

2.4 Experiments

There are two parametersthat a ect the performanceof our algorithm: the target
vertex court, Vo, and the relative weight of the hyperplanesthat were added into
the quadric to improve the mesh quality, ' . We perform various experimerts in
order to determine an good valuesfor ' . We ewaluate the results by computing
appraximation errors, visualizing the simpli ed meshthrough isosurfacesand looking
at critical point statistics. We computethe approximation error of a simpli ed mesh
as the root meansquareand maximum of the error at eat vertex of the simpli ed
mesh. The error at a vertex is the di erence betweenits density value and density
value of the correspnding point in the original mesh. All resultsreported below are

for the memorylessmplemertation unlessexplicitly speci ed.

2.4.1 Datasets

We apply our simpli cation algorithm to four datasets. Table 2.1 lists the sizeof the

datasets. Isosurfacesof the original and se\eral simpli ed versionsof the data can
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be seenin Figures2.10-2.14. The rst two are MRI scandata from the Chapel Hill

dataset #v ertices #tetrahedra

brain 51,772 285,768
head 70,262 391,608
turbine 126,976 714,420
hydrogen 32,768 178,746
ribosome 512,000 2,958,234

Table 2.1: List of datasetsusedfor evaluation.

volumerenderingtest data set, volumel. The third is density data of a turbine blade.
The fourth cortains electron density data for a hydrogen moleculeand the fth is
cryo electron microscopy data of a ribosome.Eadh of the datasetsis available to us
for input asatetrahedral meshwith function valuesspeci ed at the meshverticesand
linearly interpolated within the meshelemerts. We eliminate the e ects of large scale
di erences betweenthe spatial coordinates and the function valuesby normalizing

the data within the unit hypercube in R%.

2.4.2 Tetrahedral Shape Impro vement

The objective of the rst experimert is to determinethe e ect of varying ' on the
mesh quality. We do this by applying the simpli cation using various values of '

and computing the dihedral, solid, and faceanglesof the tetrahedra in the simpli ed
meshes. The averagevaluesof the three types of anglesremain almost constart at
around 1:20; 0:49; and 1:05 radians. We seein Figure 2.5 that the introduction of
a positive value for ' sharpens the distribution of anglesaround their respective
averages.Figure 2.6 provides visual evidenceof the improvemen in the tetrahedral

shape quality. Theseresults are for experimerts run on the hydrogen dataset. The

other datasetsbehare similarly.
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Figure 2.5: Graph of the standard deviation for the dihedral, solid and face angle
measuremets for various valuesof ' . Note the initial dip followed by almost no change.

2.4.3 Appro ximation Error vs Tetrahedral Shape

As mertioned earlier, we add weighted hyperplanesinto the error quadricin the hope
of improving the shape of tetrahedra in the mesh. Howewer, adding thesehyperplanes
reducesthe weight on the density map error that should be minimized for a good
appraximation. The objective of our secondexperimert is to study the e ect of
varying ' on the approximation error. Figure 2.7 shavs the root mean squareand

max error for variousvaluesof ' , both of which increasefor increasing' , asexpected.

2.4.4 Topology Preservation vs Tetrahedral Shape

In this experimert, we study the e ect of varying' onthe smallestachievable vertex
court. Violation of the link condition seemsto require badly shaped tetrahedra, so
we expect that we can reac smaller sizesif we increase' . Figure 2.8 is a graph of

the number of verticesin the smallestmeshreadable by the simpli cation algorithm
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Figure 2.6: The simpli ed meshesof the hydrogen dataset obtained for ' = 0:0 (left)
and' = 0:01 (right). Note the dramatic improvemen in the shape of the elemeris for a
non-zeroshape quality factor.

for various valuesof the parameter’ . Note the expecteddip followed by an almost
horizontal section. This is consisten with the earlier obsenation of a dramatic im-
provemert in the shape quality of the meshtetrahedra even with small valuesof

followed by no signi cant changeon further increasing' .

2.45 Density Map Preserv ation

The results of the above experimerts suggestsve choosea meshquality factor in the
range where the graphs show signi cant improvemern in the shape quality of mesh
tetrahedra. Weset' = 0:02and run the simpli cation algorithm onthe v e datasets.
Figures 2.10- 2.14 displays a small sample of isosurfaceto provide a feeling for the
e ect the simpli cation has on the datasets. Signi cant artifacts begin to appear
when the target vertex court dropsto 10% or below. This is re ected in the root
mean squareand max errors showvn in Tables2.2 - 2.4. There is a sharp increasein
error whenthe target vertex court dropsbelow 10%for the brain , headand turbine

datasets,whereasthe hydrogen and ribosome datasetsstart degradingonly below
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Figure 2.7: Graphs of the root mean squareerror (with valuesshown on the left) and
maximum error (with valuesshown on the right) of the simpli ed meshesfor various values
of ' . After someerratic uctuation the errors increasemonotonically.

2%. The tables alsoshaw the time taken to perform the simpli cation.

brain head
| %[ #vert mms max | time | | %[ #vert mms max | time |
100 || 51,772 100 || 70,262
50 || 25,886 0.001 0.051| 224 50| 35,131 0.001 0.045| 315
30| 15,531 0.003 0.123| 310 30| 21,078 0.004 0.074| 438
20| 10,354 0.007 0.145| 356 20| 14,052 0.008 0.209| 504
10 5,177 0.015 0.261| 406 10 7,026 0.018 0.399| 575

3,513 0.026 0.332| 616
2,107 0.032 0.285| 633
1,405 0.043 0.463| 643

702 0.066 0.463| 653

2,588 0.022 0.243| 435
1,553 0.034 0.492| 447
1,035 0.036 0.306| 453

517 0.051 0.344| 460

RN W| ol
RN WOl

Table 2.2: The root mean squareand max errors assaiated with ead of the simpli ed
meshesfor the brain and head MRI datasetsand the running time in seconds.

2.4.6 Critical Point Statistics

The topograply of a density map is often expressedn terms of its critical points,

which in the genericcaseare of one of four types: minima, 1-saddles2-saddlesand
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Figure 2.8: Graph of the number of vertices in the smallest mesh reachable by the
algorithm. Similar to the meshquality we obsene a dramatic initial improvemert followed
by almost no change.

maxima. As de ned in [2§], the lower link of a vertex u is the subcomplex of the
link induced by the verticeswith smallerfunction value than u. Using reducedBetti
numbers for measuringthe connectivity of the lower link, we classifyu asregular or
critical. In the piecewisdinear case,a critical vertex canhave non-trivial multiplicit y
even in the generic case,which is re ected in our statistics shavn in Figure 2.9.
Contrary to our initial expectations, the simpli cation rst increaseshe number of
critical points beforedecreasinghem. We explain this phenomenorby the temporary
creation of spuriouscritical points in relatively at regionsof the distribution. The
criticalit y of theseverticesis basedon small uctuations of the density function. We
substartiate this rationalization by measuringthe importance of a critical point as
the amourt of changein function value necessaryto turn it into a regular point.
Formally, we compute the persistenceof the critical verticesas de ned in [31]. In
the graphsof Figure 2.9, we re ect this information by ignoring critical points whose

persistenceis lessthan a threshold that increasedrom bad to front. We seethat a
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turbine
| % #vert mms max | time |
100 || 126,979
50 63,488 0.000 0.008 606
30 38,092 0.001 0.053 825
20 25,395 0.002 0.087 938
10 12,698 0.010 0.275| 1,058
5 6,348 0.022 0.364| 1,126
3 3,809 0.032 0.602| 1,155
2 2,539 0.035 0.602| 1,170
1 1,269 0.069 0.692| 1,187

Table 2.3: The root mean squareand max errors assaiated with ead of the simpli ed
meshesfor the turbine and hydrogen datasetsand the running time in seconds.

Table 2.4: The root mean squareand max errors assa&iated with ead of the simpli ed

hydrogen

| % | #vert ms max | time |
100 || 32,768
501 16,384 0.000 0.010| 135
30 9,830 0.001 0.059| 187
20 6,553 0.002 0.069| 213
10 3,276 0.005 0.092| 242
5 1,638 0.009 0.132| 257
3 983 0.013 0.132| 264
2 655 0.018 0.189| 267
1 327 0.026 0.174| 271

ribosome
| %] #vert rmms max | time |
100 || 512,000
50 || 256,000 0.000 0.016]| 3,009
30 || 153,600 0.001 0.223| 4,178
20 || 102,400 0.002 0.684| 4,771
10 51,200 0.003 0.392| 5,403
5 25,600 0.006 0.140| 5,760
3 15,360 0.007 0.205| 5,914
2 10,240 0.008 0.218| 5,997
1 5,120 0.011 0.310] 6,087

meshesfor the ribosome dataset and the running time in seconds.

very small threshold su ces to erode the gain in critical points causedin the initial

simpli cation phase.

2.4.7 Sanity Checks

To ensurethat the implemertation doesnot have subtle aws that create biasesor
other artifacts is always a challengewhen working with non-trivial datasets. Typi-
cally, onelooks for unusual behavior while testing the code against special data. In
addition, we ched the code by collecting evidencethat the output is structurally

correct. We perform low and high level structural cheds of the mesh. At the lowest
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Figure 2.9: Graphs of the numbers of critical points in the brain data: The numbers
changefrom left to right aswe simplify the density and from badk to front aswe eliminate
critical points of low persistence.The graphs for remaining datasetsare similar.

level, we test whether the trianglesin K are connectedthe right way. Details of suth
tests can be found in Mucke [69). At a higher level, we computethe Euler character-
istic: =59 S+ S, Sz Wheres; is the number of i-simplicesin K. The Euler
characteristic of a 3-ball is 1, and sinceour algorithm maintains the topologicaltype,
it must be 1 throughout the process. There is a relation betweenthe Euler charac-
teristic and the critical points, namely =c¢, ¢+ ¢ C3 Wherec, ¢, ¢ and ¢;
court the minima, 1-saddles2-saddlesand maxima, respectively. The compacti ca-
tion that changesthe 3-ball into the 3-spherechangesthe Euler characteristic to O.
The alternating sum of critical points thus furnishesanother test for the correctness

of the simpli ed mesh.
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2.4.8 Inclusion-Exclusion

We repeated all of the above experimerts using the inclusion-exclusionmethod for
accunulation of bisectinghyperplanesand comparedthe resultswith the memoryless

method, nding possibly predictable di erencesin performance:

(i) theinclusion-exclusiommethod is fasterthan the memorylessnethod by a factor

of about three;

(i) the approximation error for the inclusion-exclusiormethod is marginally higher

than that of the memorylessmethod,;

(i) the readable limit of maximum simpli cation increasesfrom about 0:5% for

the memorylessmethod to about 3% for the inclusion-exclusionmethod.

In summary, the quality of the simpli cation is marginally worsefor the inclusion-
exclusionmethod, but the running time is somewhatbetter. We placemoreweight on
the quality of the computedresult than on speedand thus decidedto presern detailed

experimertal results only of the memorylessmethod of meshquality improvemert.

2.5 Discussion

We described an algorithm for simplifying a density function represeted by a tetra-
hedral meshof a three-dimensionalgeometricdomain. The main ingredierts of the
algorithm are topology preserving edge cortractions and quadratic cost functions
that attempt to presene the density map as well asimprove the meshquality. We
performedvarious computational experimerts to determinerelationshipsbetweenthe
parametersthat cortrol the algorithm. We ran our algorithm on v e datasetsand
evaluated the results by computing the approximation error, someisosurfacesand
the number of critical points, all asvariablesdependingon the amourt of simpli ca-
tion. We concludethis chapter by mertioning a couple of future projects.
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(1) Usethe hierarchy of critical points to get a comparisonbetweentwo similar
density functions that is more qualitative than the approximation error com-
puted in this work. Study the behavior of this comparisonas the functions

becomeprogressiely lesssimilar.

(2) Comparethe numerical method that maintains the meshboundary using extra
hyperplane constrairts with a combinatorial method basedon the generallink
condition. The latter method would presene the faceand edgestructure of the

meshboundary and treat boundary verticeswith higher priority.

The natural next step in simplifying a density function is a synthesis of geometric
and topological methods, similar to the work of Bremer et al. [11] and Edelsbrunner
et al. [3(] for two-dimensionalfunctions. This amours to constructing the three-
dimensionalMorse-Smalecomplex[28 and simplifying it in a sequenceof cancella-
tions ordered by persistence[31]. We descrike the construction of the Morse-Smale
complexin three-dimensiondn the next chapter and discussthe technical challenges
involved in implemerting a hierarchical version. An alternative would be to simplify
the density function by re-prioritizing the edgecortractions in our currernt algorithm
to include topological information about the critical points. An advantage of the
latter idea is that it is potertially easyto implemert by extending the existing im-

plemertation.
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Figure 2.10: Top-left to bottom-right: isosurfacesextracted from the original brain
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.

Figure 2.11: Top-left to bottom-right: isosurfacesextracted from the original head
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.
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Figure 2.12: Top-left to bottom-right: isosurfacesextracted from the original turbine
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.

Figure 2.13: Top-left to bottom-right: isosurfacesextracted from the original hydrogen
dataset and after simplifying the meshto 50%, 30%, 10% and 5% of its original size.
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Figure 2.14: Top-left to bottom-right: isosurfacesextracted from the original ribosome
dataset and after simplifying the meshto 50%, 30%, 20% and 10% of its original size.
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Chapter 3

3D Morse-Smale Complexes

We continue to study three-dimensionalscalar functions in this chapter. Howewer,
we now focus on the extraction of topological featuresto preser a global view of
the function. In order to extract the topological features,we useresults from Morse
theory, which has beentraditionally used for studying the topology of manifolds.
Appendix A describesthe basicterminology from Morse theory that we require for
the discussionin this chapter. For a more comprehensie view, we refer to the books
on this subject by Matsumoto [65] and Milnor [68]. The Morse-Smalecomplexof a
Morse function partitions its domain into regionswith uniform gradiert ow. Sud
partitions were deweloped to study the behavior of dynamical systems. We extend
Morse-Smalecomplexeso piecewisdinear 3-manifoldsand descrike a conbinatorial

algorithm to compute them.

3.1 Intro duction

3.1.1 Motiv ation

Thereis an abundanceof natural phenomenahat canbe modeledby three-dimensional
Morse functions. In oceanograply, we study the distribution of temperature and
other measuremets over the Earth's oceans. In medical imaging, we reconstruct
the inside of a living body from density distributions measuredby MRI and other
sensingtechnology In x-ray crystallography, we determinethe conformationsof pro-
teins and other moleculesfrom electron densitiesderived from x-ray di ractions. In

ead case,essetial information is obtained from variations of the density over the
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space. Morse theory o ers the basic mathematical languageto reasonqualitativ ely
and quartitativ ely about this variation. In oceanograply, we might be interestedin
the temperature extrema and how they changeover time. In medical imaging, we
use sharp changesin density to segmeh the body into bone, tissue and other con-
stituents. In x-ray crystallography, we reconstruct geometric structure by following
ridges connectingmaxima in the electrondensity. Clearly, a systematicstudy of the
variation in density (i.e. gradiert of the density function) will be of signi cant usein
understanding data obtained from the above mentioned sciertic domains. Indeed,

sud studieshave beenconductedin the past.

3.1.2 Related work

The Morse-Smalecomplexcapturesthe gradiert o w characteristicsof the scalar eld

by partitioning the spaceinto regionsof uniform ow. Thom is probably the rst to
formally dewelop a way of partitioning spaceusing gradiert ows [98]. One of the
earliestwork on sud partitions that usedMorsetheory is that of Smalein the cortext
of dynamical systems[88, 90]. He usesresults from the study of thesepartitions to
construct an elegan proof of the higher dimensional Poincare conjecture [89, 91].
Besidesthe work done by Smale,there has beenextensive study of sud partitions
in the smaooth category[85]. All work on piecewise-lineamanifolds have, however,
beenrestricted to the two-dimensionalcase.Edelsbrunneret al. [30] de ne the Morse-
Smalecomplexfor piecewise-lineal-manifoldsby consideringthe PL function asthe
limit of a seriesof smaoth functions and using the intuition to transport ideasfrom
the smaoth case. We follow the sameapproad in 3D. There are newer types of
criticalities and hencenew typesof cellsin the Morse-Smalecomplexwhen we move

from 2D to 3D. This makesthe extensionsof the results from 2D a non-trivial task.

The two-dimensionalpiecewise-lineacasehasbeenstudied extensiwely in di erent
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elds, under di erent names,motivated by the needfor an e cien t data structure to
store surfacefeatures. Cayley [19 and Maxwell [67] proposea subdivision of surfaces
using peaks, pits, and saddlesalong with curves betweenthem. Warntz usessuc
partitions to study surfacesarising in social scienceq105. Pfaltz [76] proposeda
graph basedrepresemation of the partition, called a surfae network Applications
and extensionsof surfacenetworks have beenstudied within various elds including
cartography [109, computer vision [57], and crystallography [54]. The dewelopmert
of di erent data structures for represeting topographical featuresis discussedn a

collection of expositions edited by Rana[78§].

Three-dimensionaldensity functions are commonly visualized by drawing one or
seeral level sets. In three-dimensionalEuclidean space,sud a set is genericallya
2-manifold, often referredto asan isosurfacewhich dividesthe spaceinto inside and
outside. The 1-parameterfamily of isosurfacessweepsout ead cell in the Morse-
Smalecomplexin a predictable manner, starting at the minimum and proceeding
towards the opposite maximum while crossingthe boundary everywhereat a right
angle. The most popular method for computing an isosurfaceis the marching cube
algorithm, which assumeghe density is given by its valuesat the verticesof a regular
cubic grid [64]. Extensions and improvemerts of this algorithm can be found in
[43 55, 66, 71, 73, 103 107, 111.

The marching cube algorithm visits the ertire grid, which implies a running time
proportional to the number of grid cells. A signi cant improvemert in performance
can be adiieved by limiting the traversalto those cells that have a non-empt in-
tersection with the constructed isosurface. Starting at a "seededge’, the algorithm
traversesthe cells following the componert of the isosurfaceas it is uncovered [6].
A minimal collection of seededgesthat touchesead componert of ewvery level setis

provided by a minimal covering of the Reebgraph [79], stored for quick accessn a
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hierarchical data structure referredto asthe cortour tree [58]. The Reebgraphis a
compressedepresemation of the componerts, but it has no geometricinformation
related to the gradiert ow as expressedoy the Morse-Smalecomplex. Extensions
and improvemeris of the original algorithm for constructing cortour trees can be
found in [14, 75, 9§].

Another conceptrelated to Morse-Smalecomplexess the medial axis of a shape
in three-dimensional Euclidean space. As introduced by Blum [10], it is the set
of certers of spheresthat touch the boundary of the shape in at least two points
without crossingit. Medial axesare usedin a wide variety of applications, including
shape represemation [21, 86], meshgeneration[87], geometricmodeling [94], motion
planning [44], imageprocessing74] and computervision [110. If the boundaryis an
orientable 2-manifold embeddedin three-dimensionalEuclideanspace we may de ne
the signeddistance as a function over the space. The medial axis then consistsof
arcsand quadranglesin the Morse-Smalecomplex.

Partitions similar to the Morse-Smalecomplex have been computed earlier for
vector elds as well but most of them employ numerical methods. Helman and
Hesselink[50 classify the zerosof a vector eld and perform particle tracing to
compute the topology of the vector elds in two and three dimensions. Globus et
al. [39) descrike a software for visualizing the topology of three dimensionalvector

elds that alsousesnumerical methods to trace the ow lines.

3.1.3 Approac h and Results

A fundamertal di cult y in applying Morsetheoretic ideasto scierti ¢ problemsis the
lack of smoothnessin real data. We take a conbinatorial approad to this problem by
simulating smoothnessto the extert necessaryand then carry on the intuition from

the smooth setting. One advantage of our approad asopposedto a numerical oneis
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the guararteesthat we canprovide about the consistencyof the computedstructures.
We extend the de nition of Morse-Smalecomplexesto the piecewiselinear domain
and descrike it asan overlay of the descendingand ascendingmanifolds. We alsogive
a conmbinatorial algorithm for constructing it with guararteed structural correctness.
Finally, we describe our visualization tool for displaying sub-structuresof the Morse-
Smalecomplex. We usethe visualizationsto study dislocationsin a copper crystal

and the shape of biological macromoleculeslectron microscoyy data.

3.2 De nition

The datasetsthat we work with are piecewisdinear. So, we needto transport Morse
theoretic ideasthat wereoriginally developedin the smaoth setting into the piecewise
linear domain. After giving de nitions for the Morse-Smalecomplex for smaoth 3-
manifolds, we intro duce quasi Morse-Smalecomplexesand discussthe artifacts that

arise upon moving to the piecewisdinear domain.

3.2.1 Smooth 3-Manifolds

Integral Lines. Given a Riemannian metric on M and a local coordinate system
with orthonormal tangert vectors @@?(p), the gradient of f at pis
T
@ @ @ :

ri(p = @l(p); @Z(IO); @3(p)

It is the zerovectori pis critical. An integral line :R! M is a maximal path
whosevelocity vectorsagreewith the gradien: %(s) =r f( (g) forall s2 R. Each
integral line is open at both ends,and we call org = limg (s) the origin and
dest = limg; (S) the destination of . Both are necessarilycritical points of f .

Integral lines are pairwise disjoint. We consideread critical point asan integral line
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by itself, and with this stipulation the integral lines partition M. We usethem to
decommseM into regionsof similar ow patterns.
Ascending and Descending Manifolds. The desendingand as@ndingmanifolds

of a critical point p are

D (p)
A(p)

fpg[ fx2Mjx2im ;dest = pg;

fpg[ fx2Mjx2im ;org = pg;

whereim is the imageof the path on M. If x and y are points di erent from p
that belongto the descendingand the ascendingmanifolds of p then f (x) < f (p) <
f (y). This implies that D(p)\ A(p) = p. The descendingmanifolds of f are the
ascendingmanifolds of f and, symmetrically, the ascendingmanifolds of f are
the descendingmanifolds of f. This implies that the two typesof manifolds have
the same structural properties. Speci cally, the descendingmanifold of a critical
point p of index i is an open cell of dimensiondimD(p) = i. Sincethe integral
lines partition M, so do the descendingmanifolds. Moreover, they form a complex
as the boundary of ewvery cell is the union of lower-dimensionalcells that are its
faces The ascendingmanifolds form a dual complex: for critical points pand qoff,
dmD(p) =3 dimA(p), andD(p) isafaceof D(g) i A(Q) is a faceof A(p).

Morse-Smale Complex. A Morsefunction f is Morse-Smaleif the descendingand
ascendingmanifolds intersect only transversally. SupposeD (p) and A(q) have non-
empty commonintersection. If dimD(p) = 2 and dim A(g) = 1 then the transversal-
ity assumptionimplies D(p) \ A(g) = p = g. In the more interesting casein which
both are 2-manifolds, A(p) and D (q) are facesof A(g) and D(p) and, as illustrated
in Figure 3.1, the commonintersectionis a simple path connectingthe two critical
points. Following [30], we de ne the cells of the Morse-Smalecomplex as the com-

ponerts of the setsD(p) \ A(q), over all critical points p and q of f. By de nition,
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Figure 3.1: The dotted line is the common intersection of the descending2-manifold of
p and the ascending2-manifold of q.

ead cell of the Morse-Smalecomplexis a union of integral lines that all sharethe
sameorigin q and the samedestination p. The dimension of the cell is then the
di erence betweenthe two indices. We call the cells of dimension0 to 3 nodes arcs,
quadiangles and crystals Ead two-dimensionalcell is indeeda quadrangle,but its
boundary may be gluedto itself. The prototypical caseof a crystal is a cube, which
we imagine standing on its tip, but more interesting casesare possibleas shavn in

Figure 3.2.

O

Figure 3.2: Crystals in the Morse-SmaleComplex: The oneon the left is the prototypical
casein the shape of a cube and the one on the right is a more interesting case.
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3.2.2 Piecewise Linear 3-Manifolds

Quasi Morse-Smale Complex. We construct a complexthat is structurally in-
distinguishablefrom the Morse-Smalecomplexby taking open manifolds madeup of
simplicesin K. It is a decomposition of spaceinto crystals in which the boundary
of eath crystal is a quadrangulation. The function f has its critical points at the
nodes of this complex and is monotonic within all the arcs, quadranglesand crys-
tals. It diers from the Morse-Smalecomplexbecausehe arcsand quadranglesmay
not be those of maximal ascem and descen Let U, V, X and Y be the sets of
minima, 1l-saddles,2-saddlesand maxima of f, let R, S and T be the setsof arcs
that connectminima to 1-saddles,1-saddlesto 2-saddles,and 2-saddlesto maxima
respectively, and let P and Q be the setsof quadrangleswith nodesfrom U;V; X;V
and V; X;Y; X in that order, respectively, around the boundary. We de ne a quasi
Morse-Smalecomplex of f asa decomposition of M into open cellsthat satis es the

following properties:

() all nodesarefromU|[ V[ X [ Y, all arcsarefromR|[ S[ T, andall quad-

ranglesarefrom P [ Q,
(i) there are no critical points within the arcs, quadranglesand crystals, and

(i) ead arcin S is on the boundary of four quadrangles,which in a cyclic order

alternate betweenP and Q.

Note that a quasi Morse-Smalecomplexcan be split into complexesde ned by U; P
and Y; Q. Theseare complexesthat are structurally indistinguishable from those of
the descendingand ascendingmanifolds.

Simulating disjoin tness. Integral lines are not well de ned for piecewiselinear

manifolds. So, following [30], we construct monotonic curvesand surfacesthat never
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cross. Thesecurvesand surfacescan mergetogether and fork later. When a curve or
surfacemergeswith another curve or surface,we pretend that they remain in nites-
imally closeto eat other without crossinguntil they either fork or reach a common

critical point.

3.3 Data Structures

We usetwo main data structures, one for the triangulation K of the 3-manifold M
and the other for the Morse-SmalecomplexQ of the functionf : M ! R. The two

consistof various piecesand are connectedto ead other asshavn in Figure 3.3.

K S S S S

3

—++

Figure 3.3: The data structures usedto represen the triangulation and the Morse-Smale
complex.
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3.3.1 Triangulation

The triangulation of M is a 3-dimensionalsimplicial complex consisting of vertices,
edges,triangles, and tetrahedra. Miscellaneousinformation about the simplicesis
storedin the arrays Sy, Si1, S;, and S;. Eadh simplexis identi ed by its dimension
and its index in the correspnding array. The connectivity betweenthe simplicesis
represeted by anotherarray, K, whoseelemens are sextetsof pointers that connect
the triangles in rings about the edges.This data structure is akin to the edge-facet
structure introducedin [23]. As illustrated in Figure 3.4, a sextetis made up of the

six orderedversionsof a triangle.

The operation enextrotates the ordering of the three vertices cyclically by one
position to the left. The operation symexcangeshe rst two verticesin the ordering.
Both move from oneto another ordering in the samesextet, but enextmoveswithin
one orientation while sym changesbetween orientations. Using explicit pointers, a
sextet supports the operation fnext, which movesfrom an orderedtriangle abcto the
next and similarly orderedtriangle abdin the ring about the edgeab Furthermore,
it supports the operation org, which moves from abc to its origin, a. Note that
an orderedtriangle abcuniquely de nes four ordered simplices,namely a, ab abg
and abcd and can therefore be interpreted as a vertex, an edge, a triangle, or a

tetrahedron, whichewer is appropriate or corveniert.

To illustrate the functionality of this data structure, considerthe computation of
the link of avertexp = p;. Letting puv be oneof the trianglesthat sharethat vertex,
we usedepth- rst seard to traverseall trianglesin the star. For ead visited triangle
pxy, the edgexy belongsto the link of p and so do the triangles that precedeand
succeedpxy in the ring around xy. Given the initial triangle puv, the seard takes

time proportional to the number of edgesin the link.

a7



IXoua

enext enext i i j
 —  —
a b
cab

abc bca
e | &« e | &« e | &«
%Ié aié aié
<> <>
1Xaua 1Xaua %
(O]
bac cba ach S

Figure 3.4: Algebra of ordered triangles.

With an additional test of the vertex heights, we can identify the lower link as
a subcomplex of the link. We usethe reducedBetti numbers of the lower link to
classifythe vertex p asregular, minimum, 1-saddle,2-saddle,maximum or multiple
saddle. The appendix descrikes the classi cation processin detail. We get the
reduced Betti numbers by keepingtrack of the componerts in the lower link. If
there are no componerts then = ;= 1and = Oforallk 6 1, sopisaminimum.
If the lower link is equal to the link then % = 1 and x = Ofor all k 6 2, sop
is a maximum. Otherwise, = 1 = — = 0 and 7 is one lessthan the number of
componerts. We get 7; from T, and the Euler characteristic = sy s;+ S, where

sk is the number of k-simplicesin the lower link of p: 3 = 5+ 1 . pis regular

f 5= 1= 0andit is a multiple saddlecombining 7, 1l-saddlesand ~; 2-saddles,

otherwise.

3.3.2 Morse-Smale Complex

The Morse-Smalecomplex of f consistsof simple open cells of dimensionsO, 1, 2,
and 3, which we refer to as nodes, arcs, quadrangles,and crystals. Miscellaneous

related information is stored in arrays Do, D41, D,, and D3, as shown in Figure 3.3.
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Ead cellis identied by its dimensionand its index in the correspnding array. The
connectivity is stored in another array, Q, whoseelemeits are octets of pointers, as

illustrated in Figure 3.5. Similar to orderedtriangles, we have the operations anext

o d c
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Figure 3.5: Algebra of ordered quadrangles.

and sym which move betweenorderingsin the sameoctet. The operation gnexttakes
us from abcdto the next similarly orderedquadrangleabef in the ring about the edge
ah Finally, the operation org takesus from abcdto its origin, a.

A node in the Morse-Smalecomplex s just one of the vertices of the triangu-
lation, but arcs and quadranglesare more complicated objects that needelaborate
represemations. Ead arc is an open sequenceof edgesand, as indicated in Fig-
ure 3.3, it is stored as a sequenceof oriented edgesor pointers into K. Similarly,
eat quadrangleis an open patch of triangles and, asindicated in Figure 3.3, it is
stored asa 2-manifold of oriented triangles or pointers into K. The connectivity can
be recovered from the connectivity information in K, sowe can get by with simple
and compact represemations. It is important that ead arc and quadranglehasits
own xed oriertation, which is then usedin the algebraillustrated in Figure 3.5.

We have to be preparedto store partial complexeswhile constructing the Morse-
Smalecomplexand to add new quadranglesand arcs. As a generalpolicy, we add

49



a new cell when its description in terms of simplicesin K is complete. Another
complication is the possibility that cells may fold onto themsehes and onto eadt
other. We keepthe data structure of the complexoblivious to sud evens. Instead,
we use additional data structures to resolhe sud degeneracies.We descrite these

next.

3.3.3 Normal Structures

We say that arc or quadranglefolds onto itself if it cortains a point of M multiple
times. Similarly, arcs and quadranglescoincide if they share points of M. While
permitting sud events, we simulate an in nitesimal separationsothat we canreason
about sidednessand incidencesin an unambiguous manner, as we will be able to
without any additional data structures in the absenceof folding. A normal disk
capturesthe in nitesimal structure around an edgeand a normal interval captures
the in nitesimal structure normal to a triangle.

The normal structures support the decisionmaking during the construction of the
Morse-Smalecomplex. They are transiernt data structures that are usedonly while
building the Morse-Smalecomplex. We list the operations supported by the normal
structures, treating them as abstract data structures. Speci ¢ implemertation with
varying running times per operation can be found in standard algorithm texts [20].

A normal disk belongsto an edgein K and hasthe structure of a planar graph.
There are points in the interior of the disk, called base points, that represem de-
scending,ascendingand intersection arcs cortaining the edge. There are also points
on the disk boundary that represem how quadranglescortaining the edgeerter and
exit the disks. The normal disk also contains between these points that represem
the quadranglescortaining the edge. A path may connectan interior point to a

boundary point, two boundary points, or two interior points. The third caseis a
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degeneratesituation where part of a quadranglecollapsesonto an arc. The normal
disk contains multiple paths if many quadranglescontain the edge. We require that
all these paths meet the boundary of the normal disk at distinct points. An easy
combinatorial argumert shaws that for eath xed k and I, there is a nite number
of topological typesfor the set of paths in an normal disk with k basepoints and |
paths. In fact, if we x N points on the boundary of the normal disk and N; direc-
tions orderedcyclically around eat basepoint, with 2l = N + N, + :::+ Ny, then
the family determinesand is determined by a pairing of these points together with
a placemen of the basepoints that are not connectedto the boundary by any path.
Howeer, not every pairing and/or placemen can occur.

A dicult y in implemerting the normal disk comesfrom the fact that the graph
may have morethan onecomponert and thesemay be nested. The data type supports

the following operations:
INSERT/DELETE a point (arc) or a path (quadrangle).
MERGE/SPLIT normal disks.
DECIDE whether a given path separatestwo componerts or two points.
A normal interval belongsto an orderedtriangle in K and lists the orderedquadran-
glesthat contain it. The data type supports the following operations:
INSERT/DELETE an orderedquadrangle.
MERGE/SPLIT normal intervals.
Note that the information storedin the normal interval of a triangles is duplicated in
the normal disks of its edges. So, we neednot store the normal intervals explicitly.
Howeer, we referto them in our descriptionfor clarity reasons.Figure 3.6illustrates

folding events and the correspnding normal structures.
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Figure 3.6: Top: a descendingdisk starting at a 2-saddlex that folds onto itself and
the normal disk of an edgein the folded region. The two paths x and x° correspond to
the oriented descendingdisks passingthrough the edge. Bottom: two descendingdisks
merging along their boundary arcs. The normal disk of the sharededgehastwo verticesin
the interior (base points) corresponding to the two arcs.

3.4 Algorithm

In this section, we rst give an overview of the algorithm followed by detailed de-

scriptions of how we construct descendingand ascendingmanifolds.

3.4.1 Overview.

A quasiMorse-Smalecomplexis constructedduring two sweepsover the 3-manifold.
The rst sweepisin the order of decreasingunction value (height) and computesthe
descendingmanifolds. The secondsweepis in the order of increasingheight, which
is the preferred order for computing the ascendingmanifolds. Howewer, instead of
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computing the two collectionsindependerily, we usethe structure provided by the

descendingmanifolds and add the ascendingmanifolds accordingly

Step 1. Construct the complexformed by the descendingmanifolds.

Step 2. Construct the ascendingmanifoldsin piecesinside the cellsformed by the

descendingmanifolds.

Somerouting decisionsin Step 1 require rudimentary structural information about
the ascending2-manifolds, so we compute that already in Step 1. We compute
the intersectionsbetween the descendingand the ascending2-manifolds before we
construct the latter. It is in fact easierto compute theseintersections rst and then
widen them into the ascending2-manifolds. An overriding goalis to get the structure
of the quasi Morse-Smalecomplexright, and to adieve that goal we create various
kinds of degeneraciesand usethe normal structures to help in resolvingthem when
necessarylIn orderto streamlineour description of the variousstepsin the algorithm,
we denotethe verticesof K by pq; p2;:::;pn assumingf (py) > f(p2) > :::> f(pn).
Assuming a quasi Morse-Smalecomplex without any folding everts, we claim a
running time that is boundedfrom above by nlog(n) plus the input size. The nlog(n)
term coversthe time neededto sort the n verticesby height. The input sizeis the
number of simplicesin K. By choice of the data structure represeting K, Lk p; can
be computedin time proportional to its size. Similarly, the classi cation of p;, which
reducesto courting the simplicesand the componerts in the lower link, can be done
in time proportional to that size. By de nition, the size of the link is the number
of simplicesit cortains, and becauseit is a two-dimensionalsphere,this is 3t; + 2,

wheret; is its number of triangles. Ead triangle belongsto only two links, which
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implies that the total sizeof all vertex links is

X
3t;+2 = 6t+ 2n;

i=1
wheren is the number of verticesandt is the number of trianglesin K. As we will see
later, the above time analysisappliesto most stepstaken by our algorithm. Indeed,
we typically work inside a vertex link and compute simple sub-structures, sud as
shortest-pathtreesand circlesseparatingoceansand cortinents from eat other. We
will seethat with the assumptionof unit length edgesboth tasks and miscellaneous
others can be performedin time proportional to the size of the link and, in total,
proportional to the sizeof K. The output sizeis the total number of simplicesused
to descrike the complex. In the assumedabsenceof any folding everts, the output
sizeis lessthan the input size and can therefore be neglectedin the running time
analysis.

The assumptionof no folding amongthe arcsand quadranglesn the quasiMorse-
Smalecomplexis howewer not very realistic. Indeed,we do expect folding in practice
and this is the reasonwhy we have introduced the normal structures in the rst
place. A triangle canbelongto arbitrarily many quadranglesand an edgecan belong
to arbitrarily many arcs. The output sizeis therefore no longer boundedfrom above

by the input sizeand hencethe running time of the algorithm is boundedfrom above

by nlog(n) plus the input sizeplus the output size.

3.4.2 Descending Manifold Construction

We computethe descendindl- and 2-manifoldssimultaneously during one sweep. To
simplify the explanation of how this is done,we rst discussthem separately restrict-

ing our attention to simple critical points. One of the delicate parts of the construc-
tion is keepingtrack of degeneratesituations and how they shouldbe resohed. These
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include both foldings and coincidencesvheredescendingand/or ascendingmanifolds
overlap and needto be separated. As mertioned in the previous section, we deal
with thesedegeneratesituations with the help of special data structures, and we will

explain how this is done as we describe the construction.

Descending 1-manifolds. Ead descendingl-manifold is an open interval that
belongsto and includesa 1-saddlep = p;. It consistsof two descendingarcs and
we call p the root of the 1-manifold and of its arcs. As illustrated in Figure 3.7, the
1-manifold descendsfrom its root on both sidesand, by simulation of the Morse-
Smale condition, endsat minima of f. It is possiblethat the two arcs end at the
sameminimum, but becausethey do not cortain that minimum, their union is still

an open interval and not a closedcircle. In the Morse-Smalecase,all verticesof the

Figure 3.7: The descendingl-manifold rooted at a 1-saddle. The spheressketch the
links of the root, a regular point, and one of the two minima.
1-manifold except for its root are regular, but in the piecewiselinear caseit is also
possiblethat the 1-manifold passeghrough another critical point p;. We have | > i
becausep; is necessarilylower than the root. For an arc it makeslittle di erence

whether it passeghrough a regular or a critical point. Howewer, sincep; starts its
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own descendingmanifold, we needto make surethat the arcsdescendingrom p; and
p; are consisten in the senseof simulated disjointness A consister choice of edges
will be automatic in the descendingcasebecausewe extend ead arc by adding the
edgefrom the current endpoint to the lowest vertex in its lower link. This choice of
extensionimplies, for example,that oncetwo arcsmerge,they gotogether until they
both end at the sameminimum. The structure can be much more subtle, howewer, if
descendingdisks and other elemens of the structure intersect thesearcs as we will

seelater.

We distinguish between three operations in the construction of the descending
1-manifolds: starting, extendingand gluing. The samethree operationsalsooccurin
the construction of descending2-manifolds,and they are processedvithin the same
logical structure. The starting operation appliesif p is a 1-saddleand starts the two
arcs of the correspnding 1-manifold using edgesfrom p to the lowest vertex in eat
oceanof the link. The extending operation cortinuesall descendingarcs ending at
p by adding an edgefrom p to the lowest vertex in its lower link. An exceptionto
this rule occursif p is a 1-saddle. In this case,we will later start an ascending2-
manifold manifestedin the link by a closedcyclein the cortinent that separateshe
two oceans.We then extend ead descendingarc to the lowest vertex in the speci c
oceanthat is not separatedfrom the arc by that ascending2-manifold. The gluing
operation appliesif p is a minimum, which it declaresa node of the Morse-Smale

complex, and gluesthe descendingarcs ending at p to ead other.

Structure of a 2-manifold. The construction of the descending2-manifolds is
more complicatedthan that of descendingl-manifolds. We begin by discussingtheir
structure and by formulating an invariant maintained by the algorithm. Ead de-
scending2-manifold is an open disk that belongsto a 2-saddle,which we call its root.

The disk descenddrom the root, which is its highestvertex. Its boundary is a circle
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along which we alternately encourter 1-saddlesand minima joined by descending
arcs. This boundary circle might be partially glued to itself along one or more arcs.
Note that this is fundamertally di erent from the casein which the disk folds onto
itself: the folding can be simulated away sinceit doesnot happen for smaoth func-
tions, while the boundary gluing is an inherert feature of descending2-manifolds. It
is important that the descending2-manifold does not cortain its boundary, elseit
would not necessarilybe a disk. In the most extreme case,the boundary circle is a

single vertex sothat the closureof the disk is a sphere.

Beyond being an open disk which descendsfrom its root, we require that the
restriction of f to the descending2-manifold has no critical points other than the
maximum at its root p. This property is guararteed by an invariant maintained
during the construction. At any momen, we have an open disk whoseboundary
is partially nal or frozenand partially unfrozen The frozen boundary grows from
the empty setto a collection of open segmets, which evertually mergeto form a
completecircle. The unfrozenboundary shrinks from a completecircle to a collection

of closel segmets, until it eventually disappears.

Disk Invariant. Let q be a vertex in the unfrozen portion of the boundary of a
disk and let qu be an interior edge. Then u is either an interior vertex or a

frozenboundary vertex, and f (u) > f ().

Note that the Disk Invariant prohibits interior edgesthat connecttwo unfrozen
boundary vertices. This implies that as long as the entire boundary is unfrozen,
there are no interior edgesconnectingtwo boundary vertices, and all edgesdescend
from the interior to the boundary. Figure 3.8 illustrates the resulting structure of a
descendingdisk. A regularvertex u in the restriction of f to the disk is characterized

by a non-empty connectedlower link. In other words, the edgesin the star change
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between descendingfrom u to descendingtowards u and badk again exactly once

around u. The disk is extendedat the highestunfrozenvertex g which either liesin

q

Figure 3.8: A portion of the triangulation of a partially constructed descending2-man-
ifold. The edgesare oriented from the higher to the lower endpoints.
the interior of an unfrozenboundary segmen or is the endpoint of a frozenboundary
segmeh In the former case,all interior edgesdescendtowards g. In both caseswe
maintain the Disk Invariant by extending the disk sud that all newly added edges
descendfrom g. It follows that the only new interior vertex, which is q itself, is a
regular point of f restricted to the disk.
Starting a 2-manifold. We start descendingdisks at 2-saddlesand extend them
at all unfrozenboundary vertices. Let p = p; be a 2-saddle,as shovn in Figure 3.9,
and let g be the lowest vertex in its link. By assumption,the lower link is a retract
of the belt-like oceanaround the link, and g belongsto that ocean. We start the
correspnding descendingdisk by constructing a circle in the lower link, making sure
that the circle contains g as one of its vertices. Even though we call it a circle, it
may fold onto itself, and sometimessud folding is unavoidable. There are many

ways to construct sud a circle. We nd a short circle using the shortest-path tree
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Figure 3.9: The disk rooted at p starts by connecting p to a circle in the belt-lik e ocean
that passeghrough the lowest vertex q.

rooted at q that spansthe lower link. Here we stipulate unit length edgesso that
shortest translates to minimum number of edges. After constructing the tree, we
classify non-tree edgesin the lower link depending on whether or not they divide
the two cortinents. The circle is then de ned by the dividing non-tree edgein the
lower link whosetwo endpoints minimize the sum of distancesto g. Returning to the
classi cation, we note that the tree cuts the link open but keepsit connected.If we
cut along a non-tree edge,we split the link into two disks. Considerthe casewhere
oneof the diskscortains both cortinents while the other is cortained insidethe ocean.
The latter disk is triangulated and, by construction, its triangulation hasall vertices
on its boundary soit can be collapsed. We can therefore remove the triangles from
this disk by repeated collapsing: at ead step remove a triangle that hasboth edges
on the boundary and declarethe third edgea new boundary edge. The classi cation
of non-treeedgesn the lower link thus proceedsby repeatedcollapsing,which marks

all non-dividing edgesand leavesall dividing edgesunmarked.

Extending a 2-manifold. In the non-degeneratecasein which we are currently

working, an interior vertex of a disk is typically a regular point of f , although it can
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alsobe a 1-saddleor a 2-saddle.We rst considera regular point p= p; and assume
it belongsto the boundary of a descendingdisk. Recall that we visit the verticesin
the order of decreasingheight, sop is the highest unfrozenboundary vertex. There
are three casesi,illustrated in 3.10. In the rst case,p is adjacen to two unfrozen
boundary edgesand hastwo neighborsa and b, connectedto p by unfrozenboundary
edges. In the secondcase,there is only one unfrozen neighbor, ¢, with the other
neighbor frozen. In the nal caseboth neighbors are frozen,asare the edgesput pis

not yet frozen. The algorithm treats the rst two casessimilarly and simultaneously

Figure 3.10: Three descendingdisks that touch p and intersect the link in a path ead.
One path starts and endsin the ocean, another starts in the continent and endsin the
ocean,and yet another starts and endsin the continent.

Speci cally, it constructsa shortest-pathtree from the lowestvertex qin Lk p. The
points a and b belongto the lower link and are therefore vertices of the tree. We
connecta to g along the unique path in the tree and extend the correspnding disk
by connectingp to the edgesof that path. We do the samefor b and ¢ and for all
other verticesthat are connectedto p by unfrozenboundary edges.Note that no two

paths crossone another, but it is possiblethat somepaths fold onto eat other and

we must keeptrack of sidednessasbefore. In the third casewhereboth neighbors of
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p are frozen, the disk is deweloping a structure that we call a spike The descending
paths that erter at the points e and f, which may be the same,mergeor cortinue
mergedasthey exit from p to g. The disk is cortinued by imagining an in nitesimal
strip that sits betweenthe two merged paths. As the processcortinues from this
point on this spike is then treated for lower vertices as a degenerateversion of this
third case,whereboth endpoints and the descendingpath all degenerateto a single
point.

There is no essetal di erence in the computationsif p is a 2-saddle,exceptthat
p itself starts an additional descendinglisk. By usingthe sametree for starting disks
and for extendingdiskswe avoid intersections,but asusual, folding onto themsehesor
ead otheris allowed. The caseof a 1-saddlep is moreinteresting. If the two neighbors
of p along the boundary of the disk are both unfrozenand belongto opposite polar
oceansin the link then we do the samecomputations within both oceans.The point
p remains on the boundary, but its two neighbors changeto the vertices that are
adjacen alongthe descendingl-manifold rooted at p. Before cortinuing, we declare
p and the two incident boundary edgesfrozen for the descendingdisk. If the two
neighbors of p along the boundary of the disk belongto the sameocean, then we
proceedaswe did for a regular point, working in this singleocean. In this casenone
of the new edgesare frozen.

If either or both neighbors of p are frozenwe have a special situation to consider.
A frozenendpoint lies on a descendingarc that will be cortinued parallel to one of
the endsof the descendingl-manifold started at p. In orderto make routing decisions
in this case,we require the structure of the ascendingdisk that originatesat p. We
discussthis situation later.
Simulated disjoin tness. Beforeproceedingto the generalcaseof a multiple-saddle

with all the complications that this will bring, it is time to introduce someextra
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structure to descrike the singular behavior we have encourtered sofar.

First considerthe coincidenceof two descendingarcs. Oneway this canhappenis
whenwe have a multiple-saddle. In this casea descendingarc will be started for eath
ocean,and descendingl-manifoldswill be descrilked by a pairing of someof thesearcs.
When an arc is paired with more than oneother, it will represen a coincidence.The
other way that this happensamongdescendingarcsis when one encourters another
critical point with more than oneocean. Then it will be cortinued in parallel to one
of the arcs started at this point, creating a coincidence.We can track coincidences
by simply assigninga multiplicit y to the edgesthey share. When descendingdisks
meetthesedescendingarcs, howewer, we needmore preciseinformation about which
disk intersectswhich copy, etc.

The coincidenceof a descendingdisk and a descendingarc can occur in an es-
sertial way, when the descendingarc is part of the boundary of the closure of the
descendinglisk, or in aninciderntal or tangertial way, whena descendingarc cortacts
a descendingmanifold either at its root or at another point. In either casethe arc
always follows the steepest edgepath and the descendingdisk always cortains the
lowest point in its link at ead step of the construction, so oncethe cortact is made
the descendingarc remainsinsidethe disk until it terminatesat oneof the minima on
the boundary of the disk. The simulation then "pushes" the arc o in the direction
normal to the disk that it ertered. When seweral disks contain a descendingarc in
their boundary, they are orderedconsistenly aroundit to prevert them intersecting.
We store this information in the normal disks assaiated with edgesin the arc.

When two descendingarcs merge at a point p, their normal disks are joined
along a segmen of their boundary to make a new normal disk for the outgoing
edge. Furthermore, their setsof paths are merged(sometimesa path is unchanged,

sometimestwo paths join to make a new single path). A coincidencealso happens
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when onedescendingdisk cortains the root of another or whentwo descendinglisks
come together at somelater point in their construction. Both casesshowv up in
the processof extending a 2-manifold. After an extensionstep at a point p has
beencompletedthe various descendingdisks are orderedin normal intervals of the
triangles that they passthrough in Stp.

Simultaneous construction. As mertioned earlier, the descendingarcs and disks
are really constructed simultaneously in a single sweep over the 3-manifold. Fur-
thermore, instead of unfolding the multiple-saddlesinto simple ones,we work with
generalpoints wherepossibly 75+ 73 2. Notice that for both regular and critical

points of all types,the link has & + 1 oceansand ~; + 1 cortinents. We processa

vertex p in v e steps:

Step 1.1. Start 7; descendingdisks.

Step 1.2. Prepare T ascendingdisks.

Step 1.3. Start 7, descendingl-manifolds.
Step 1.4. Extend descendingarcsthat touch p.

Step 1.5. Extend descendingdisksthat touch p.

Figures 3.19-3.23illustrate thesestepsby shawing the structural changeswithin the
link of a vertex that has three oceansand three cortinents. The primary dicult y
in the simultaneousconstruction is the coordination of the descendingand ascending
arcs and discsso that they all intersectin a locally and globally consisten manner
that correctly simulatesthe structure we would expect for asmooth function. Keeping
track of all this requiressometerminology that we now introduce.

The initial structure at p. Whenwe arrive at the vertex p during the construction

of descendingmanifoldsin the downward sweep,certain structures will already have
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been created in its link. We restrict our attention to the structures cortained in
descendingl- and 2-manifolds that begin above and cortain p. Other tangertial
structureslying on Lk p are handledeither at an earlier or a later stagein the sweep.
A D-point is the vertex in Lk p where one or more descendingarcs that pass
through p intersectits link. A D-point x comesequipped with a normal structure,
namely that of the edgexp. A D-path is the path of intersection betweenLk p and
a descendingdisk that contains p. If this intersectionis closedthen we referto it as
a D-cycle When we arrive at p, eat D-path hasits verticesin a single cortinent
except for its endpoints which either lie in an oceanor at a D-point. The normal
structures give the incidencerelationship betweenthe D-paths and D-points. We

distinguish between v e typesof D-paths:

(i) Both endpoints lie in a single ocean.

(i) Eadch endpoint liesin a di erent ocean.
(i) One endpoint liesin an oceanand oneat a D-point.
(iv) Both endpoints lie on D-points.

(v) The ertire path lies within a normal disk for a single D-point.

The nal descending structure at p. Stepsl.1to 1.6 will createthe following
structures at p: when T > 0, a descendingarc is begunfor ead oceanby adding an
edgejoining p and an appropriate vertex in the ocean. p now becomesa D-point for
eadh sud vertex in the oceans. The newly added edgeswill have assaiated normal
disks whose base points and paths will be inserted as the rest of the structure is
constructed. The descendingl-manifoldsthat beginat p are described by a setof &
pairs of thesenewly added edgeswith ead edgeappearingin at least one pair.

Eadh oceanO hasa graph consistingof a shortest path tree rooted at the lowest
point g plus ;1(O) marked edgeghat alongwith edgesn the tree make (O) cycles.
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The inclusion of the graph into O is a homotopy equivalence. Hence,the graphis a
union of 1(O) D-cycles,eadt obtained by following the two endsof a marked edge
badk to q. Ead edgeof the graph will have an assaiated normal interval, namely
that of the triangle cortaining the edgeand p, that storesthe number of oriented
times the D-cyclespassthrough it. Note that only onepassoccursthrough a marked
edge.

Ead cortinent C with ;(C) > 0 has a graph consisting of a tree plus (C)
marked edgesthat along with edgesin the tree make ;(C) A-cycles The tree is
rooted at the highest point of its cortinent. Again ead edgehas a normal interval
structure that hassimilar properties as the edgesof graphsin the oceans.

The descendinglisksand arcsendingat p are extendedinto the oceans.p becomes
a D-point for eat vertex to which a descendingarc is extendedto. The descending
disksmeetLk pin a collection of D-cyclesand D-paths that are obtained by extending
the D-pathsin the initial structure at p. Each D-cycle passeghrough the lowestpoint
of the unique oceanthat it meetsand ead D-path either endsat the lowest points
of the two oceansit connects,connectsthe lowest point in an oceanto a D-point in
a cortinent, connectstwo D-points that lie in a single cortinent, or lies completely
within a normal disk as a path connectingtwo basepoints. As always, eat edge
cortained in a D-path or D-cycle hasan asseiated normal interval represeting the
directions and multiplicit y of the elemerts that passthrough it. We now descrile the
Vv e stepsin the construction.

Steps 1.1 and 1.2: Constructing families of circles. In Stepsl.1and 1.2, we
start a family of descendingdisks and preparethe starting of the ascendingfamily.
The former are contained in the oceansand separatethe cortinents, while the latter
lie on the cortinents and separatethe oceansasillustrated in Figure 3.11. We extend

the algorithm described earlier to construct the rst family of circlesin the oceans.
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Figure 3.11: Wedraw ™ = 2 (dotted) circlesto separatethe three continents and 5 = 1
(dashed) circle to separatethe two oceans. The descendingdisks that start at p intersect
the link in the dotted circles, and the ascendingdisk intersectsthe link in the dashedcircle.

We start with the tree consisting of shortest-pathsfrom the lowest vertex in eat
ocean, and classify non-tree edgesin the lower link depending on whether or not
they divide the corntinents into two non-empty sets. Oncewe have selecteda dividing
edge,we add it to the tree that cortains its endpoints, thereby making a cycle, and
cortinue using collapsesto eliminate edgesthat do not divide the cortinents. We
repeat until we have added ~; edgedto the collection of trees. Theseedgesde ne the
~ cyclesrequiredin Step 1.1.

We repeat the samealgorithm in Lk* p switching the roles of oceansand con-
tinents. This will give the T circlesrequiredin Step 1.2. Note howewer that the
construction of the secondfamily is complicatedby the presenceof D-paths from the
descendingdisks of higher vertices. We next descrike these complications and how

we cope with them.

Transv ersal intersections. Ead relevant D-path intersectsat mosttwo oceansand
one continent. Clip the path to the boundary of that cortinent and let x and y be

the endpoints of the clipped path. The four possiblecasesare shown in Figure 3.12:
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both x andy lie in the cortinent ( d,);

X liesin the cortinent andy lies on the boundary of the continent (d,, d; and

da);
x andy lie on a commonboundary componert (ds);

x andy lie on di erent boundary componerts (ds).

Figure 3.12: Someof the descendingdisks passingthrough p form barriers in our e ort
to draw circles preparing ascendingdisks within the continents. The squaresare gateways
at which the dashedcircle may crossthe paths.

We take precautionsto ensurethat the ascendingdisks either do not crossthe D-
paths or crossthem minimally and transversally. In particular, if a D-path meets
Lk pin two di erent oceansthen it shouldcrossevery ascendingdisk, which is started
by a circle separatingthe two oceans,exactly once. We cope with this di cult y by
modifying the continents beforebuilding the circles.

Consider a single cortinent C, and let G be the graph made up of the edges
of the D-paths that meetit. Cut C open along G in order to form a barrier that
ensurestransversal intersection between a D-path and a circle constructed in the
cortinent. In practice, we create these barriers by duplicating all edgesand most
verticesof G that lie in C. A few vertices,called gatewaysare not duplicated. These
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gateways are potential points of intersection betweenthe D-paths and circlesin the
continent. The two copiesof a duplicated edgeor vertex lie on di erent sidesof the
barrier and are connectedto simplicesin the star lying on the respective side. G
could have vertices with degreegreater that two. For example,the D-paths d;; ds
and d; in Figure 3.12sharea D-point. In this case,the vertex could possibly be split
into multiple verticespartitioning the neighborhood of the vertex in C into multiple
wedges.We now descrilte how we choosethe gateways. The graph G consistsof one
or more connectedcomponerts. Considera componert that consistsof verticeswith
degreeat most two. This could be an edgepath of type (iii) or (iv) or two paths
of type (ii) alongwith perhapsa sequenceof paths of type (i) that together make a
simple path connectingone or two componerts of the boundary of C. We choosethe
highest vertex of this graph componert asa gateway.

Let V3 denotethe setof verticesin G that have degreeat leastthree. The second
type of graph componerts have at least one vertex from V;. These componerts
contain two typesof paths: type | that connectthe boundary of C to a vertex in Vz;
type Il that connecttwo verticesin V3. Let there be k paths of type Il in G. If all
verticesin V3 are madegateways then (C) increasediy k. This is becausesplitting
along a type Il path introducesa loop whereassplitting along a type | path leaves

1(C) unchanged. If none of the verticesin V3 are made gateways then C shatters
into multiple regions. We needto choosean appropriate subsetof Vs as gateways
sud that noloopsareintroducedand C remainsconnected.ldentifying this subsetis
easierif we construct a graph, G, represeting the connectivity betweenthe di erent
regionsof C. G is constructed as follows: Add the set of verticesfrom V; and add
a vertex for eat region of C formed when none of the verticesin V3 are gateways.
Introduce an edgebetweena vertex assaiated with a region of C and a vertex from

V3 if the region cortains the vertex. Our goal now reducesto nding a subgraph,T,
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of G that is homotopy equivalert to C and cortaining all verticesof G. The edges
of G that are not included in T will correspnd to the splits of verticesin V;. If a
vertex of V3 is not split then it becomesa gateway. We chooseall but one boundary
componert of C and follow the regionsadjacert to eady componen, tracing edges
of G in this process.Include theseedgesinto T and then add enoughedgesto T in
order to ensurethat all verticesof G are included and no loopsare introducedin T.

Figure 3.13illustrates the useof G to determinethe gateways.

L]
J

(@)

(b)

()

Figure 3.13: Creating barriers in cortinents to ensure minimal and transversal inter-
sectionsbetween ascendingand descendingdisks: an illustration for a cortinent that has
three adjacert oceans. (a) Multiple descendingdisks could passthrough the cortinent.

(b) Compute graphs G and T. Vertices of G are shown as black disks and its edgesare
showvn in bold. Edgesbelongingto T are marked. (c) Split a vertex of Vs if its incident
edgesare not included in T.



After creating the barriersin C, we can construct the shortest-path treesrooted
at the highest point in the cortinent and route the circlesas explainedbefore. This
completessteps1.1 and 1.2. Note that in both caseswe make additions to normal
intervals and disks where appropriate to track the new elemerts. Notice that the A-
cyclesconstructedby this proceduremay passthrough someof the D-points. This is
in fact what typically happensat a vertex of G with degreegreaterthan two. When
this happens,the circlesare routed through the normal disk sothat they missall the
basepoints and intersect the paths inside the normal disk minimally. This routing
will be part of what determinesthe pairings of descendingarcsthat make descending

1-manifolds.

Steps 1.3 and 1.4: Starting and extending descending arcs. When > 0,
there is a descendingl-manifold dual to ead ascendingdisk starting at p. We start
a descendingarc for ead oceanby adding an edgefrom p to its lowest point. The
descendindl-manifoldsare then described by pairing thesearcs. The A-cyclesdivide
Lk p into regions,ead cortaining a singleocean. The descendingarcsfor two oceans
are then paired if and only if they are separatedby a single A-cycle. A basepoint is
addedto the normal disk of ead edgethat constitutes a descendingarc originating
at p. This normal disk could cortain a path represeting a descendingdisk started
at p into this ocean. The D-cycle correspnding to this descendingdisk divides Lk p
into two componerts and henceseparateghe descendingarcs paired with the onein
its oceaninto two sets. The path in the normal disk separateshe basepoints in the
sameway asthe D-cycle separateshe descendingarcs.

The ascendingdisks originating at p are also usedto tell us how to extend de-
scendingarcsthat passthrough p. This is more subtle becausethe ascendingdisks
can cut through the normal disk ass@iated with a D-point. The descendingarc is

routed into an oceanwithout causingany intersectionswith ascendingdisks.
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Step 1.5: Extending descending disks. We extend the procedure described
earlier for extending descendingdisks to the caseof multiple oceans.We start with

a D-path that could be one of v e typesas listed earlier. In the rst three types,
atleast one end of the D-path lies in an ocean. We extend the end(s) lying in an
oceanby a path to the lowest point in the oceanthereby creating a D-cycle. We also
add a path in the normal disk of any D-point that the extensionmeets. Each sudh
path in the normal disk will connecttwo boundary points and will not meetany base
point. If the D-path crossesn A-cycle, then both endsare extendedto lowest points
in the appropriate oceans. This extensionmight result in the creation of a spike in

which casea path connectingbasepoints is addedto the normal disk. Extending the
fourth type of D-path restricts it to the normal disk of a D-point creating a spike.
The oceancortaining this D-point is not separatedfrom the D-path by an A-cycle.
We createa path betweentwo new basepoints in the normal disk of this D-point. In

the fth and nal case,the D-path connectstwo basepoints in the normal disk of a

D-point represeting a previously createdspike. This spike is simply carried through.

3.4.3 Ascending manifold construction

We construct the ascendingmanifolds during a sweepof the 3-manifold in the direc-
tion of increasingfunction value.The constructionis similar to that of the descending
manifolds, except for the complications causedby the fact that the latter already
exist. The added constrairts are expressedn terms of barriers formed within ver-
tex links. Conceptually we rst construct the ascendingl-manifoldsby connecting
2-saddlego maxima and the intersectioncurvesbetweenthe descendingand ascend-
ing 2-manifolds by connecting 1-saddlesthat lie on the boundary of a descending
2-manifold to its source2-saddle. The intersection curves and ascendingarcs trace

the boundary of the quadranglesthat constitute the ascending2-manifolds. These
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quadranglescan now be lled in oneat a time. The algorithms performsall these

constructions simultaneously

As with descendingmanifolds, let's rst understand the constructionsone at a
time in the casewhereall critical points are non-degenerate.We will also suppress

the discussionof normal disks and intervals for now.

Intersection curv es and ascending arcs. Recallthat for a Morse-Smalgunction
on a 3-manifold, the intersectionbetweena descendingdisk D and an ascendingdisk
A is either empty or is a curve connectingtheir roots. From D's point of view, the
curve starts at a 1-saddleon its boundary and increasesstrictly monotonically until
it endsat its root. The Disk Invariant maintained during the construction of the
descendingdisks implies that the restriction of f to D has no critical points other
than the maximum at its root. To construct the curve, we thus start at the 1-saddle
and repeatedly extend the path by connectingits endpoint to the highest adjacen
vertex in the triangulation of D. The curvesstarting from various 1-saddleson the
boundary may meetbut newer crossand evertually end at the root of D. Two curves
from di erent descendingdisks may also meet, but these casesare resohed along
with the descendingdisks by simulation of an in nitesimal separationgiven by the
normal structures.

We start the two arcsof an ascendingl-manifold at every 2-saddle. The algorithm
Is similar to the one for descendingl-manifolds, exceptthat we now avoid crossing
any of the already establisheddescendingdisks. Considerthe D-cycle constructedin
the oceanfor starting the descendingdisk from a 2-saddlep. This D-cycle consists
of a tree along with two shortest paths from end points of a special edgee to the
root of the tree. Furthermore, ead descendingdisk that cortains p is extendedby
adding the path in this tree to its root, thereby forming a new D-cycle or extending

the D-path. In particular, no sud D-cycle or D-path cortains the edgee.
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Consider the connectedcomponerts of Lk p that are cut out by the D-cycles
and D-paths createdwhile extending the descendingdisks that passthrough p, not
including the D-cycle correspnding to the dist starting at p. Wewill call the closures
of thesecomponerts asthe slabsof p. Sincenoneof the D-cyclesand D-paths cortains
g, the slabthat contains e meetsboth cortinents. We start the two ascendingarcsby
connectingp to the highestpoint in ead cortinent that liesin this slab, making no
intersection with the disks descendingfrom above. If either or both of these points
lie on the boundary of a slab, then the ascendingarc is being constructed within
one or more descendingdisks and the choice of which way to route the arc will be

determinedby the normal disk.

Ascending disks. The lowest point of a quadrangleon an ascendingdisk is the
1-saddleat which the disk is rooted. This 1-saddleis connectedto 2-saddlesby two
cortinuous intersection curves emanating from the 1-saddle,and the 2-saddlesare
connectedto a commonmaximum along ascendingarcs. We construct the individual
guadrangles,which then t together to form the ascendingdisk. Eadch quadrangle
Is constructedin a processsimilar to the one for descendingdisks. In this case,the
frozenpart of the boundary occurswhenthe boundary of the quadranglemeetseither
an intersection curve or an ascendingarc. Edgesand vertices on these curves and
arcs are frozen, exceptfor the verticeswhere we transition from frozento unfrozen
edgeswhich are consideredunfrozen. The processalsomaintains the analogousDisk
Invariant with the inequality reversed.

Let p = p; be a 1-saddle. The ascendingdisk at p has already been prepared
during the descendingsweep. It meetsthe cortinent in a circle, which is cut into a
collection of segmets by the descendingdisks that passthrough p. The collection
of triangles containing p and edgesfrom ea sud segmeh from the initial portion

of a quadrangle. The endpoints of these segmelts lie on intersection curves. To
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discussthe extensionof an ascendingquadrangle,supposethat p is the lowest point
on its unfrozenboundary. In this case,the picture is similar to that of Figure 3.10
with the rolesof oceansand cortinents reversedi.e. the two points adjacen to p on
the boundary of the quadrangleeither both lie in the cortinent of p or onelies in
the cortinent and the other is frozenin the ocean. Thesepoints all lie in a single
slab. (This is in fact why we work with quadrangles!)In ead case,connectthe end
points in the cortinent to the highest point in the slab that cortains them, using a
shortest path tree that spansthe slab and is rooted at its highest point. With this
badkground, we are now ready to descrike the full construction.

Simultaneous construction.  We actually construct the intersection curves, as-
cendingarcsand ascendingquadranglesin a single passfrom bottom to top without
explicitly splitting multiple-saddlesinto simple ones. As before, we considera gen-
eral point p = p;, which is not a maximum or a minimum and has — + 1 oceansand
=1 + 1 cortinents and descrike the construction when we read p during the sweep.

We processp in six steps:

Step 2.1. Start 7; ascendingl-manifolds.

Step 2.2. Start T ascendingdisks.

Step 2.3. Start intersectioncurves.

Step 2.4. Extend ascendingarcsthat touch p.
Step 2.5. Extend intersectioncurvesthat touch p.

Step 2.6. Extend ascendingquadranglesthat touch p.

Thesestepsare illustrated in Figures 3.24-3.26for the examplethat we considered
earlier during the descendingmanifold construction.

The initial structure at p. Just asfor the descendingoass,whenwe arrive at the
point p during the construction of the ascendingmanifolds, certain structures will
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already have beencreatedin its link. As beforewe only care about those structures

that contain p (seeFigure 3.24).

The initial structure at p cortains all the elemerts of the nal descendingstruc-
ture. Additionally, it cortains three new elemens: ascendingarcs, ascendingdisks
and intersectionscurvesthat have comefrom below p. The ascendingarcsshav up as
points, called A-points, in the oceansof p. The ascendingdisksinteresectLk p along
paths whoseinterior verticeslie in the oceansand endpoints lie either in a cortinent
or on an ascendingarc in an ocean. We call these paths A-paths. The intersection
curvesappear assinglepoints in Lk p where A-paths intersect D-paths and D-cycles.
Figure 3.24 shavs an ascendingarc, depicted as a squarebox, lying on the A-path

that contains y.

Points describingascendingarcs and intersection curves have assaiated normal
disks. Thesenormal disks cortain more information than those encourered in the
descendingsweep becausethe disks now store both descendingand ascendingarcs
and disks. First of all, there are two types of basepoints, those for descendingarcs
and those for ascendingones. Secondly there are two types of paths, those that
descrike descendingdisks and thosethat describe ascendingdisks. All of thesemeet
the boundary of the normal disk in distinct points. Finally, the two typesof paths
intersectminimally and only at points that correspnd to intersection curves.
Steps 2.1 and 2.2: Starting ascending arcs and ascending disks. We start
an ascendingarc for ead cortinent by adding an edgefrom p to the highest point
in the cortinent, and create a normal disk correspnding to this edge. Thesearcs
are paired, by duality, with descendingdisks starting at p. Ascendingdisks starting
at p were preparedduring the descendingsweep. We now start constructing them
by adding in the triangles. In Figure 3.25 ascendingarcs are started at the points

labeled 7, 8 and 9. Ascendingdisks are descriled by the dashedlinesin the gure.
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Step 2.3: Starting intersection curv es. Start new intersectioncurvesby adding
the edgefrom p to points where the A-cyclesthat start ascendingdisks intersect
D-cycles or D-paths. At this stage of the construction, all of these points lie in
cortinents of p and particularly at a gateway. When this gateway is a D-point or
A-point, the intersectioncurve is represeted by an intersectionof an ascendingpath
and a descendingpath in the normal disk. If there are more than one of thesein the
normal disk, then we start an intersection curve for eath. When the gateway does
not lie at one of thesepoints, i.e. whenit was chosenasthe highestvertex of a path
connectingtwo oceansand did not coincidewith a D-point or an A-point, then we

start a new normal disk and store the intersection pattern in it.

Step 2.4:. Extending ascending arcs. Ead ascendingarc that touchesp eners
into its link in an oceanand hasan assaiated normal disk. The pathsin this normal
disk together with the D-paths and D-cycleslying within the oceansdivide the link
into slabs. We cortinue eat ascendingarc by adding an edgefrom p to the highest
point in the slab that cortains its entry point and the new edgeinherits the normal
disk. If a single normal disk corntains more than one A-point and theseare routed
to di erent A-points in the continents, then we split the normal disk alongthe paths
that separategshem and the di erent edgesnow inherit the individual sectionsof the

normal disk.

Steps 2.5 and 2.6: Extending intersection curves and ascending disks. We
rst descrike the extension of ascendingdisks. An A-path can be of v e possible
typessimilar to the D-paths while extending descendingdisks. In the caseswhere
atleast one endpoint lies in a cortinent, we connectit to the cortinent's highest
point using the shortest path tree that was constructed while preparing ascending
disks. During the processof extension,we avoid intersectionswithin normal disks

except at gateways. In the caseswhere one endpoint is an oceanic A-point, it is
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possiblethat the A-path intersectsa D-cycle or D-path. In orderto avoid this illegal
intersection, it is necessaryto add a spike starting from the oceanic A-point and
following the ascendingarc henceforth. For example, the A-path ending at y in
Figure 3.26intersectsa D-cycle. One of its endpoints is extendedto 8 and a spike is
addedtowards 7 to make the intersectionlegal. When the ertire A-path lies within
a normal disk of an A-point, it is carried on along with its assaiated ascendingarc.
No additional work needsto be done for the extension of intersection curves. We

recognizeand extend them along with the ascendingdisks.

3.5 Experiments

In this section,we report our experimertal results and discusspossibleways of using
Morse-Smalecomplexesfor the analysis of various datasets. We begin with a de-
scription of the datasetsand then discusstheir visualization using the Morse-Smale

complexand isosurfaces.

3.5.1 Datasets

We use synthetic data to illustrate the structure of the Morse-Smalecomplex and
demonstratetheir usein visualizing and analyzing scierti ¢ data from two di erent
application domains: cryo electron microscopy (cryo-EM) and crystal lattice dislo-
cation studies. All of our data is available as a tetrahedral mesh of the domain
with function valuesspeci ed at vertices. We add a dummy vertex at in nit y along
with new tetrahedra that have the boundary simplicesand the dummy vertex as
faces. This ensuresthat the input to our algorithm is a 3-manifold. We do this just
for corvenienceand to avoid treating the boundary simplicesas a special casein
ead step of the algorithm. Table 3.1 lists the datasetsalong with their respective
sizes.4pdist and 3mindist are syrthetic datasetsconstructed by sampling analytic
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functions within a unit cube. For the 4pdist dataset, the function is the prod-
uct of distancesfrom four xed points lying in the interior of the unit cube. The
3mindist datasetis constructed using a function de ned as the minimum distance

from three xed points.

dataset #v ertices | #tetrahedra

4pdist 1,728 7,986
3mindist 5,832 29,478
dislocation 32,768 178,746
dnaB 125,000 705,894
dnaB-dnaC 125,000 705,894

Table 3.1: List of datasetsusedfor evaluation.

Dislo cation data. The dislocation datasetcorntains results from atomistic simu-
lations of dislocationsin a crystal lattice. Atomistic simulation have beenvery useful
for studying the formation of complexjunction structuresin metals undergoingwork
hardening [12]. Ductile metals bend under tensile stressby performing lateral mo-
tions between planesof atoms. Studies of copper crystals reveal a large number of
mobile dislocations o wing through the solid that evertually collide with oneanother
to form permanen rigid junctions. If the junction density is su cien tly high, frac-
tures begin to appear becausethe solid can no longer bend through the dislocation
motion. The dislocation datasetis available as a potential energymap over a 3D

FCC lattice.

Cry o-EM data. Two of our datasetscortain cryo-EM imagesof macromolecules.
Thesedatasetsare freely available from the macromolecularstructure databasemain-
tained by the European Bioinformatics Institute [24]. Cryo electron microscoyy is a
technique usedto determine the structure of biological moleculeswherethe sample
Is suspendedin vitreous ice for imaging. The vitried samplesare transferredto an
electron microscope where they are imaged using low electron doses. The cryo-EM
datasetsare available to us asdensity mapsover a cubic grid. Higher density regions
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in the data correspnd to the biological moleculewhereasthe lower density regions
represehn the solution. Cryo-EM datasetsare consideredto have medium resolution
as opposedto high resolution data available from x-ray crystallography. The latter
providesatomic resolution data but is signi cantly moretime consumingto generate.
We usetwo datasets: the rst is a DNA helicasecalled dnaBand the secondis that
of a complex® between dnaBand another protein called dnaC. DNA helicaseis an
enzymethat unravelsthe DNA double helix and breaksthe hydrogenbonds. So, it
plays a critical role in the replication process.dnaBis the major replicative helicase
amongthe 12 presen in E-coli. dnaQs also a protein that plays a critical role in
the replication of DNA. It delivers dnaBto the site of action on the DNA template
by rst binding with DNA in solution to form a complex. The structure of dnaBand
dnaB-dnaGwere rst studied by a reconstructionfrom cryo-EM imagesof frozenand

hydrated molecules[83.

3.5.2 Visualization

The Morse-Smalecomplexhasarich structure in the presenceof numeroustopological

featuresand hencevisualizing it preserts the sameproblemsasin the display of the

raw data, namely that of visual clutter. Howewer, sub-structuresof the Morse-Smale
complexcan be displayed individually and e cien tly. We now descrike the di erent

sub-structuresthat can be visualized and demonstrate their use in analyzing our

datasets.

Ascending/Descending arcs. The ascending(descending)arcs we compute are

piecewiselinear curves between 2-saddles(1-saddles)and maxima (minima, respec-

tively) passingthrough edgesof the input mesh. It is di cult to perceive depth from

1The term complexis usedin this paper for two di erent ertities. Oneis a mathematical structure,
namely the Morse-Smalecomplex. The other is a biological ertit y, the dnaB-dnaCcomplex, that
denotesa molecule made up of a dnaBand a dnaCmolecule. The cortext determineswhich one
we refer to.
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a typical preseration of the arcs as a set of line segmets and so we display them
as thin tubes. Dierent descendingarcs might mergeat regular vertices but once
they do, all of them remaintogethertill they terminate at a minimum. This merging
property can be easily seenfor the descendingarcsin the 4pdist dataset (seeFig-
ure 3.14). In most datasets,there are certain regionsthat are more interesting than
others. Theseregionscould be in Euclidean or function space. We provide some
lters that allow the userto display arcs lying within sud regions. For example,
the usercan clip the arcsto thosethat originate from saddleswith function values
in a given range. A threshold arc length can be chosento clip away short arcsthat
typically represenm lesssigni cant topologicalfeatures. The usercan alsoprune away
the arcsthat spana short interval in the function space. This is akin to smoothing

of the function to remove minor perturbations. There is an interesting correspn-

Figure 3.14: Ascending and descendingarcs computed for the 4pdist dataset: The
descendingarcs are represerted ascylinders. All of them begin at the 1-saddles(cyan) and
end at the four minima (blue). Someof them mergeafter which they stay together till their
destination. The ascendingarcs are represerted as thin lines and they trace the edgesof
the cube beginning at 2-saddles(green) and ending at maxima (red).
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dencebetweenisosurfacecomponerts and the ltered ascending(descending)arcs.
Ead isosurfacecomponert enclosesat least one local maximum (minimum) and if
the ascending(descending)arcsare Itered at the correspndingisovaluethen we are
left with the skeletal shape of the isosurface. We found it usefulto work with this
skeletal shape while exploring the data. For example, we locate interesting isosur-
facesby progressiely ltering the arcsand nally extracting oneisosurfaceinstead

of multiple isosurfaces.

Figure 3.15: Atomistic simulations of dislocations emergingin a copper crystal under
stress. The simulation doesnot have any geometric model of the dislocations. Topological
analysiscan extract explicit represertation of the fractures createdin the crystal structure.
Left: an isosurfaceextracted from the dataset. Right: an explicit represenation of the
fractures in terms of ascendingarcs.

This density map in the dislocation datasetis from the nal time stepin the
atomistic simulation when fractures have appearedin the crystal. Howewer, there
is no explicit represemation available for thesefractures. The ascendingarcsin the
dislocation data abstract the fractures propagating through the copper crystal.
This explicit represetation enablesfurther quartitativ e analysisof the fracture. For

example, the number of connectedcomponerts, length, and spatial extert of the
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fracture can be computed.

Figure 3.16: Isosurfaces(rendered translucent) extracted from the dnaB(left) and
dnaB-dnaCcomplex (right) datasetsalong with the ascendingarcs clipped to valuesabove
the isovalue. The ascending arcs trace the ring-like shape in both datasets. The

dnaCmolecule attaches itself to one face of the dnaBmolecule. This, is re ected in the
isosurfaceextracted from the dnaB-dnaCcomplex but the tunnel is retained in the complex

as can be seenfrom the ascendingarcs.

dnaBhasa ring shaped hexamerstructure. The six subunits do not have the same
size. Three of them are signi cantly larger than the remaining. The two kinds of
subunits alternate around the ring. Also, the two facesof the ring-like moleculesare
di erent one having threefold symmetry and the other having a sixfold symmetry.
The shape of the dnaB-dnaC:omplexis alsoring-like, similar to that of dnaB. Each
one of the six subunits of dnaGnteracts with two subunits of dnaBand vice-versa.
So,the dnaGmoleculesits on the faceof dnaBthat hassixfold symmetry. The shapes
of thesemoleculeswere originally determinedby visually inspecting di erent isosur-
facesand determining an appropriate isovalue. Extracting and displaying multiple
isosurfacess a time consumingtask. Instead, we progressiely applied our lters on
the ascendingarcsin a much faster processand obsened that the ring-like structure
of the DNA helicaseis persistert over a sizeablerange of density values. Figure 3.16

shaws the correspnding isosurface.Figure 3.17 shows how tunnels in the isosurface
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correspnd to loopsin the ascendingarcsand whenthe tunnel opensup then sodoes

the loop.

Figure 3.17: Twoisosurfacesand ascendingarcsclippedat the corresponding isovalue for
the dnaBdataset. Note how the loopsin the ascendingarcsbreak along with the isosurface.
Possibly interesting isosurfacescan be located by exploring the data using their skeletal
shape traced by the ascendingarcs.

Descendingarcs exhibit similar behavior in datasetswherelocal minima capture
important features. We ervision the ascendingand descendingl-manifoldsas visual
aids for the exploration of volumetric data. Note that this complemers existing
approadeslike the cortour spectrum [8]. The skeletal shape can be generatedfor
isovalue rangesdeterminedfrom the cortour spectrum.

Ascending/Descending disks. The ascending(descending)disks we compute are
piecewisdinear surfacespassingthrough the triangles of the given mesh. Theseare
indeed displayed as triangle meshesthat are possibly translucert to shov occluded
regions. The boundary of eat ascending(descending)disk consistsof a collection of
ascending(descending)arcsand their correspnding nodes. The tube represemation
of arcs can be usedto highlight the boundary of the disks. Figure 3.18 shavs an
ascendingdisk originating from oneof the saddlesin the 3mindist dataset. Note the

two descendingarcsstarting from this 1-saddledual to the ascendingdisk. The disk
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is actually a collection of quadranglesfrom the Morse-Smalecomplex, namely the
onescortaining the above 1-saddleand neighboring maxima as nodes. The ascend-
ing/descendingdisks can be usedto annotate particular isosurfacesaswell. This can
be done e cien tly by computing the intersection of the disks with an isosurfaceas

an isocortour over the disk.

Figure 3.18: Visualizations of a function de ned asthe minimum distance from a set of
three points (0:25; 0:5; 0:5), (0:5;0:5; 0:5), and (0:75; 0:5; 0:5) within a unit cube. Assume
a minimum at in nit y connectedto all points on the boundary. The critical points are
displayed as small spheresin blue, cyan, green, and red for minima, 1l-saddles,2-saddles,
and maxima respectively. The edgesin the interior are the descendingarcs going between
1-saddlesand minima. The ascendingarcs are on the boundary connecting 2-saddlesto
maxima. The gure on the left shavs an isosurfacewith three componers about to merge
at two 1-saddles. The gure on the right shons an ascendingdisk originating at one of
these 1-saddles.

Critical points. The nodesof the Morse-Smalecomplexrepresen the critical points
(singularities) of the function. They cortain information about the local features
in the data. We display the four types of critical points as color coded spheres.
Figure 3.18 shaws the critical points in 3mindist . There are 3 minima (the fourth
IS at in nit y), 16 maxima lying along the edgesof the cube, 16 1-saddles,and 28
2-saddles. Clearly the number of critical points can be substartial even for sut a

simple dataset.
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3.6 Discussion

This chapter introducesthe Morse-Smalecomplexfor a function over a 3-manifold
as a decompsition of the 3-manifold into crystals with quadrangular faces. It also
givesan algorithm to construct a quasi Morse-Smalecomplexfor a piecewiselinear
function that guararteesstructural correctness.Letting n be the number of vertices
in the input triangulation, the running time is proportional to nlogn plus the sizeof

the input triangulation plus the total sizeof the output.

Variousinteresting issuesremain open. We can transform the quasiMorse-Smale
complexinto the Morse-Smalecomplex by applying a sequenceof operations called
handle slides. As descriked for 2-manifoldsin [30], using this approat we obtain a
Morse-Smalecomplex that is numerically as accurate as the local rerouting opera-
tions usedto cortrol handle slides. For 3-manifolds, it is unclear how to nd and
order the handle slidesthat bring us closerto the Morse-Smalecomplex. In the pre-
vious section, we note the presenceof substartial number of critical points even for
simple datasets. Therefore,it is clearly usefulto have a hierarchical represemation of
the Morse-Smalecomplexwhile working with large data sets. In the past, numerical
methods [48, 61, 63, 99, 100 have beenusedon vector elds to generatesimpli ed
models of the ow topology introduced by Helman and Hesselink[50]. Thesemeth-
odstypically clusterthe critical points basedon the given ltering parameterand use
onecritical point to represen ead cluster. This approad is proneto computational
errors at various stagesof the simpli cation, which is the reasonwe prefer to follow
the approad of Edelsbrunneret al. [30] and Bremer et al. [11] to get a combinatorial
algorithm for computing the hierarchy followed by a numerical algorithm to con-
struct the monotonic regionsof the simpli ed Morse-Smalecomplex. The hierarchy

is createdby performing a sequencef cancellationsof pairs of critical points ordered
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by their topological persistence[31]. Extending this cancellation procedureand its

geometricrealization to 3D is a challenging problem.

Figure 3.19: Initial structure whenthe algorithm reachesp in the downward sweep: The
gure shows Lk p with three oceansand three cortinents. One of the cortinents is shovn
asthe unbounded exterior. Sewen D-paths and four D-points are presen in the continents.
The D-points are numbered 1, 2, 3, 4 and their normal disks are shovn on the right. The
basepoints in the normal disks represen descendingarcs passingthrough.
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Figure 3.20: Starting descendingdisks and arcs: Two circles are constructed passing
through the lowest point a in the ocean. The two marked edgesare added to the shortest
path tree to form the circles. The normal disk attached to the D-point a has two paths
represetting the two disks. Three descendingarcs are started as edgesto the lowest point
in ead ocean. Thesearcs are not yet paired to determine the descendingl-manifolds.

Figure 3.21: Preparing ascendingdisks: Two circles (dashed) are constructed in the
continent to separatethe three oceans. Thesecirclesintersect existing D-paths at gateways
(shown as squares). The two marked edgesare added to the shortest path tree rooted at
the highest vertex, 7, in the cortinent to form the circles. Base points are added in the
normal disks of a; b;c and labelled to represer the pairing og descendingarcs. Both dashed
gi_rckles passthrough the D-point 3 twice and henceshaowv up as four paths in its normal

isk.
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Figure 3.22: Extending descendingarcs: Descendingarcs ending at p and passing
through D-points 2; 3;4 are extended to the lowest point a in the adjacert ocean. Note
that extension of thesearcsto b or c will causean illegal intersection with an ascending
disk.

Figure 3.23: Extending descendingdisks: All D-paths are extended towards the lowest
point in the oceanby following the shortest path in the tree. Paths corresponding to these
extensionsare added to the normal disks of a and b. Note that the path between2 and
2 is carried through to a.

Figure 3.24: Initial structure when algorithm reacesp in the upwards sweep: Three
A-paths and two A-points (y and x) are presert in the oceans. Note that x is actually a
basepoint lying in the normal disk of a.
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Figure 3.25: Starting and extending ascendingarcs: Three ascendingarcs are started
towards the highest vertex in ead continent (7;8;9). The two continents corresponding to
paired arcs are separatedby one of the circlesin the ocean. The ascendingarcs ending at
p are extendedto a cortinent without causingany illegal intersections.

Figure 3.26: Extending ascendingdisks: The three A-paths are extended towards the
highestverticesin the appropriate corntinents usingthe path to the root in the shortest path
tree. This introducesnew paths in the normal disks of 7;8; and 3. A spike is introduced
to prevent an illegal intersection betweenone of the descendingdisks starting at p and the
ascendingdisk represetted by the A-path betweeny and 8. This spike is represeried within
the normal disk of 7 by the path betweenbasepoints 78 and y.
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Chapter 4

Scalar Function Comparison

In this chapter, we introduce a measurefor comparing scalar functions de ned over
a commondomain. We beginthe chapter by explaining the useof sud a comparison
measure. We then de ne our measure,give algorithms to compute it and descrike
how we useit in our visualization software for studying scierti ¢ datasets. We end

the chapter with someideasfor future work.

4.1 Intro duction

4.1.1 Motiv ation

Sciertists try to understandphysicalphenomenaby studying the relationship between
multiple functions measuredover a region of interest. For example,the temperature,
volume, pressuredistribution etc. canbe usedto predict the ow behavior of a uid.

Someof thesefunctions may be redundart i.e. two or more functions have similar
behavior and henceit is enoughto study one of them. The redundart functions
may be Itered out provided they can be detected, say by using a measurethat

compareslocal similarities. Another application of sud a measurewould be in the
study of time-varying functions. For example, distributions of hydrogen, oxygen,
and other gasesare measuredat various time steps during a combustion process.
Ideally, we would want ne discretization of the time scalewhenthere are interesting
changesn the function and coarsediscretization otherwise. A graph plot of ameasure
that comparesfunctions at successig time stepscan help identify interesting time

stepsand henceguide the level of discretization. Another exampleof a time-varying
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function is when we have data from multiple computations over the period of a few
yearswhen the software is being modi ed and di erent versionsof the code usedto
producethe output. A comparisonmeasurebetweenoutputs from successig versions

of the code could identify signi cant changesmadeto the software.

4.1.2 Approac h and Results

introduce new local and global comparisonmeasureghat comparethe gradierts of
the functions. The averagevalue of the local measureover the d-manifold speci es
a global comparisonmeasure (F). For the casewhenk = d = 2, we descrile
alternative formulations of the measurein terms of the Jacobiset[27], which consists
of the critical points of one function restricted to the isocortours of the other. We
alsodescrile a visualization tool for exploring datasetsthat cortain multiple, possibly
time-varying, function. Weillustrate the local and global measuredy applying them

to both synthetic and scierti ¢ datasets.

4.1.3 Related Work

We compare our measureto two concepts: the correlation coe cient and Earth
mover's distance. The correlation coe cient is a standard and popular statistical
measureusedto determineif two setsof valuesare linearly related by comparingtheir
deviations from the respective meanvalues[33, Chapter 8]. When two functions are
sampledat discretepoints, the correlation coe cien t is computedas

Pn
5 =i x) Lyi oY)

% = F o
C L6 x?) C L vd

©

wherex;;y; are the correspnding valuesof the two functions and x; y are the mean
valuesof the two functions. Two functions have a high correlation coe cien t if they
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deviate consistertly from their respective mean valuesi.e. if one function takesa
value closeto its mean then so doesthe other function at the samepoint on the
domain. Howeer, this measureis unsuitable to identify local similarities, because
connectivity information is not recordedin its computation. The de nition for %
can be extendedto multiple functions in a straightforward manner. Note that the
correlation coe cien t is a global measureand there is no notion of a local comparison
of the functions ascomparedto our measure.Our measureinstead usesthe gradierts
for comparingthe local variation of the functionsand usest to de ne a globalmeasure
aswell. The correlation coe cien t candetermineif the functions co-vary positively or
negatiwvely. If the functions are positively correlated over someregionsof the domain
and negatively correlated over other regions,then the correlation coe cien t attains
a value near zeroand the functions are reported asindependen. Our measureis not

ableto di erentiate betweenpositive and negative co-\ariation.

The correlation coe cien t givesequalweigh to all points on the domain whereas
in many applications we want to match the featuresof the functions alone. These
featuresare typically speci ed by the critical points. The Earth mover's distance,
introducedby Rubner et al., computesthe distancebetweenthe critical points of the
two functionsunder a specialmetric andis thereforea measurehat comparesonly the
features. Giventwo setsof critical points, oneis consideredasa massof earth spread
in spaceand the other asa collection of holesin that samespace.The Earth mover's
distance measuresthe least amourt of work neededto Il the holeswith earth. A
unit of work correspndsto transporting a unit of earth by unit ground distance. The
ground distancemeasuremehdependson the problemat hand. Originally introduced
for comparing color patterns [82], it has been since usedin modi ed forms for a
variety of applications like cortour matching [40], object tracking [108, polyhedral

shape matching [95], and for comparingvector functions [9, 60]. Nearnessunder the
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Earth mover's distance does not require similar featuresto be presen within the
sameregion of the domain. Therefore, it doesnot capture local similarity the way

our measuredoes.

4.2 The Measure

Considerk scalarfunctions de ned over a d-manifold: F = (f1;:::;f,) : M9 1 Rk,
We rst introducek-formsandthen usethemto de ne a comparisonmeasurebetween
the k functions. For a more detailed introduction to k-forms, we refer to the book

by Weintraub [104.

421 k-Forms

The expression

@, @. @

df; = —dxy+ —dx, + + ——dXxy

@, @ @y

is calleda di er ential 1-form (or simply a 1-form) in d variables. The 1-form s very
similar to avector eld. In fact, we cansetup a correspndencebetweenthe two sut
that the gradiert of f;, r f;, corresppndsto df;. The notation is powerful becausewne
can now talk about higher degreeforms, which also have correspnding vector elds
but theseare more cumbersometo descrite. A walgeproduct df ; * df , betweentwo

1-formsgivesa 2-form. The wedgeproduct canthus be usedto generatea k-form:
df (A df o™ oA dfy:

This k-form can be written in terms of the basisof the assiated S -dimensional
vector space:

X
df ;A df, A i~ dfy = [

1 i1< <ig d
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@Il @iz @Ik
We de ne the norm of the k-form as
S —x
kdf g~ dfo ™ i~ dfg k= 12, o

1 i1< <ik d

4.2.2 Denition and Prop erties

For adomainD M we de ne the comparisonmeasureover D as the normalized
integral of the value of the k-form,

Z
p(F) = kdf; A df,~ 2~ df k =vol(D):

x2D

We obtain the glolal comparison measure as (F) = y(F) andnotethat O (F) <
1 . We may alsoshrink D toward a point x 2 M and obtain the value L(F) in the
limit This furnishesthe local comparison measure, which is the function :M! R
dened by (x) = «(F). Note that the global measureis the averagelocal measure:

Z
(F) = (x) dx =vol(M):

x2M

Using this relationship we can deduceproperties of the global from properties of the
local measure.The local comparisonmeasurecan be evaluated directly at a point as

the norm of the k-form

S —x
(x) = 12

1 i1< <ig d

94



For example,if we have k = 2 functions on a 2-manifold enbeddedin R?, then (x)
is the length of the cross-praluct of the two gradierts at x.

The comparisonmeasuresatis es a number os useful algebraic properties. How-
ewver, it doesnot satisfy the triangle inequality. This canbe easilyseenfrom a courter
examplefor the casek = 2. Let g be a constart function over M. This implies

(f1;09) and (g;f,) areequalto zerowhereas (f;f,) canattain an arbitrarily large

positive value.
1. Symmetry (i f 0t = Confyriinfii).

2. Degeneracy (F)=0ifdf; =df; forl i6] k.

5. Sub-multiplicativity ; Voi(M) (Fy o) (Fien; o

The degeneracyscaling,and symmetry propertiesfollow immediately from the de ni-
tion. The wedgeproduct is bilinear. Therefore,the k-form (d(f 1+ g;)" df ;A df )
can be written asa sumof (df ;~ df ,” :::” dfy) and (dg, ~ df o @21~ dfg). Writing
out the expressionfor the norm, we can seethat the sub-additivity property holds
for (x) at ewvery point on the d-manifold and hencefor (F).

The proof of the sub-multiplicativit y property requires more work. We look at
the special casei = 1 in detail. We shaw that (f1;:::;fk) «(f1)  x(foriii:fy)
for every point x 2 M. To this end, we dewelop eat determinart ! j, ...

rst row. Writing r for the sequenceof k indicesfrom 1;2;:::;d, we get

X
Leo= ()BT g

S
where s rangesover all indicesin r (or subsequence®sf r of length 1), § is the
complememary subsequencefk 1indicesfromr, 1 +(s) jrj is the position of
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sinr,! s denoteselemerts in the rst row and! ¢ denotesthe correspnding minors.

Squaringthe determinart and summing over all choicesof k indicesfrom 1;2;:::;d

we get
2
X X
12 = (1) g 1

r r S

R 2 2 A + t
= 1212+ (1) O Org g 1y 1y

r S r sét

Let A denotethe secondsum. We rewrite this sum, A, over the crossterms by pairing
I s with ! ¢ instead of ! . Note that the sequence cortains s. Given two disjoint
sequences, and , we combine them by sorting the indicesobtained from the union
and denotethis new sequencéy ; . Let m be a subsequencefk 2 indicesfrom
r. We expressf' asthe union of indicesin s and m to get
X X
A = ()& Oreren Ty e

r s6t
s;tm=r

that is not contained in a. In orderto getan upper bound on the above sum, consider

the following sum of squares:

X X
B = (1 bia(b) | b ! ba
a b
X X , X X
= o lbat (1) e® Oy 1p, 1o ea
a b a béc

by merely expandingthe squares. In the next step we extract all terms cortaining
121 u dand thereforeswitch the order of the summationin the rst sum. We

switch the order of summation in the secondsum as well. b;c;a forms a sequence
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of length k. Denoting this sequencesr, we reorganizethe terms as a sum over all

sequences. m;s andt replacea;b and c respectively.

X 2 2 X X + t) 1
B = 121z + ) A ANAC N R IR [P I
u;a r s6t
s;tim=r
X
= r21z, A
u;a

Note that either ha(b) = ((s) 1lor ca(p) = ((t) 1dependingon whetherthe

indexin the sequencdis greateror smallerthan the onein c. SinceB is non-negatiwe,

we have
X 2 2
A I u I u,a
ua
P | 2
Therefore,we get an upper boundon ! 7, namely
X 2 X X 2 2 X 2 2
! r ! S ! 8 + ! u ! u;a
r r S u,a
! !
X X
= | 2 |2
“u "V
u \

letting v rangeover all subsequencesf k 1 indicesfrom 1;2;:::;d. This is because
aterm! 2 |2 appearseitheras! 2 ! 2 if u and v do not have any commonindices

oras! i !z, otherwise. Becausethis inequality holds for all points x 2 M, we have
(fy;:::;fk) vol(M) (f1) vol(M) (fz;:::;fk) vol(M);

which implies the sub-multiplicativit y of for the casei = 1.

4.2.3 PL Algorithm

In practice, functions are measuredat discrete points in the manifold and linearly
interpolated within simplicesin a triangulation of the manifold. In sud a setting,
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(F) is computedin a loop over the d-simplicesin the triangulation. Sinceall func-
tions arelinear over a d-simplex, their di erentials are constart within the d-simplex.
The norm of the k-form is evaluated at a point within the d-simplex directly from
the formula and weighted by the volume of the d-simplex. We divide this weighted

sum by the volume of the triangulation to get (F).

4.3 Jacobi Set Interpretation

In this section, we give an alternate interpretation for our comparisonmeasurein
terms of critical points of the functions. We have a result only for the casewhen
k = d= 2. We beginwith an introduction to Jacobi sets,which play an important

role in this alternate interpretation.

4.3.1 Jacobi Sets

The Jaoobi set of two Morse functions de ned over a common 2-manifold is the
set of critical points of the restrictions of one function to the level setsof the other
function. For agenericpair of Morsefunctions, the Jacobisetis a smoothly embedded
1-manifold. Equivalently, the Jacobi set is the set of points where the gradierts of
the functions are parallel and is hencesymmetric with respect to the two functions.
The Jacobi set of two Morse functions, f and g, is denotedby J = J(f;g) = J(g;f).
We think of piecewisdinear functions asthe limit of a seriesof smaoth functions and
usethis intuition to transport the de nition of Jacobi setsfrom the smooth to the
piecewisdinear setting.

Now, let f and g be two piecewiselinear functions de ned over a triangulation
of a 2-manifold. The Jacobi set of the two functions is a one-dimensionalsubcom-
plex of the triangulation that can be thought of as the limit of Jacobi setsfor the
correspnding pairs of smooth functions. The algorithm iderti es edgedying on the
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Jacobi set and returns the union of theseedges.Ead edgeabis individually classi-
ed to bein the Jacobisetor not by determining if it is critical with respect to the
function h = f + g, wherethe value of the parameter is given by the condition
h (a) = h (b). Criticalit y testing of an edgeis donesimilar to that of a vertex namely,
basedon the structure of the lower link of the edge. In a 2-manifold, the link of an

edgeconsistsof two vertices. The function IsJa cobi doesthe criticality testing.

integer IsJacobi (Edgeab
f(b) f(a).
9(a) g(b)’

Let x; y be verticesin Lk aly

if (h (x)<h(a)andh (y) < h (a)) then return Maximum endif
if (h(x)>h(a)andh (y) > h (a)) then return Minimum endif

return Regular

Jacobi setswere introduced by Edelsbrunnerand Harer [27] and we refer to their

paper for detailed proofs of the assertionsand the algorithm.

4.3.2 Alternativ e Form ulations

Considertwo Morsefunctionsf;g: M2 ! R. Assumingthat M? is embedded in R3,
we rst rewrite k df ~ dg k asthe length of the crossproduct betweenthe gradierts

off andg. (F) isequalto

R
comz KT T0O 1 g(x) kdx,

(f;0) Ix

x2M?2

We now rewrite (f;g) asan integral over the Jacobiset, which canalsobe expressed

asthe set of critical points of f restricted to level setsof g. Let v be a point on the

LAll results in the paper hold without this assumption as well becausethe tangernt plane at eah
point in M? can be embeddedin R®. Howewer, notation required to represen the gradients and
their di erent embeddingsbecomestoo cumbersome.
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Figure 4.1: UV and VW are two strips on M? connecting subsetsof the Jacobi set.

Jacobi set and let u;w 2 J be its neighbors along the isocortour g (g(v)). By
de nition, v is either a maximum or a minimum of the restriction of f. If vis a
local maximum of f restricted to g (g(v)), then u and w are local minima. Let V
be a connectedsubsetof J cortaining v sud that the neighbors of points in V along
isocortours of g form two connectedsubsetsU and W, of J (seeFigure 4.1). M? can
be partitioned into strips like UV and VW that are union of isocortour segmets
connectingpoints in V with thoseof U and W respectively. kr f  r gkisequalto
the product of kr 1(qf kand kr gk, wherer 1f (p) is the directional derivative
of f at the point p alongthe tangert to the isocortour g (g(p)). This is because
r v(gf Is exactly the projection of r f in the direction normal to r g. The integral

ofkr f r g k over the strip UV can be expressedas double integral to give

z z
krf(x) rgx) k

x2UV x2UV
Z Z

= Kr rgf (xX) k kr g(v) kdv:

v2V X2uw

Kr t@f (x) kkr g(x) k dx

Here, uw is the section of the isocortour g *(g(v)) betweenu and w and passing
through v. f is monotonicalongthe isocortour and sothe inner integral is computed
as the di erence betweenthe valuesthat f ewaluatesto at u and v, the boundary

points.
Z Z
krf(x) rogx)k = jf(v) f(u)j kr g(v) kdv:

x2UV v2V
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This equality holds for the strip VW also. Adding the integrals over UV and VW,

we get
Z Z
kr f(x) r g(x) k + kr f(x) r g(x) k dx

x2UV Xx2VW

Z Z

= jf(v) f(u)j krg(v) kdv+ if(v) f(w)] kr g(v) kdv

v2V v2V

Z

j2t(v) f(u) f(w)j kr g(v) kdv:

v2V
The sum of integrals over all sud subsetsV of J is equalto the sum of integrals of
krf r g k over the correspnding strips UV and VW. The latter sum equals
twicethe integralof kr f  r gk over M? becauseesad strip is courted twicein the
above sum. We now have our secondformulation for (f;g) namely

R
v2ol2 (V) F(u), f(w)jkrgv) kdv

2 dx (4.1)

(f;9 =

x2M?2

where u;w 2 J are neighbors of v along g *(g(v)). This formulation shaws that

(f; g) capturesthe deviations of one function over isocortours of the other.

We now derive a third formulation again as an integral over the Jacobi set. We

split the integral over J in Equation (4.1) into two integrals:

Z
j2t(v) f(u) f(w)j kr g(v) kdv

v2J

y y
if(v) fQu)jkrgv)kdv+  jf(v)  f(w)j kr g(v)kdv

v2J v2J

Eadh point in J is courted four times, twice in ead integral. The sum of these
two integrals can written as one integral by introducing a sign function to give a

formulation of (f;g) that doesnot useany explicit pairing alongthe isocorntours:

sgn(vz?f (v) kr g(v) kdv

. _ 2 v2J
(f:g) = ™

4.2)

Xx2M?2
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1 if visamaximum of f in g (g(Vv))

wheresgn(v) = 1 if vis a minimum of f in g (g(v))

Each genericlevel set g (t) is a collection of topological circles and f restricted
to this level set has equally many minima and maxima. Letting k be this common
number, we form a pairing f(ui;vi) j 1 i kg betweenthe minima u; and the
maximav; sud that f (v;) f(u;) > O for all i. We further dewelop the integral in
Equation (4.1) to nd aformulation in which the pairing directly relatesto a ranking

of thesecritical points. Writing perqu;) = perqv;) = f(vi) f(u;), we get

R
w2 Rpers(v) dg_

(f;0) ix

(4.3)

x2M?2

Indeed, Equation (4.1) is a special casein which the integration is done over two
pairings of the points in the Jacobiset. A moremeaningful(single) pairing is obtained
using the concept of persistet homology [31]. It is easyto explain for a Morse
function f, : S' ! R, which has equally many minima and maxima. Sweepingthe
circlein the direction of increasingfunction value, we get a new componert wheneer
we passa minimum and we mergetwo componers wheneer we passa maximum,
exceptthat we completethe circle whenwe passthe last maximum. Each componert

is represeted by its oldest minimum (the onewith smallestfunction value).

Rule 1. If a maximum mergestwo componerts we pair it with the younger of the
two minima represeting the two componerts. The older minimum stays on to

represemn the mergedcomponert.

Rule 2. The last maximum is paired with the rst minimum.

The persistences a notion of importance of a critical point that hasfound usein a

number of applications involving smaoth functions, seefor example[2, 13, 30.
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4.3.3 Alternativ e Algorithms

The alternative formulaefor alsoleadto algorithms that compute (f;g) for piece-
wise linear functions f and g on a triangulation K of M. We rst descrile an

algorithm that follows directly from Equations (4.2).

Integral over Jacobi set. In the piecewiselinear setting, the integral over J in
Equation (4.2) becomesa sum over all edgesin J. The cortribution of an edgeto

(f; g) cannow be expressedn a closedform becausd varieslinearly over the edge.
Let a;b be the end points of an edgein J. IsJacobi (ab) classi esan edgeab?2 J as
a maximum or a minimum. The cortribution of the edgeis equalto % (f(a)+ f (b)
joa(b) g(a)j if the edgeis a maximum and is equalto % (f(a)+f(b) jo(b g(a)j
if the edgeis a minimum.
Isocontour sweep algorithm. We needto sweepK in the direction of increasing
valueof g, maintaining the level set,g (t) in orderto implemert both Equations(4.1)
and (4.3). An edgein the Jacobisetis identi ed usingthe IsJa cobi subroutine. We
can then usethe persistencealgorithm to compute pergv) for all critical points v
of g 1(t), which are the intersection points betweenthe level set and the Jacobi set.
Howewer, in order to implemert (4.3), we needto identify the level setsof g where
the persistencepairing changes. This is unclear and we mertion this problem as
future work. The characterization of when the pairing changesis easierin the case
of Equation (4.1). Beforedescribingthe implemertation of Equation (4.1), we derive
its analogousexpressionin the piecewisdinear setting.

A connectedsubsetof an edgein the input triangulation is called a segment

The end points of a segmeh on a given edgecan be speci ed by the value of the
function g becauseit is linearly interpolated within the edge. The Jacobi set of

two functions de ned over a triangulation of a 2-manifold consistsof critical edges
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of the triangulation. Ead point v 2 J is paired with two other points u;w 2 J
namely the critical points of f restricted to g *(g(v)) that are adjacen to v in the
isocortour. We call (u;v) and (v;w) asJ-pairs. Extending this conceptto segmets,
if s andt are segmeis on J whosepoints form J-pairs then we call [s;t] a sgment-
pair. Figure 4.2 shavs two componerts of J and a few segmenrpairs. Note that two

segmefpairs have at most one commonJ-pair. (f; Q) is expressedas an integral

Figure 4.2: [g(a);9(p)] and [g(b); g(g)] are a segmett-pair within the samecomponert
of J and [g(b); g(x)] and [g(c); g(y)] are a segmetpair betweendi erent componerts of J.
The solid lines are componerts of J and the dashedlines are the isocortours.

over J in Equation (4.1). We split this integral into two asbeforeand rewrite it asa

sum over all segmeftpairs:
Z
2 jf(v) f(u)j kr g(v) kdv
(u;v)2P
x Z
= 2 jf(v) f(u)j kr g(v) kdv

[s:t]2 Ps u2s;v2t

(f;0)

whereP is the set of all J-pairs and Ps is the set of all segmefrpairs. Ead J-pair
is courted twice in the integral over J and hencethe factor 2 in the integral over
P. The integral over a segmefpair can be rewritten using the meanvalue theorem

becausef and g vary linearly within a segmen
Z

jE(v) fu)j kro(v)kdv = jfna(s) fmia(t)j gt):

u2s;v2t;[s;t]2 Ps
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Here, g(t) is the di erence betweenthe valuesof g at the end points of segmen t

and f 4 (s) denotesthe value of f at the midpoint of segmen s.

Determining the segmenpairs is an important step in ewvaluating (f;g). The
topology of the isocontour changesas we sweep the manifold using isocortours of
g with increasingisovalues. At any stageof the sweep, a segmeh of J could start,
stop, or cortinue to intersect the current isocortour. The rst two events happen
only whenthe isocortour passedhrough a vertex. We are now ready to descrite the

isocontour sweepalgorithm.

We compute (f;g) by maintaining a list of segmetrpairs that intersect the
current isocortour during the sweep. The sweepis doneby traversingthe vertex list
sorted on the value of the function g. The cortribution of a segmefpair is added
when it stopsintersectingthe current isocortour. The processingdone at eat step
of the sweepdependson the con guration of the upper and lower stars of the current

vertex v with respect to the function g.

Regular : The newedgeghat the isocontour crosseswvhenthe sweeppasseghrough
a regular vertex are exactly the onesin the upper star. If J does not pass
through the vertex then there is nothing to do. If it does,then at least one
segmeipair stops intersecting the isocortour. For ead one of the segmet:
pairs that is destroyed, we add its cortribution to (f;g). Figure 4.3 shows
a scenariowhere the segmeftpair [a;b] is deletedand two new segmeftpairs

[a% x] and [y; ] are insertedinto the list of segmen-pairs.

Minimum : J passesthrough the minimum by de nition. No segmeh pairs are
destroyed becausehe isocortour doesnot intersectany edgesin Stv beforethe
sweep past the minimum. At least two segmeftpairs are born and we insert

them into the list. Figure 4.4 shows the neighborhood of a minimum after the
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sweepcrossest.

Maximum : J passesthrough a maximum by de nition. We compute and add
cortributions of the segmeipairs that are destroyed and deletethem from the
list. Note that no segmenpair is born becausethe isocortour componern is

destroyed as we sweeppast the maximum (seeFigure 4.4).

Saddle: Figure 4.5 shows the neighborhood of a saddle before and after the iso-
contour sweepspast the vertex and how the connectivity of the isocortour
changes. The changein connectivity destroys somesegmenpairs and intro-
ducesnewones.In addition, other segmeftpairs could be createdor destroyed
by segmets of J passingthrough the saddle. The new segmefpairs are in-
serted into the list and corributions of the segmenrpairs that get destroyed

are addedto (f;g) beforethey are deletedfrom the list.

Figure 4.3: The segmeipairs before and after the isocontour passeshrough a regular
vertex. The dark line is a portion of J passingthrough v, the dashedline is the isocortour
and the dotted lines are edgesof the lower link.

(f;g) is computed as the sum of cortributions from ead segmenpair at the
end of the sweep. There are a couple of issuesthat needto be handledin practice
which, if neglected,couldleadto erroneousresults. The rst onedealswith consisten
handling of boundary edgesand the seconddealswith degeneracies the data. The
former can be easily handled while the latter requiresa non-trivial solution. We
discussthe former issueand descrile how to handle degeneracien Section4.3.5.
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(@) (b)

Figure 4.4: The segmefttpairs after the isocontour passeshrough a local minimum (a)
and local maximum (b). The dark line is a portion of J passingthrough v, the dashedline
is the isocontour and the dotted lines are edgesof the lower link.

Figure 4.5: The segmeipairs before and after the isocontour passesthrough a 3-way
saddle. The dark line is a portion of J passingthrough v, the dashedline is the isocontour
and the dotted lines are edgesof the lower link.

A basic assumption we make is that ead point in J has a pair. This is true
if our domain is a 2-manifold. But, often the input functions are de ned over a
surfacemeshthat hasa boundary. The isocortours in suc a casemay no longer be
closedl-manifolds. One way to resole this issueis to introduce verticesat in nit y
correspnding to ead boundary componert and add simplicescortaining boundary
simplicesand the new vertices as faces. This modi ed the domain to becomea 2-
manifold. A drawbad of this approad is the increasein number of simplicesto be
processed. Instead, we simulate this construction by including the edgeslying on
the boundary into J. Theseedgesare paired only in one direction i.e towards the

interior.
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4.3.4 Local Contributions

(f ; g) canbe computedusingthe de nition or by implemerting oneof the alternative
formulae. We de ne functions expressthe cortributions to (f;g) from triangles
in the meshor edgesin J as the casemaybe. The cortribution from triangles in
the meshto (f;g) equalsthe areaof the triangle times ,(F) for a point x lying
inside the triangle.  assignsthis value to ead triangle t. Eadh edgein J consists
of multiple segmets ead of which cortribute to (f;g) whenit is computed using
Equation (4.1). ~ assignghe sumof cortributions of thesesegmets to the edgein J.
Theselocal cortributions help rank the Jacobisetedgesand trianglesin the manifold
based on their importance. Visualizing these functions helps idertify interesting
regionsof the manifold. The cortributions from the Jacobisetedgesto (f;g) when
computed using Equation (4.2) are not usefulin this respect becausethey could be

negative aswell.

4.3.5 Handling Degeneracies

Degeneracieshould be handled consistertly for a correctimplemertation of the al-

gorithms descriked in this chapter. In the genericcase,

1. No two verticeshave the samefunction value and

2. No vertex in the link of an edgeab hasthe samevalueofh (= f + g) asthe
edge. Here, the value of the parameteris computed by determining when ab

becomeshorizontal i.e. h (a) = h (b).

The degeneratecaseshave to be handled while computing the lower link in IsJa-

cobi. We resole the degeneratecasesby simulating a perturbation sthemesimilar
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the value of the functionsf and g at vertex i of the triangulation. We perturb both

functions as follows:

with ;= 2; ;= 27%i=1:::;n
for a suitably small but positive value of . Clearly
15> ,>> 1I>> [ >> >> ,>> 1i>>

Let abbe an edgeand v a vertex in its link with 1  a< b< v n. The value of

for which ab becomeshorizontal is given by

g g

fb fa

The vertex v lies in the lower link of abif h (v) h (a) for the above value of 2.

We have
fb fav a fb fa ol

e o gbg * o gbg

Multiplying both sideswith (g ¢°) and rearrangingthe terms, we get
(f2 )9 )+ (f° (g ¢) Oand(g® ¢’ >O0or
(f* g )+ (> (g ¢) Oand(g® ¢)<oO
Let
X=(f* ) O+ (> 3¢ ¢'):
We canrewrite it as

X =f3g" P)+f%P g)+fd° o):

2Note that we canuseh (b) instead of h (a) in this inequality

109



Replacingf '; g with their perturbed versionsin the expressionfor X, we get

X=X + L0 P+ o0 o)+ (& &)
+  L(fP Y+ p(fY )+ (F2 D)

+ a(b v)+ b(v a)+ v(a b)

We can determineif v is in the lower link of ab from the signof X and (g% ¢Y).
Howewer, one or both X and (g g could be zero, making it dicult to classify
v. This problem doesnot arise if we usethe perturbed versionsinsteadi.e. X and
(82 &) The valuesof X and X are the sameno matter which edge-ertex pair
Is chosenfrom the triangle abv. We usethis fact to unify the lower link test for all
inputs from the triangle abv. Table 4.1 lists the test for eat edge-ertex pair from

the triangle abv (a < b < v). Computing the perturbed functions is not feasible

Input Test
Edge | Vertex
(a;b) v X (g2 ®)>0
(v;a) b X (v 8)>0
(b;v) a X (& &)>0

Table 4.1: Lower link tests for edge-\ertex pairs from a triangle abv.

becausewe needvery high precision. So, we simulate the perturbation schemeby a

seriesof comparisons.We now give the algorithm that classi esa vertex preser in

the link of an edge.
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boolean LowerLink (Edgeij , Vertex k)
Sort i; j;k and storein a;b;v (a< b< v)
Let index; Index of i in sorted list
Let index;  Index of j in sorted list

if index; = (index; + 1) mod 3
then return ((Pos1(X’) and Pos2(g ¢g)) or (Negl(X) and Neg2(g & )))
else return ((Pos1(X) and Pos2(g  ¢)) or (Negl(X) and Neg2 (g ¢)))

endif

Posl and Pos2 return Tr ue if and only if their inputs are positive and Negl and
Neg2 return Tr ue if and only if their inputs are negative (i.e. Posl and Pos2,
respectively, are False ). Pos2 usesthe indicesi andj to comparethe perturbed
functionsif ¢' is equalto g . More comparisonsare requiredto simulate perturbation

of X in Posl.

boolean Posl (Expression X)

if X 6 Othen return (X > 0) endif

f g6 g°then return (g’ > g endif

f g?6 g’ then return (g2 > g') endif
if b6 fVthen return (f°> fV) endif

return Tr ue

The sequenceof comparisonsis determined by the fact that , > ,>> | >>
a>> p>> , andthe respective terms will dominate the expressionfor X if they

are not multiplied by zero.

4.4 Exp erimen ts

We perform multiple computational experimerts to illustrate properties of our com-
parison measure. The visualizations shav how the local measurehelps study the
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relationships betweenfunctions.

4.4.1 Synthetic Functions

We rst usea set of v e analytic functions to get a feel for our global measure.
All functions are sampledon a regular grid over the region[ 2 ;2] [ 2 ;2 ].
This point setis triangulated and a piecewiselinear appraoximation of the function
is available as our data. Table 4.2 lists the various functions that we use along
with the valuesof for ead function pair. We have (cup) = (sad) = 9:61,

(sin) = (cos) = 0:96,and (abs) = 1:0. Note that although sin can be obtained
from cos by shifting the axes,the two functions di er accordingto our measure(i.e.

does not go to zero) becausewe require local similarity as well. is not scale
invariant and thereforeit cannot be usedto decidewhether a given pair of functions

is more similar than another pair.

| | cup sad sin cos abs |

x>+y? cup] 0.00 7896 576 524 6.28

x> y?> sad| 78.96 0.00 5.76 6.28 6.28
sinx + siny  sin 576 576 0.00 0.63 0.64
cosx + cosy cos | 524 6.28 0.63 0.000 0.63
jXj abs| 6.28 6.28 0.64 0.63 0.00

Table 4.2: Table of k-valuesfor pairs of analytic functions. The matrix is symmetric
and diagonal entries are equalto zeroillustrating the symmetry and degeneracyproperties
of our global measure.

4.42 Testing Algebraic Prop erties

We illustrate the algebraicproperties satis ed by our measureusingthe v e analytic
functions mentioned above and their variants. The ertries in the diagonal of the
matrix in Table 4.2 gives the value of (f;f) for dierent functions f and hence
they are all equalto 1. Also, note that the (i;j)" ertry in the matrix is equal to
the (j;i)" entry becauseour measureis symmetric. Three examplesillustrate the
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scalingproperty in Table4.3. Evidencefor the inequality underfunction addition and

sub-nultiplicativit y are alsoshavn using three examplesead in Tables4.4 and 4.5.

f(xy) 9(x; y) h(x; y) (f;9 | (h9
COSX + cosy sinx + siny 3(cosx + cosy) + 5 || 0.632 | 1.897
X%+ y? x2 + y? x2 y? 0.000 | 0.000
cosx + cosy | 2(sinx + siny) + 3 | 3(cosx + cosy) + 5 || 1.265 | 3.795

Table 4.3: Testing the scaling property: The value of (F) scaleswith the functions and
does not change when one of the functions is modi ed by adding a scalar. This is shown
this using three exampleswhere f 1 has beenscaledand shifted to get f ».

f1(x;y) fa(xy) gi1(X; y) LHS | RHS
X%+ y? X% y? sinx + siny || 79.20 | 84.72
sinx + siny | cosx + cosy | x%+ y? 5.29 | 5.87
sinx + siny | cosx + cosy iX] 0.81 | 1.26

Table 4.4: Testing sub-additivity: Three examples give evidence for sub-additivity
property. LHS and RHS refer to the left and right side expressionsof the inequality in the
statemert of the property.

f1(xy) f2(Xy) LHS | RHS
X%+ y? x? y? 0.50 | 92.43
sinx + siny | cosx + cosy || 0.004| 0.91
sinx + siny iXj 0.004 | 0.96

Table 4.5: Testing the sub-multiplicativit y property: Three examples give evidence
for the inequality under wedge product. LHS and RHS refer to the left and right side
expressionsof the inequality in the statemert of the property.

4.4.3 Comparativ e Visualization

We dewelop visualization software for studying scienti ¢ data consisting of multiple
functions measuredover acommon2-manifold. Individual functions canbe visualized
using a color map, a terrain map, or isocortours. A visual editor allows a particular
pair of functions to be chosenfrom the data. We can comparethe two functions
using, for example, a terrain map for one and a color map for the other. On the
other hand, we can do the comparisonby visualizing  and ~, which give the local
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cortributions from meshtriangles and Jacobisetedgego the comparisonmeasure.A
viewing parameterpanellets the userchooseone of theseoptions. Figure 4.6 shonvs a
screenshobf the visualization tool. We rst comparesomeof the analytic functions

mertioned above.

Figure 4.6: Screenshotof the visualization tool usedto compare multiple time-varying
functions. The panelson the right can be usedto selectdi erent pairs of functions or time
stepsand adjust di erent view parameters.
cup/sad. A comparative visualization revealsthat the cup and sad functions are
increasinglydissimilar along diagonalstowards the cornersof the squaredomain (see
Figure 4.7). The isocortours are orthogonal here and this is re ected in , which
takeson high valuesin the neighborhood of the diagonal. There exist someregions
wherethe two functions are similar but the dissimilar regionsoutweigh the e ect of
the former.
sin/cos. Figure 4.8 shaws resultsfrom a comparative visualization betweensin and
cos. Note againthat the isocortours in regionswith high valuesof ; are orthogonal

and parallel where  takeson low values. The two functions are periodic and this
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Figure 4.7: (left) Isocontours extracted from the parabola (gray) and sad (black).
(right) A color-mapped visualization of the local contributions from triangles to . Note

that the contribution is high in regionswherethe isocontours are orthogonal and low where
they are parallel.

can be seenin the visualizations. The edgesof the Jacobisetare coloredto represemn
their cortribution to . The pairing betweenedgesof the Jacobiset can be obtained
by tracing isocortours. We can also trace regionswhere the variation of sin over

cos is large, by following isocontours between pairs of Jacobi set with higher values

of ~.

Figure 4.8: (left) Isocontours extracted from the sin (gray) and cos (black). (middle)
Visualization of the local contributions from triangles to  using a color map. The regions
where the isocontours of the two functions are orthogonal contribute more. (right) The
Jacobi set with edgescoloredto represen their contribution to

Time-v arying data. The visualization tool can handle time-varying data as well.
We study data from the simulation of a combustion processwithin an engine. Multi-
ple quartities are measuredduring the numerical simulation of the combustion with
the objective of understandingthe in uence of turbulence onignition, ame propaga-

tion and burnout in compressionignition engineervironmerts [25]. The simulation
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is done on a dilute air-fuel mixture that ignites upon compression. Inhomogeneiy
in the mixture causesignition to occur at multiple spots. After ignition, the ame
propagatesfrom thesespots outwards or burns out dependingupon the air-fuel ratio.
We look at two quartities measuredduring the simulation, namely prog (progress:
measureof completion of conmbustion) and H, (hydrogen: the fuel). The quartities
are available on a 600 600grid over 67 time steps. We triangulate the grid and lin-
early interpolate the quartities within the triangles to obtain time-varying piecewise

linear functions.

0.2 . . 0.035
5 {0.03
O -
41 0.025
0.2 4 0.02
04l 41 0.015
41 0.01
-0.6 |
4 0.005
_08 L L 1 i 1 ‘ 0
0 10 20 30 40 50 60 70

time

Figure 4.9: The comparisonmeasure (scaleon right vertical axis) and the correlation
coe cien t (scaleon left vertical axis), both as functions of time as prog and H2 from the
combustion dataset change. The vertical markers at time steps 28; 50 and 66 indicate the
onesshown in Figure 4.10. The plot of the correlation coe cient shawvs that prog and
H» rrage negatively correlated, which is expected becausethe fuel depleteswith progressin
combustion.

A time serieseditor allows the userto choosethe time stepsfor two quartities.
Although this level of cortrol is good to have, it may not be usefulin practice because

of the sheernumber of possiblepairs of functions. As an aid in choosingtime steps
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Figure 4.10: Local comparisonof the functions prog and H» from the combustion dataset.
The function ¢, which measurescortributions from triangles to , is shovn using a terrain
map and prog is mapped to color. From left to right: ignition phase,burning phase,and
the end of combustion. The fronts of the ames are tracked by a region that has large
contribution to . This regionis represenied by the peaksthat enclosethe burnt region.

that may be\in teresting"”, we compute betweenthe selectedquartities at ead time
step and plot it asa graph. Time stepswhere changesrapidly or attains a global

minimum or global maximum are possibly when an interesting evert happens.

For the H, -prog pair, the time stepswhere beginsto risesfrom near zerovalue
correspndsto the ignition phase.prog and H, areturbulent initially . Howewer, both
the hydrogenconcertration aswell asthe progressof combustion is low throughout
the domain. Therefore, hasa very low value. After ignition, there is a growing
region, namely the front of the ame, over which H, concenration decreasesharply
ascomparedto the slowver increasein prog . This causesan increasein till the end
of the simulation. Figure 4.9 shavsthe plot of betweenprogandH,. The di erent
phasesof conmbustion cannot be immediately detected from the plot of . We just
get an indication that somethinginteresting happenswhen beginsto take larger
valuesafter time steps28. The phasesbecomeapparen from the visualization of .
Figure 4.10 shavs snapshotsof the simulation with ; mapped to a terrain. Three
time stepsare shown: the ignition, burning, and the nal phase.Note that the ame
front is tracked by regionswith large cortributions. The functions are dissimilar at
the front becausethere is a sharp changefor both functions while crossingit, albeit
at vastly di erent rates. The higher peaksin the terrain correspnd to sectionsof
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the front that are progressingfaster.

Electrostatic potentials. In order to study our local and global comparisonmea-
suresfor functions de ned over a three-dimensionaldomain, we look at an application
in biology. A protein-protein complex consistsof two or more proteins docked in a
stable conformation. For example,the barnase-barstarcomplex (1BRS) consistsof
two proteins. The electrostatic potential de ned by barnase(N) and barstar (S)
individually in their docked conformation and the potertial de ned by the complex
are available to us as functions sampledover the space. We triangulate the space

and linearly interpolate to obtain three piecewise-lineafunctionsf y;fs; andf grs.

[ N S 1BRS|NS N,BRS S,1BRS]N,S,1BRS]
[ 401 322 722 230 683 517 | 1866 |

Table 4.6: The global measure computed for all combinations of the three electrostatic
datasets.

Figure 4.11: Visualization of local comparison measurebetweenelectrostatic potentials
de ned by barnase and barstar in the complex 1BRS. Top: an overview of the regions
with high valuesof in the complex. The proteins are shovn as alpha-carbon traces, with
barnasein magerta and barstar in yellow. Bottom: a closeupof a hydrogen bond cluster.
Asp 39 of barstar hydrogen bonds with Arg 87, Arg 83, and His 102 of barnase. All
four residuesare highly important in the interaction betweenbarnaseand barstar.

Table 4.6 lists the valuesof our global measurefor the individual functions, the three
pairs, and the triplet. Initial obsenations show that regionswhereour local compar-
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ison measurebetweenfy and fg is high correspnd to salt bridges/strong hydrogen
bonds. Figure 4.11shows a visualization of the local contributions to (fy;fs). The
coloreddots in the gure indicate high valuesof values,namelythosein the range
[0:002 0:0207]and are mapped from blue to red. The dots with valueslower than
0:002 are not displayed. The gold lines indicate the hydrogen bonds correspnding

to thoseregionsof space.

4.4.4 Robustness

In order to get a feeling of the sensitivity of our measureto noisein the data, we
comparethe valuesof for both the synthetic functions as well as the combustion
data after introducing noise with varying amplitudes. The noiseis introduced in
ead function asfollows: let R be the maximum allowed amplitude for the noise. R
is speci ed asa percertage of the rangeof the function. Randomnoiser isintroduced
at ead vertex as a uniform distribution in the interval [ R;R]. The new function
value at eat vertex is obtained by adding (r=100) times the range of the function to

the original value. Table 4.7 shavsthe error introducedin the valuesof computed

] | cup | sad | sin | cos | abs |
cup 1% || 0.00| 0.28 | 0.03 | 0.07 | 0.07
5% | 0.00| 831|098 |1.11| 2.36
sad 1% || 0.28 | 0.00| 0.01| 0.02 | 0.07
5% || 8.31| 0.00| 0.34 | 0.35| 1.85
sin 1% (| 0.03| 0.01| 0.00| 0.00| 0.00
5% | 0.98| 0.34| 0.00| 0.02 | 0.11
cos 1% | 0.07| 0.02| 0.00| 0.00| 0.01
5% | 1.11| 0.35| 0.02 | 0.00| 0.01
abs 1% || 0.07| 0.07| 0.00| 0.01| 0.00
5% | 2.36| 1.85| 0.11 | 0.12 | 0.00

Table 4.7: Error introducedin  when 1% and 5% random noiseis addedto the synthetic
functions.

for the synthetic functions. Figure 4.12 shows the plot of for both the original
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Figure 4.12: computed for the original pair and perturb ed pair of functions (with 1%
noise) in the combustion dataset. There is only a small di erence betweenthe graph plots.

pair of functions as well as the pair of perturbed functions (with noise perceriage

R = 1%). Note that the noisecausesonly a minor changein the plot.

45 Discussion

Various questionsrelated to the extensionof our comparisonmeasuresemain open.

We mertion three problems:

Our de nition restricts the number of functions to at most the dimension of

the manifold. It would be interesting to extendit to the casek > d.

For the particular casek = d = 2, we give alternate interpretations of  using
Jacobi sets. Theseinterpretations generalizeto the casek = d > 2, but what

about k < d?

What is the sensitivity of our measureto the triangulation of the manifold? A

detailed understandingof this questionis usefulin situations where functions
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are given on di erent triangulations of the samemanifold. All functions need
to be rst speci ed over a commonmesh,ideally having a small size,beforewe

are ableto compute .

We use our visualization tool for a local comparisonof two functions measured
during the simulation of a combustion processand are able to track the front of the
ames after ignition. In future, we want to extend the software to be able handle

data in 3D.
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Chapter 5

Conclusions

We usea topological approad to dewelop new methods for extracting featuresfrom
scierii ¢ data. We arguethat it is nolongerviable to study the propertiesof this data
using traditional visualization techniquesbecausehe datasetsare becomingincreas-
ingly complex. Automatic computation of featuresfollowed by a visualization of the
function annotatedwith thesefeaturesis helpful in understandingthe behavior of the
function. We restrict our attention to scalar functions measuredat discrete points
in spaceand linearly interpolated elsewhere. All our algorithms are conbinatorial
in nature and numerical issuesare handled by a simulation of the smooth setting
thereby leadingto a robust and e cien t implemertation. The main cortributions of

this thesisare:

an algorithm for simplifying a 3D scalarfunction that improvesthe quality of
the underlying mesh and a study of the presenation of topological features

during this simpli cation process;

the introduction of Morse-Smalecomplexedor piecewisdinear 3-manifoldsand

a conbinatorial algorithm to compute them;
the developmen of a visualization tool that displays the Morse-Smalecomplex;

new local and global measuredor comparing scalarfunctions that are de ned

over a commonmanifold domain;

dewelopmern of software for visual comparisonof multiple, and possibly time-

varying, scalarfunctions.
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Open problemsraisedby the work presened in this dissertation are discussedat the
end of the appropriate chapters. The succes®f the methods proposedin this thesis
when applied to large models dependson how they are extendedto two important
paradigms: the data streaming model and the I/O model. We end this chapter by

discussingtheseextensions.

With rapidly increasing data sizes, many of the high performance computing
systemsbuilt today are basedon a client-server architecture. The sener is typically
a supercomputerthat performsthe expensive computation and streamsdata to the
various clients that have limited resources. Data transfer and corversion are the
major bottlenedks in these systems. The data stream model abstracts this system
and is usedto dewelope cien t schemesfor data transfer. The visualization of Morse-
Smalecomplexesn this model is non-trivial becausat is possiblethat the number of
critical points is large. A multi-resolution represemation of the Morse-Smalecomplex
needso be dewloped. Note that the di erent resolutionsarerequiredboth in domain
aswell asfunction space.

The I/O model analyzesthe e ciency of an algorithm by courting the number of
disk read/write operationsasopposedto the number of comparisonsor computation
steps. While working with large datasetsthat do not t into the main memory; it
pays to be consciousabout the expensiwe disk operations. 1/0 e cient algorithms
have been deweloped in the past within the eld of visualization [1]. The popular
approadesto the designof suth algorithms include a change of the data layout or
the use of divide and conquertechniques. Dewveloping I/O e cient versionsof the

algorithms descriked in this thesiswill be a set of interesting researt projects.
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App endix A

Algebraic Topology Basics and Morse
Theory

In an e ort to ensurethat this dissertationis self-cortained, we collectthe de nitions
of various terms usedin previous chapters and preser them in this appendix. Most
of these de nitions are from topology We group them into manifolds, simplicial
complexes,and algebraictopology in SectionsA.1, A.2, and A.3 respectively. We
alsointroduce someMorse theoretic conceptsboth for smaooth functions de ned on
3-manifolds(in SectionA.1) andfor the piecewisdinear category(in SectionA.3). We
referto the booksby Matsumoto [65 and Milnor [68] for further badground on Morse
theory for smooth functions and to the books by Munkres [70] and Alexandrov [3]
for badkground on related conceptsfrom algebraicand conmbinatorial topology:.

We deal with scalar functions in this thesis. Let us rst de ne them before
moving on. A function is a relation which uniquely assa@iates menbers of one set
with menbers of another set. A set is a nite or in nite collection of objects in
which order has no signi cance, and multiplicit y is not allowed. The objects that
constitute the set are called elements. Formally, a function f : X ! Y assaiates
eat elemer in set X with a uniqueelemen of setY. X is calledthe domain and Y
the co domain of the function. Salar functions have a one-dimensionakco-domain
and vector functions have a two- or higher-dimensionalco-domain. We are interested
in functions where the domain looks like the Euclidean space(at least locally) and

the co-domainis the one-dimensionakeal line, R.
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A.1 Manifolds

De nition A.1 (Homeomorphic Spaces) Two topological spacesX and Y are

homemorphic or have the sametopolagical type if thereis ahomeomorphismX ! Y.

De nition A.2 (k-Manifold) A topologicalspaceM is a k-manifold if every point

X 2 M hasan open neighborhood homeomorphicto RX.

De nition  A.3 (k-Manifold with Boundary) A topologicalspaceN is ak-manifold
with boundary if every point x 2 N hasan open neighborhood homeomorphicto R¥

or to the closal halfsmoe, HK = f(x1;X2;:::;Xk) 2 Rjx,  Og.

De nition A.4 (Boundary of a k-Manifold with Boundary) The boundary, BdN,
of a k-manifold with boundary is a subsetconsisting of points whoseneighborhood

is homeomorphicto HX.

Let M be a smaooth compact 3-manifold without boundary. Examples are the
3-sphere,which consistsof all points at unit distance from the origin in R%, and
the 3-torus, which can be obtained by identifying opposite squarefacesof a three-
dimensionalcube. Let f : M ! R be a smooth map. The dierential of f at a
point p2 M is a linear map from the tangert spaceat pto R, df ,: TM,! R. The

criticality of p is determinedby the di erential of f at p.

De nition A5 (Critical Point) A point p2 M is critical if df , is the zeromap.

De nition  A.6 (Regular Point) A point p2 M is regular if df, is not the zero

map.
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Givenalocal coordinate system,the Hessianat p is the matrix of secondorder partial

derivatives:

2 (p) @1@2(p) @1@3(@
H(p) = @2@1(@ (p) @Z@S(D)é
(Y @3@2(@ ()

De nition  A.7 (Non-Degenerate Critical Point) A critical point pisnon-degeneate

if the Hessianat p is non-singular.

De nition A.8 (Morse Function) A function f is called a Morse function if all

of its critical points are non-degenerateand f (p) 6 f (g) whenewer p 6 g are critical.

Lemma A.1 (Morse Lemma) If pis non-degenerateve can chooselocal coordi-

natesand signssud that

f(X1;X2;%X3) = f(p) Xi Xy X3

in a local neighborhood of p.

critical point || index

minimum 0
1-saddle 1
2-saddle 2
maximum 3

Table A.1: The index for eadt type of critical point.

Note that the Morse lemma implies that non-degeneratecritical points are isolated.
The number of minusesis the index of the critical point. It is independen of the
coordinate systemand equalsthe number of negative eigervaluesof H (p). In three di-
mensions,there are four typesof non-degenerateeritical points: minima, 1-saddes,
2-saddes, and maxima. The index for eat type of critical point is shovn in Ta-
ble A.1. We get intuitiv e local pictures by drawing a small spherearound the point
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p. The level curve of points x with f (x) = f (p) decommsesthe sphereinto oceans,
consistingof points x with f (x) < f (p), and continents, consistingof points x with
f(x) > f(p). Figure A.1 shows the local pictures of a regular point and of the four

typesof non-degeneratecritical points.

Eaya

Figure A.1: The local pictures with shadedoceansand white cortinents of a regular
point, a minimum, a 1-saddle,a 2-saddle, and a maximum. Take notice of the symbols
usedto mark the di erent typesof vertices at the certers of the spheres.

)

A.2 Simplicial Complexes

De nition  A.9 (k-Simplex) A k-simplex is the corvex hull of k + 1 anely

independert points.

Denition A.10 (Face) Aface ofasimplex isthe simplexde ned by anonempty

subsetof the k + 1 points and is denotedas
De nition A.11 (Coface) A simplex isacofae of if isafaceof

De nition A.12 (Cone) The cone from a vertex x to a k-simplex is the corvex
hull of x and , which is the (k + 1)-simplexx . The operation is de ned only if x

is not an a ne combination of the verticesof
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De nition  A.13 (Simplicial Complex) A simplicial complexK isa nite collec-
tion of non-empty simplicesfor which 2 K and implies 2K and ;; ,2K

implies that the intersection ;\ , is either empty or a faceof both, ; and ».

De nition A.14 (Underlying Space) The underlying space of K is the union of

o .S
simplices:jKj =,

De nition  A.15 (Triangulation) A triangulation of a topological spaceX is a

simplicial complexK whoseunderlying spaceis homeomorphicto X .

De nition A.16 (Closure) The closure of a subsetL of a simplicial complexK is

the smallestsubcomplexof K that cortains L
L=f 2K]j 2 Lg:
De nition A.17 (Star) The star of a subsetL is the set of cofacesof simplices
StL=f 2K|j 2 Lg:

De nition A.18 (Link) The link of a subsetL is the set of all facesof simplices

in its star that are disjoint from simplicesin L

LkL = StL  StL:

Let K be a simplicial complexthat triangulates the k-manifold M. This means
there is a homeomorphismbetweenM and the underlying spaceof K , but to simplify
the discussion,we assumethat M is the underlying space. Let f : M ! R be
a cortinuous real-valued function that is linear on every simplex of K. To sa this
moreformally, we note that every point x in a simplexis a unique corvex conbination

P P
of its verticesu-: x = . ~u-with 1= . -and - Oforall . Assumingf is

128



. : P . .
given at the vertices,we havef (x) = . -f(u). Wereferto f asa heigh function
and userelative terms suc as "upper' and “lower' to idertify subsetsof the star and

link of a vertex.

De nition  A.19 (Lower Star) The lower star of a vertex u cortains all simplices

in the star for which u is the highestvertex.
Stu=f 2Stujx2 =) fx fuwag

De nition  A.20 (Upp er Star) The upper star of a vertex u cortains all simplices

in the star for which u is the lowest vertex.
Sttu=f 2Stujx2 =) f(x) fu)g

De nition A.21 (Lower Link) The lower link cortains all simplicesin the link

that are facesof the lower star.

Lk u=f 2Lkuj 2 St ug:

De nition  A.22 (Upp er Link) The upper link cortains all simplicesin the link

that are facesof the upper star.
Lk*u=f 2 Lkuj 2 St"ug:

Let f denotea piecewisdinear function give at verticesof a 3-dimensionalsimpli-
cial complexand linearly interpolated within ead simplex. Strictly speaking, critical
points of f are not de ned, but we may use small bump functions and think of f
as the limit of a seriesof smaoth maps. This is the intuition we useto transport
conceptsand results from the smaoth to the piecewiselinear category We usethe
topology of the lower link to distinguish regular from critical verticesand to classify
the latter.
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A.3 Algebraic Topology

The topology of the lower link is expressedising ranks of reducedhomologygroups.
We explain this after giving some badkground on chain complexesand homology
groups. Hatcher [46] givesa good introduction to homology groups and we refer to

Artin [5] for more badkground on group theory.

De nition  A.23 (Group) A group is a set G together with a binary operation
+ : G G! Gthat is asseiative and hasan idertity elemen and eat elemen of

G has an inverseelemen.

De nition A.24 (Ab elian Group) A alelian group is a group whoseoperation is

commnutativ e.

De nition A.25 (Subgroup) A subsetH Gofagroup(G;+) iscalledasulgroup
if (H;+) is a group.

The in nite setof integerswith addition, (Z;+) is an abelian group. The set of even
numberswith addition is a subgroupof (Z;+). The nite setof non-negati\e integers
lessthan k together with addition modulo k, (Zx;+ mod k), IS @ nite abelian group.
Let (G;+) be an abelian group and (H; +) be a subgroup. We can partition G using

equivalenceclassesgalled cosets,generatedby the congruene relation
a bif b=a+ h; for someh 2 H:
De nition A.26 (Coset) A cosetis a subsetof the form x+ H= fx + hjh 2 Hg.

Two cosetscan be added using their represemativ es. It doesnot matter which rep-

resenativ e is chosenfor addition. The resulting cosetis always the same.

De nition  A.27 (Quotien t Group) The quotient group GH is the collection of
cosetswith addition dened by (x + H) + (y+ H) = (x + y) + H.
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Note that there is a bijective map betweenH and eat cosetsendingh to x + h.
Further, if Gis nite then all cosetshave the samesize. Now, sincethe congruence
relation generatesa partition of G, we have the following relationship betweenthe

cardinalities of G; H; and GH:
cardGH = cardG=cardH:

De nition A.28 (Group Homomorphism) A homomorphismbetweengroupsG

andHisafunction h : G! Hthat comnmuteswith addition: h(x+y) = h(x)+ h(y).

De nition  A.29 (Kernel of Homomorphism) The kernel of a homomorphism
h betweengroupsG and H is the subsetof G that is mapped to the identity elemen
02 H.

De nition A.30 (Image of Homomorphism) The image of a homomorphismh

betweengroupsG and H is the subsetof H whoseelemerts have preimagesin G.

De nition  A.31 (Isomorphism) An isomorphism betweengroups G and H is a

bijective homomorphism.

G andH are saidto beisomorphic (G = H) if there is an isomorphismbetweenthem.

Groups can be constructed on collections of simplicesby de ning an addition

operation. We restrict ourselhesto addition modulo 2.

De nition A.32 (k-Chain) A k-chain is a subsetof k-simplices.

The sum of two k-chains is the symmetric di erence of the two sets:
c+d=(c[ d (c\ d):

This is addition modulo 2 becausea simplexliesin c+ di it belongsto exactly one
of c or d. Let C, be the set of k-chainsand (Cy; +) the group of k-chains.
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De nition A.33 (Boundary of a Simplex) The boundary of a k-simplex is the

setof its (k 1)-simplexfaces:@ = f jdim = dim 1g:

De nition  A.34 (Boundary of a k-Chain) The boundary of ak-chain isthe sum

P
of boundariesof its simplicess@=  , @:

We connect chain groups of di erent dimensionsby homomorphisms@ that map

chains Gy to their boundary C; ;.

De nition A.35 (Chain Complex) The chain complexof a simplicial complexK

is the sequenceof its chain groupsconnectedby boundary homomorphisms,

e, o ®c %

Figure A.2: The chain complex and the connecting boundary homomorphisms.

Two typesof chains are important for de ning homology groups: the oneswithout

boundary and the onesthat bound.
De nition A.36 (k-Cycle) A k-cycleis a k-chain c with @ = 0.
De nition A.37 (k-Boundary) A k-toundary is the boundary of a k-chain.

k-cyclesand k-boundariesare clearly subgroupsof k-chains. The boundary of every
k-boundaryis empty. This canbe proveddirectly usingthe de nition of the boundary
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of a k-chain. Figure A.2 shaws the chain complex and the nested boundariesand
cycles(Bx and Zy) contained in the chain groups. Sincewe usereducedhomology
groups,we extendthe list of non-trivial chain groupsby addingC ; = Z,. Wede ne
the boundary of a vertex to be @(u) = 1, addition within C ;: 1+ 1 = 0, and

boundary of the non-zeroelemen in C ;: @,(1) = 0.

De nition  A.38 (k-th Reduced Homology Group) The k-th reduced homolagy

group is the quotient de ned by the k-cyclesand k-boundaries: Hy = ZyjBy.

The sizeof Hy, measureghe number of k-cyclesthat are not k-boundaries. The ranks
of the homologygroupsare the most usefulaspects of homologygroupsbecausehey
have intuitiv e interpretations in terms of the connectivity of the space. Given any
subsetY G, we canform all sumsof elemens in Y to form a subgroupof G. The
subsetY is a basisif it is a minimal setthat generateshe ertire group. All basesof

G have the samesize,called the rank of G.

De nition A.39 (k-th Reduced Betti Num ber) The k-th reduced Betti number

is the rank of the k-th reducedhomologygroup, ~x = rank Hy.

Sincewe add modulo 2 for all groups(chains, cyclesand boundaries),they are nite
and 7 is the binary logarithm of the sizeof Hy. This is true for the ranks of By and

Zy too, which
rankH, = rankZ, rankBy:

We classify critical points using the reducedBetti numbers of the lower link. The
reducedhomologygroupsand Betti numbers (H, and ) di er from the more com-

mon non-reducedversions(Hx and ) only in dimensionsO and 1. Speci cally,

o= o 1for non-empty lower links, and =~ ; = 1 for empty lower links. Since

lower links of 2-manifoldsare two-dimensional,only ~ ; through =, canbe non-zero.
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As shown in Table A.2, the simple critical points are the onesthat have exactly one
non-zeroreducedBetti number, which is equalto one. The reasonthat we prefer
reducedover non-reducedBetti numbersis this simple correspndencewith the index

of the critical point. A multiple sadde is a vertex that falls outsidethe classi cation

|71 o 1
regular O 0O 0 O
minimum 1 O 0 O
1-saddle O 1 0 oO
2-saddle O 0 1 O
maximum| O O O 1

Table A.2: The classi cation of regular and simple critical points using reduced Betti
numbers.

O

Figure A.3: A multiple saddleis split into a simple 1-saddleand 2-saddle. Note that
drawing a circle in the link passingthrough the other oceanwould result in splitting the
multiple saddleinto aregular vertex and yet another multiple saddleand is hencenot useful
for unfolding. Howewer, a cut as shown in the gure can always be found.

of Table A.2 and thereforesatises = ;= S =0and H+ 3 2. It canbe unfolded
into simple 1-saddlesand 2-saddles.One way to do that is to repeatedly cut the link
along a circle that intersectsthe level curve separatingthe oceansand cortinents
in exactly two points. The reducedBetti numbers on the two sidesadd up to the
original ones: 7 = Tk + “kr, for k = 0; 1. We can always choosethe circle sud that
the sum of the reducedBetti number are non-zeroon both sides. It follows that the

reduction endsafter 5+ 73 1 cuts and generates™, 1-saddlesand ~; 2-saddles.
Figure A.3 shows how a multiple saddlewith two cortinents and two oceanscan be

unfoldedinto a 1-saddleand a 2-saddle.
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