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ACYCLIC EDGE-COLORING OF PLANAR GRAPHS"
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Abstract. A proper edge-coloring with the property that every cycle contains edges of at least three
distinct colors is called an acyclic edge-coloring. The acyclic chromatic index of a graph G, denoted
x4 (@), is the minimum & such that G admits an acyclic edge-coloring with k colors. We conjecture that if
G is planar and A(G) is large enough, then x,(G) = A(G). We settle this conjecture for planar graphs with
girth at least 5. We also show that x,(G) < A(G) + 12 for all planar G, which improves a previous result by
Fiedorowicz, Haluszczak, and Narayan [Inform. Process. Lett., 108 (2008), pp. 412-417].
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1. Introduction. A proper edge-coloring with the property that every cycle con-
tains edges of at least three distinct colors is called an acyclic edge-coloring. The acyclic
chromatic indezx of a graph G, denoted x%(G), is the minimum £ such that G admits an
acyclic edge-coloring with k colors. Fiamcik [9] and later Alon, Sudakov, and Zaks [2]
conjecture that A(G) + 2 colors are enough.

Consecturk 1.1 (Fiaméik [9] and Alon, Sudakov, and Zaks [2]). For every graph G,
XW(G) < AG) +2.

This conjecture would be tight, as there are cases where more than A + 1 colors are
needed. Consider, for example, a graph G on 2n vertices with at least 2n? — 2n + 2
edges. The union of two perfect matchings is a cycle factor and thus contains a cycle.
Thus, in an acyclic edge-coloring, at most one color class contains n edges. Hence there
are at least 1+ f%l =2n+ 1 colors. So x,(G) > A(G) + 2.

Clearly, every graph with maximum degree at most 2 has acyclic chromatic index at
most 3. If A(G) < 3, then its line-graph L(G) has maximum degree at most 4. Thus by
Burnstein’s results 7] x,(L(G)) <5, and so x,(G) < 5. So Conjecture 1.1 holds for
A(G) < 3. In 1980, Fiamcik [10] conjectured that K, is the only cubic graph requiring
five colors in an acyclic edge-coloring (and actually gave an incorrect proof of it). More
generally, Alon, Sudakov, and Zaks [2] conjectured that if G is a A-regular graph, then
xh(G) = A+ 1 unless G = K,,.

However, as noted by Fiam¢ik [11], these two conjectures are false, as x/,(K33) = 5.
In addition, Basavaraju, Chandran, and Kummini [5] showed that all d-regular graphs
with 2n vertices and d > n require at least d 4 2 colors to be acyclically edge-colored and
for every odd n, x,,(K,.,) = n + 2. They also showed that for every d, n such that d > 5,
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n > 2d + 3, and dn even, there exist d-regular graphs which require at least d + 2 colors
to be acyclically edge-colored.

Alon, Sudakov, and Zaks [2] showed that Conjecture 1.1 is true for almost all
regular graphs. This was later improved by Neget#il and Wormald [19] who proved that
the acyclic edge-chromatic number of a random A-regular graph is asymptotically
almost surely equal to A + 1. Alon, McDiarmid, and Reed [1] showed an upper bound
of 64A(G) for x/,(G), which was later improved to 16A(G) by Molloy and Reed [16].
For graphs with large girth, better upper bounds are known. Muthu, Narayanan, and
Subramanian [17] showed that if G has girth at least 9, then x,(G) < 6A(G), and if it
has girth at least 220, then x,(G) < 4.52A(G). Finally, Alon, Sudakov, and Saks also
showed that Conjecture 1.1 is true for graphs with girth at least CA log(A) for some
fixed constant C.

Muthu, Narayanan, and Subramanian [18] proved that x,(G) < A(G) + 1 for out-
erplanar graphs. Fiedorowicz, Haluszczak, and Narayanan [12] proved that x/,(G) <
2A(G) + 29 if G is planar and x,(G) < A(G) + 6 if G is planar and triangle-free. This
bound has been improved for planar graphs with larger girth. Recall that the girth of a
graph is the minimum length of a cycle it contains or 40 if it has no cycles. Hou et al.
[14] showed that if G is a planar graph G, then x,,(G) < A(G) + 2 if G has girth at least
5, xu(G) < A(G) 4 1if G has girth at least 7, and x,(G) < A(G) if G has girth at least
16 and A(G) > 3.

Sanders and Zhao [20] showed that planar graphs with maximum degree A > 7 have
chromatic index A. A conjecture of Vizing [21] asserts that planar graphs of maximum
degree 6 are also 6-edge-colorable. This would be best possible, as for any A € {2, 3,4, 5},
there are some planar graphs with maximum degree A with chromatic index A + 1 [21].

We propose a conjecture analogous to the above one of Vizing.

CoNJECTURE 1.2. There exists Ay such that every planar graph with mazimum degree
A > Ay has an acyclic edge-coloring with A colors.

In this paper, we give some evidences to this conjecture. First, in section 2, we show
that every planar graph G has an acyclic edge-coloring with A(G) + 12 colors, thus im-
proving the 2A(G) + 29 bound of Fiedorowicz, Haluszczak, and Narayanan [12]. In sec-
tion 3, we show that Conjecture 1.2 holds for planar graphs of girth at least 5 (with
Ay = 19), thus improving the results of Hou et al. [14] and Borowiecki and Fiedorowicz
[6]. More generally, we settle Conjecture 1.2 for graphs with maximum average degree
less than 4 —e for any e > 0. The mazimum average degree of G is Mad(G)
= max{Qllf(%)‘l |H is a subgraph of G}. It is well known that a planar graph of girth g
has maximum average degree less than 2 + ﬁ. Conjecture 1.2 holds for outer planar
graphs with Ay =5 as shown by Hou et al. [15]. Note that sup{Mad(G)|
Gis outerplanar} = 4.

Our proofs are constructive and yield efficient polynomial time algorithms. We
present the proofs in a nonalgorithmic way. But it is easy to extract the underlying
algorithms from them.

2. Planar graphs. In this section we will prove the following result.

TreOREM 2.1. x4(G) < A(G) + 12 for all planar graphs G.

The proof of Theorem 2.1 relies on the following theorem of van den Heuvel and
McGuiness [13], which establishes a set of unavoidable configurations in planar graphs.

LemMa 2.2. (van den Heuvel and McGuiness [13]). Let G be a planar graph with
minimum degree at least two. Then there exists a vertex v in G with exactly d(v) = k
neighbors vy, vy, ..., v, with d(vy) < d(vy) < ---< d(vy,) such that at least one of the fol-
lowing is true:
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(A1) k=2,

(A2) k=3 and d(v;) <11,

(A3) k=4 and d(v)) <7, d(vy) <11,

(A4) k=5 and d(vy) <6, d(vy) <7, d(vs) < 11.Sketch of the proof of Theorem

2.1. Let G be a minimum counterexample with respect to the number of ver-
tices and edges for the statement in Theorem 2.1. Trivially G has minimum
degree at least 2. Indeed, it has no vertex v of degree 0 because any acyclic
edge-coloring of G — v is an acyclic edge-coloring of G, and it has no vertex v
with a unique neighbor w, since any acyclic edge-coloring of G — v on at least
A(G) colors may be extended to an acyclic edge-coloring of G by assigning to
uv a color not already assigned to an edge incident to u. From Lemma 2.2, we
know that there exists a vertex v in G such that it belongs to one of the con-
figurations A1-A4. If there is a configuration A2, A3 and A4 in G, we show in
subsection 2.2 how to derive an acyclic edge-coloring with A(G) + 12 colors
of G from one of G\ vv;. Hence, we assume that there are no such config-
urations. In such case, we select an appropriate edge uu’ and show again
how to derive an acyclic edge-coloring of G with A(G) + 12 colors from
one of G\ wu'. This gives a final contradiction. See subsection 2.3.

In order to show how to extend an acyclic edge-coloring of G \ e for some edge e into

an acyclic edge-coloring of G we first establish some preliminaries.

2.1. Preliminaries. Partial edge-coloring. Let H be a subgraph of G. Then an
edge-coloring ¢’ of H is also a partial edge-coloring of G. Note that H can be G itself.
Thus an edge-coloring ¢ of G itself can be considered a partial edge-coloring. A partial
edge-coloring ¢ of G is said to be a proper partial edge-coloring if ¢ is proper. A proper
partial edge-coloring c is called acyclic if there are no bichromatic cycles in the graph.
Note that with respect to a partial edge-coloring ¢, ¢(e) may not be defined for an edge e.
So, whenever we use ¢(e), we are considering an edge e for which c¢(e) is defined, though
we may not always explicitly mention it.

Let ¢ be a partial edge-coloring of G. We denote the set of colors in ¢ by C =
{1,2, ..., k}. For any vertex u € V(G), we define F,(c) = {c(uz)|z € Ng(u)}, where
N ¢(u) denotes the set of vertices adjacent to u. For an edge ab € E, we define S,;(¢) =
Fy(c) — {c(ab)}. Note that S,;(c) need not be the same as S,(c). We will abbreviate
the notation to F, and S,, when the edge-coloring c is understood from the context.

The following definitions arise out of our attempt to understand what may prevent
us from extending a partial edge-coloring of G'\ e to G.

Mazimal bichromatic path. An («, B)-mazimal bichromatic path with respect to a
partial edge-coloring ¢ of G is a maximal path consisting of edges that are colored using
the colors @ and § alternatingly. An («, 8, a, b)-maximal bichromatic path is an («, 8)-
maximal bichromatic path which starts at the vertex a with an edge colored o and ends
at b. We emphasize that the edge of the (e, B, a, b)-maximal bichromatic path incident
on vertex a is colored o, and the edge incident on vertex b can be colored either « or B.
Thus the notations («, 8, a, b) and («, B, b, a) have different meanings. Also note that
any maximal bichromatic path will have at least two edges. The following fact is obvious
from the definition of proper edge-coloring.

Fact 2.3. Given a pair of colorsa and B of a proper edge-coloring ¢ of G, there is at
most one mazimal (a, B )-bichromatic path containing a particular vertez v, with respect
to c.
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A color « # c(e) is a candidate for an edge e in G with respect to a partial
edge-coloring ¢ of G if none of the adjacent edges of e is colored «. A candidate color
« is valid for an edge e if assigning the color o to e does not result in any bichromatic
cycle in G.

Let e = ab be an edge in G. Note that any color 8 ¢ F, U F'; is a candidate color for
the edge ab in G with respect to the partial edge-coloring ¢ of G. A sufficient condition
for a candidate color being valid is captured in the lemma below.

LemMa 2.4. (Basavaraju and Chandran [4]). A candidate color for an edge e = ab is
valid if (Fo(¢) N Fy () \{e(ab)} = Sup(c) N Spa(c) = 2.

Now even if S,;(c) N Sy,(c) # @, a candidate color 8 may be valid. But if 8 is not
valid, then what may be the reason? It is clear that color 8 is not valid if and only if there
exists & # B such that a («, B)-bichromatic cycle gets formed if we assign color 8 to the
edge e; in other words, if and only if, with respect to edge-coloring ¢ of G, there existed
an (o, B, a, b)-maximal bichromatic path with « being the color given to the first and last
edge of this path. Such paths play an important role in our proofs. We call them critical
paths. It is formally defined below.

Critical path. Let ab € E and ¢ be a partial edge-coloring of G. Then an («, 8, a, b)-
maximal bichromatic path which starts out from the vertex a via an edge colored o and
ends at the vertex b via an edge colored « is called an («, 8, a, b)-critical path. Note that
any critical path will be of odd length. Moreover, the smallest length possible is three.

Let a € Ny, (2) and let c(z, a) = a. Let B € 5,,. Color B is said to be actively
present in a set S, if there exists an («, B, zy) critical path.

A natural strategy to extend a acyclic partial edge-coloring ¢ of G would be to try to
assign one of the candidate colors to an uncolored edge e. The condition that a candidate
color is not valid for the edge e is captured in the following fact.

Fact 2.5. Let ¢ be a partial edge-coloring of G. A candidate color B is not valid for
the edge e = ab if and only if for some colora € Sy, N Sy, thereis an («, B, a, b)-critical
path in G with respect to c.

Color exchange. Let ¢ be a partial edge-coloring of G. Let w,v,w € V(G) and
uv, uw € E(G). We define color exchange with respect to the edge wv and ww, as
the modification of the current partial edge-coloring ¢ by exchanging the colors of the
edges uv and uww to get a partial edge-coloring ¢'; i.e., ¢'(uv) = c(uw), ¢'(uw) = c(uv),
and ¢’(e) = c¢(e) for all other edges e in G. The color exchange with respect to the edges
wv and vw is said to be proper (resp., acyclic) if the edge-coloring obtained after the
exchange is proper (resp., acyclic). The following fact is obvious.

Facr 2.6. Let ¢’ be the partial edge-coloring obtained from an acyclic partial edge-
coloring ¢ by the color exchange with respect to the edges uv and uw. Then ¢’ is proper if
and only if c(uv) ¢ Sy, and c(uw) ¢ S,,.

The color exchange is useful in breaking some critical paths, as is clear from the
following lemma.

LemMa 2.7. (Basavaraju and Chandran [4] and [3]). Let u, v, w, a, and b be vertices
of G such that uv, uw, and ab are edges. Also leta and B be two colors such that {a, B} N
{c(uv), e(uw)} # @ and {v, w} N {a, b} = @. Suppose there exists an (a, B, a, b)-critical
path that contains vertex u, with respect to an acyclic partial edge-coloring ¢ of G. Let ¢’
be the partial edge-coloring obtained from c by the color exchange with respect to the
edges uwv and ww. If ¢ is proper, then there is no («, B, a, b)-critical path in G with re-
spect to .
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Multisets and multiset operations. Recall that a multiset is a generalized set where a
member can appear multiple times. If an element x appears ¢ times in the multiset S,
then we say that the multiplicity of x in S is ¢. In notation multg(z) = ¢. The cardinality
of a finite multiset S, denoted by ||S||, is defined as ||S]| = > ,cgmultg(z). Let S; and
Sy be two multisets. The reader may note that there are various possible ways to
define the union of S; and Sy. For the purpose of this paper we define one such union
notion which we call the join of S| and S, denoted as S; W Sy. The multiset S; W .S, have
all the members of S; as well as S,. For a member z € Sy WS, multg g, (7) =
mult, (2) + multg, (z). Clearly |5y & Syl = 1Syl + [1,]]-

2.2. There exists a configuration A2, A3, or A4. We now can resume the
proof of Theorem 2.1. Suppose by way of contradiction that there exists a configuration
A2, A3, or A4 in G. Let v, vy, vy, and v3 be the vertices as described in Lemma 2.2.

In all the propositions of this subsection, we start with an acyclic edge-coloring ¢’ of
G\ vv;. So the abbreviations F, and S, stand for F,(c¢') and S,;(¢’), respectively.

ProposITION 2.8. For any acyclic edge-coloring ¢ of G\ vvy, |F, N F, | > 2.

Proof. Suppose by way of contradiction that there is an acyclic edge-coloring ¢’ of
G\ vv; with a set C of A + 12 colors such that [F, N F, | < 1.

Assume first that [F, N F, | = 0. The reader can verify from close examination of
configurations A2, A3, and A4 that [F, U F, | will be maximum for configuration A2,
and therefore |F, U F, | = [F,| 4+ |F, | <2+ 10 = 12. Thus there are A candidate col-
ors for the edge vv;, and by Lemma 2.4 all the candidate colors are valid, a contradiction
to the assumption that G is a counterexample.

Assume now that |F,NF,|=1. It is easy to see that |F,UF,|=|F,|+
|F, | = |F, N F, | <11, and hence there are at least A 4 1 candidate colors for the edge
vvy. Let F, N F, = {a},andlet u € N(v) be a vertex such that ¢(vu) = o. Now if none
of the A 4+ 1 candidate colors is valid for the edge vv,, then by Fact 2.5, for each
y€ C\(F,UF,), there exists an (a, y, v, v;)-critical path. Since ¢’(vu) = a, we have
all the critical paths passing through the vertex u, and hence 5, € C'\ (F,, U F, ). This
implies that |S,,| > |C\ (F,UF, )| > (A+12) —11 =A+1, a contradiction since
|Syul < A —1. Thus we have a valid color for the edge vv;, a contradiction to the as-
sumption that G is a counterexample. |

Let S, be the multiset defined by S, = 5,,, & 5, W -+ WS,,,.

ProposITION 2.9. For any acyclic edge-coloring ¢’ of G\ vvy, |F, N F, | # 2.

Proof. Supposenot. Let F,, N F, = {ay, a5}, and let v/, v" € N, (v) and o', u” €
N G, (v1) be such that ¢/(vv') = ¢/(vu') = a; and ¢/ (v0”) = ¢/(v,u”) = ay. It is easy to
see that |F, U F, | < 10. Thus there are at least A 4- 2 candidate colors for the edge vv;.
If any of the candidate colors is valid for the edge vv;, we are done. Thus none of the
candidate colors is valid for the edge vv;. This implies that there exists an («y, 6, v, v;)-
or (ag, 6, v, vy)-critical path for each candidate color 6.

Cramv 1. The multiset S, contains at least |F,, | — 1 colors from F, .

Proof. Suppose not. Then there are at least two colors in F', which are not in 5.
Let v and p be any two such colors. Now assign colors v and u to the edges vv' and vv”,
respectively, to get an edge-coloring ¢”. Now since v, u € S,,, we have v ¢ S,,» and
1 ¢ S,y Moreover, p,v ¢ F,(c')\{a;,ay}. Thus the edge-coloring ¢” is proper.
Now we claim that the edge-coloring ¢” is acyclic also. Suppose not. Then there has
to be a bichromatic cycle containing at least one of the colors v and p. Clearly this
cannot be a (v, u)-bichromatic cycle since u ¢ S,,. Therefore it has to be a (v,4)-
or (u,A)-bichromatic cycle, where 4 € F,(¢”)\{v,n}. Let u be a vertex such that
¢ (vu) = A. This means that there was already a (4, v, v, v')- or (4, u, v, v"")-critical path
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with respect to the edge-coloring ¢’. This implies that v € S, or u € S,,, implying that
vesS, or ues, a contradiction. Thus the edge-coloring ¢” is acyclic. Let
Uy, Uy € Ny, (v1) be such that ¢”(vyuy) = v and ¢”(viuy) = p.

Note that |F, U F, | < 10 (the maximum value of |F', U F, | is attained when the
graph has configuration A2). Therefore there are at least A + 2 candidate colors for the
edge vv;. If any of the candidate colors are valid for the edge vv;, then we are done, as
this is a contradiction to the assumption that G is a counterexample. Thus none of the
candidate colors is valid for the edge vv;, and therefore there exist either a (v, 8, v, v;)-
critical or a (i, 6, v, vy )-critical path for each candidate color 6. Let C, and C),, respec-
tively, be the set of candidate colors which are forming critical paths with colors v and .
Then clearly C, € S, ,, and C, C S, ,, since ¢ (v u;) = v and ¢"(v uy) = . Now we
exchange the colors of the edges vv' and vv” to get a modified edge-coloring ¢. Note that
¢ is proper since u ¢ S,, and v ¢ S,,». By Lemma 2.7, all (v, 8, v, v;)-critical paths
where 8 € C, and all (i, y, v, vy)-critical paths where y € C), are broken. Now if none
of the colors in C, are valid for edge vy, then it means that for each 8 € C, there exists
a (, B, v, vy)-critical path with respect to the edge-coloring ¢, implying that C, C S, ,, .
Since the recoloring involved no candidate colors, we still have C, € S, ,,. Thus we
have (C, U Cy) C S, ,,. But |C, U C,| > A + 2, which implies that |5, ,,| > A+2, a
contradiction since |5, ,,| < A —1. |

Cram 2. There exists at least two colors By and By in C\ F, with multiplicity at
most one in S,.

Proof. In view of Claim 1 we have ) . p multg (z) = ||S,|| — (|, — 1). Thus if
1S, = (|F,,| =1) <2[(C\ F,)| — 3, then there exist at least two colors f; and B, in
C\ F, with multiplicity at most one in §,. Thus it is enough to prove
IS, <2|C|—|F, | -4<2A+24—|F,|-4=2A+20—|F,| Now we can easily
verify that ||.9,[| + [F,,| < 2A 4 20 for configurations A2, A3, and A4 as follows:

e For AQ, “Sv” + |F111‘ S (d(UQ) - 1) + (d(v?)) - 1) + |F111‘ = (A - 1) + (A - 1)+
10 =2A + 8.

e For A3, ||S,Il + [F,,| < (d(ve) = 1) + (d(v3) — 1) + (d(vy) — 1) + |F,, | = 10+
(A—1)4+(A—-1)4+6=2A+14.

o For A4, I18,]l + [Fy| < (d(es) — 1)+ (d(v;) — 1) + (d(ug) — 1) + (d(v5) — 1)+
|Fp|=6+10+(A-1)+(A—-1)+5=2A+19. 0

The colors B, and B, of Claim 2 are crucial to the proof. Now we make another claim
regarding B, and B,.

Cramm 3. By and By € F,.

Proof. Without loss of generality, let 8; ¢ F',. Then recalling that 8, ¢ F, , B, isa
candidate for the edge vv;. If it is not valid, then there exists either an («y, 81, vv;)- or
(@9, B1, v, vy)-critical path with respect to ¢’. Since the multiplicity of f; in S, is at most
one, we have the color B, in exactly one of S, or S,,». Without loss of generality, let
B1 € S, Hence there exists an (ay, B, v, vq)-critical path with respect to ¢’

Now recolor the edge vv' with color B, to get an edge-coloring ¢. Then ¢ is proper
since B, ¢ F,and B, € S,,. We shall prove that is is acyclic. Suppose, by way of contra-
diction, that there is a bichromatic cycle with respect to ¢. Then it has to be a (8, y)-
bichromatic cycle for some y € F,(c) \ c¢(vv'). Let a € N ¢, (v) be such that c(va) = y.
Then the (B, y)-bichromatic cycle should contain the edge va, and therefore y € S,,(¢).
But we know that ¢" is the only vertex in N, (v) such that B, € S,,. Therefore
a = v". This implies that y = @, and that there existed an (a5, 81, v, v')-critical path
with respect to the edge-coloring ¢’. This is a contradiction to Fact 2.3 since there al-
ready existed an (as, B, v, vy )-critical path with respect to the edge-coloring ¢'.
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Thus the edge-coloring c is acyclic and | F,(¢) N F, (¢)| = 1, a contradiction to Pro-
position 2.8.

Note that {81, B2} N {1, @y} = @ since B, By ¢ F,,. In view of Claim 3, we have
{a1, a9, B1, B2} C F,, and thus |F,| > 4, which implies that d(v) > 5. Thus the vertex v
belongs to configuration A4. Therefore d(v) = 5 and F, = {1, @9, 81, B2}. There are at
least A +12 — (5+4 —2) = A+ 5 candidate colors for the edge vv;. Also recall that
d(vy) <7, ' (v0') = ' (nu) = ay, and ' (vv") = /(v u") = a,.

Cram 4. vy & {v', 0"},

Proof. Suppose not. Then, without loss of generality, v, = v and ¢'(vvy) = ;.
Now if none of the A + 5 candidate colors is valid for the edge wvv;, then they all
are in critical paths that contain either the edge vv' or the edge vv”. Now
|Syw| + [Sw| <6+ A—1=A+5. Since each of the A+ 5 candidate colors has to
be present in either S, or S,,, we infer that S,,» U S,,, is exactly the set of candidate
colors; ie., |S,y|+|Suw| = A+ 5. This requires that |S,,| =6, |S,»] =A —1, and
Sy NSy = @. Since for each y € S, we have (as, y, v, vy )-critical path containing
u, we can infer that S,,» C S, ,» (recall that ¢/(vu") = a5). But since |5, | <A -1,
we have S, = 5, . Thus S, v NSy = Sy NSy = D.

Now we exchange the colors of the edges vv’ and vv” to get an edge-coloring ¢. Hence
c(vv') = ay and ¢(vv") = ay. The edge-coloring c is proper since a5 ¢ S,y and oy € S,
(recall that S,, and S, contain only candidate colors). We shall prove that ¢ is also
acyclic: A bichromatic cycle with respect to ¢ has to be an («;, 17)- or (9, )-bichromatic
cycle for some n € F,. Clearly it cannot be an (ay,as)-bichromatic cycle since
oy ¢ S,y (c), and therefore n € {8, B5} (recall that F, = {ay, &9, B1, B }). This implies
that either B, or B8, belongs to S,,, U S,,7. But we know that S,,, U S, is exactly the set
of candidate colors for the edge vvy, a contradiction since B, B, € F, cannot be candi-
date colors for the edge vv,.

Therefore the edge-coloring ¢ is acyclic. By Lemma 2.7, all the existing critical
paths are broken. Now consider a color y € S,,,. If it is still not valid, then there
has to be an (as, y, v, v1)-critical path since c¢(vv') = ay and y & S,,(c). This implies
that y € S, ,(c), a contradiction since S, ,(c) N S,y(c)=@. Thus we have a
valid color for the edge vv;, a contradiction to the assumption that G is a counter-
example. O

From Claim 4, we infer that c'(vvy) ¢ F,NF, since F,NF, = {c(vv),
c(vv")} = {a,ay}. Therefore we have c(vvy) € {B1, Bo} since F, = {ay, a9, b1, Ba}.
Without loss of generality, let ¢(vvy) = B;. We know that the color B, can be in at most
one of S,, and S, by Claim 2. Now let ¢ be such that B, ¢ S,. Note that C'\ (S, U
F,UF,)#@ since |S,y,UF,UF,|<A—-14+445-2=A+6. Assign a color
0e C\(S,y UF,UF,) to the edge vv' to get an edge-coloring ¢”. Now |F,(c") N
F, (¢")| = 1. Thus in view of Proposition 2.8, the edge-coloring ¢” is not acyclic. Hence
there is a bichromatic cycle with respect to ¢”. This bichromatic cycle should involve one
of the colors @y, B, B2 along with 6. Since the bichromatic cycle contains a color from
Sy and By & Sy, it cannot be a (6, By)-bichromatic cycle. Now with respect to the
edge-coloring ¢/, color 6 was not valid for the edge vv,, implying that there existed
an (aq,0,v,v1)- or (ay, 8, v, v;)-critical path. But an («y, 6, v, v;)-critical path was
not possible since 8 ¢ S, by the choice of 8. Thus there existed an (a5, 8, v, v; )-critical
path with respect to ¢’. Thus by Fact 2.3, there cannot be an (@5, 0, v, v')-critical path
with respect to ¢/, and hence there cannot be an (a5, 8)-bichromatic cycle in ¢” formed
due to the recoloring. Thus if there is a bichromatic cycle formed, then it has to be a
(B1, 6)-bichromatic cycle, which implies that 8, € S,,,.
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Now taking into account the fact that 8, isin S,,, as well as F',, we get |S,,, U F,, U
F,|<A-1+4+5-2-1=A+5, and therefore [S,, U F,UF, US,,|<A+5+
6 = A+ 11. Thus, C\ (S,y, UF,UF, US,,)#@. Now recolor the edge v’ using a
colory € C\(S,y UF,UF, US,,) toget an edge-coloring c. Clearly this edge-color-
ing is proper. It is also acyclic since if a bichromatic cycle gets formed, it has to be a
(B1, y) bichromatic cycle (note that the (ay, ) and (85, y) bichromatic cycles are argued
out as before). But y ¢ §,,,, a contradiction. Thus the edge-coloring c is acyclic.

But |F,(c) N F, (c)| =1, a contradiction to Proposition 2.8. This completes the
proof of Proposition 2.9.

PropositioN 2.10. For any acyclic edge-coloring ¢’ of G\ vvy, |F, N F, | # 3.

Proof. Suppose not. Let ¢ be an acyclic edge-coloring of G\ vv; such that
|F, N F,|=3. Then |F,| > 3, and therefore d(v) > 4. Thus v belongs to either config-
uration A3 or A4. Let S, be the multiset defined by ), = S, \ (F',, U F,)). Let v/, v",v" €
N, (v) be such that {c(vv'), c(vv”), c(vv")} = F,NF, . Also let c(vv') =0y,
c(vv") = ay, and c(vv") = ay.

Cram 5. || 9] < 2A +11.

Proof. When d(v) =4, it is clear that |9l < (d(vy) —1)+ (d(vs3) — 1)+
(d(vy)) —1) <104+ A —1+A—1=2A+8. On the other hand when d(v) = 5, try to
recolor one of the edges vv/, vv”, vv” using a color in C'\ (F,U F, ). There are
A +6 colors in C'\ (F, U F, ). If any of these colors is valid for one of v/, vv", or
00", then recoloring this edge with this color, we obtain an acyclic edge-coloring ¢” sa-
tisfying | F',(¢") N F, (c")| = 2. This contradicts Proposition 2.9. Hence there has to be
a bichromatic cycle formed during each recoloring. Since such a bichromatic cycle has to
be a (y1,ys)-bichromatic cycle where y; is the color used in the recoloring and
vy € Fy\ {y:}, weinfer that S,,, S, and S, contain at least one color from F',. Thus
we have (IS4 < IS, — 3 < (dvs) — 1)+ (d(v5) — 1) + (d(vs) — 1) + (d(u;) — 1)—
3<6+10+4A—-14+A—-1-3=2A+11. 0

Cramm 6. There exists at least one color B € C'\ (F, U F,, ) with multiplicity at most
one in S,

Proof. Since v belongs to either configuration A3 or configuration A4, we have
|F,UF,|<9-3=6. Thus |C\(F,UF,)| <A+6. By Claim 5 we have |5 <
2A + 11, and from this it is easy to see that there exists at least one color
B € C\(F,U F,) with multiplicity at most one in 5. O

Note that 8 € C'\ (F, U F, ), where f is the color from Claim 6 that is a candidate
color for the edge vv;. If it is not valid, then there has to be a (0, B, v, v )-critical path,
where 0 € {a, @y, a3}. By Claim 6, 8 can be present in at most one of S, S, and
Sy Without loss of generality, let 8 € S,,». Thus there exists an («s, 8, v, v;)-critical
path with respect to the edge-coloring ¢’. Recolor the edge vv' using the color § to get an
edge-coloring c. Clearly c is proper since 8 ¢ S,y and B € F,. Let us show that it is also
acyclic. A bichromatic cycle (with respect to ¢) has to contain the color § as well as a
colory € F,(c)\{B}.If y = c(vw), then g € S, for the (8, y)-bichromatic cycle to get
formed. But v is the only vertex in N g, (v) such that B € S,,». Thus w = V", y = ay,
and the cycle is an (a9, §)-bichromatic cycle. This means that there existed an
(a9, B, v, v')-critical path with respect to the edge-coloring ¢’, a contradiction to Fact 2.3
since there already existed an («y, 8, v, vy )-critical path with respect to the edge-coloring
¢’. Thus the edge-coloring c¢ is acyclic.

But |F,(c) N F, (c)| =2, a contradiction to Proposition 2.9. This completes the
proof of Proposition 2.10. d

ProposiTioN 2.11. For any acyclic edge-coloring ¢’ of G\ vvy, |F, N F, | # 4.
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Proof. Suppose not. Let ¢’ be an acyclic edge-coloring of G\ vv; such that
|, F,|=4. Then |F,| >4 and since d(v) <5, we have d(v) = 5. Hence v belongs
to Configuration A4. Let S, be the multiset defined by S, = S5,\ (F, U F,). Also
let c(vvy) = @y, c(vvz) = ag, c(vvy) = a3, and c(vvy) = ay.

Now try to recolor an edge incident on v with a candidate color from C'\ (F, U F', ).
If the obtained edge-coloring ¢” is acyclic, then |F,(¢") N F, (¢")| = 3, a contradic-
tion to Proposition 2.10. Hence there has to be a bichromatic cycle created due to
recoloring with one of the colors from F,. This implies that F, N S, # @. Thus we
have |G < 19,1 =1 < (d(vz) = 1) + (d(v3) — 1) + (d(vy) — 1) + (d(v;) — 1) < 6+
I0+A—-1+A—-1-1=2A+13. Now since there are [C'\ (F,UF, )| > A+ 12—
(445—4) = A+ 7 candidate colors and ||9,|| < 2A + 13, it is easy to see that there
exists at least one candidate color 8 with multiplicity at most one in 5.

Note that g € C'\ (F', U F, ) is a candidate color for the edge vv;. If it is not valid,
then there has to be a (8, B, v, v;)-critical path, where 8 € {a1, a5, @3, o, }. We know that
B can be present in at most one of S, Sy, Sy, and S, . Without loss of generality, let
B € Sy, Thus there exists an (a5, B, v, v1)-critical path with respect to the edge-color-
ing ¢’. Recolor the edge vv, using the color 8 to get an edge-coloring c¢. Clearly c¢ is proper
since B ¢ S,,, and B ¢ F,. Let us now show that it is acyclic. A bichromatic cycle with
respect to ¢ has to contain the color 8 as well as a color y € F,(c)\ {B}. If y = c(vw),
then B € S, for the (B, y) bichromatic cycle to get formed. But vs is the only vertex
in N gy, (v) such that B € S,,,. Thus w = v3, ¥ = a3, and it has to be a (8, ;) bichro-
matic cycle. This means that there existed an (s, B, v, vo)-critical path with respect to
the edge-coloring ¢/, a contradiction to Fact 2.3 since there already existed an
(a9, B, v, vy)-critical path with respect to the edge-coloring ¢’. Thus the edge-coloring
¢ is acyclic.

But [F,(c) N F, (c)| =3, a contradiction to Proposition 2.10. O

By Lemma 2.2, de\, (v) < 4. Thus |F, N F, | <|F,| <4. Then Propositions 2.8,
2.9, 2.10, and 2.11 give a contradiction to the assumption that G contains a Configura-
tion A2, A3, or A4dA,.

2.3. There is no configuration A2, A3, or A4. In the previous subsection, we
showed that G contains no configuration A2, A3, or A4. Then by Lemma 2.2, there is a
configuration A1l that is a vertex v such that d(v) = 2. Now delete all the degree 2 ver-
tices from G to get a graph H. Now since the graph H is also planar, there exists a vertex
v/ in H such that v' belongs to one of the configurations A1, A2, A3, or A4, say, A’. The
vertex v’ was not already in configuration A’ in G. This means that the degree of at least
one of the vertices of the configuration 4’, i.e., {v'} U Ny (v'), got decreased by the re-
moval of 2-degree vertices. Let P = {z € {v'} U Ny(v'):dg(z) < dg(x)}. Let u be the
minimum degree vertex in P in the graph H. Now it is easy to see that dy(u) < 11 since
v" did not belong to A" in G.

Let N'(u) = {z|z € Ng(u)and dg(u) = 2}. Let N"(u) = Ng(u) — N'(u). It is ob-
vious that N”(u) = Ny(u).

Since u € P and dy(u) <11, we have |N'(u)|>1 and N”(u) <11. In G let
u' € N'(u) be a two-degree neighbor of u such that N(u') = {u, v”}. Now by minimality
of G, the graph G\ uu' admits an acyclic edge-coloring ¢’ using a set C of A 4+ 12 colors.
Let F, = {(uz)|z € N'(u)} and F, = {c'(uzx)|z € N"(u)}. Now if ¢(v'u") & F,, we
are done since |F, U F | < A, and thus there are at least 12 candidate colors which
are also valid by Lemma 2.4.

We know that |F)| < 11.If ¢/(v'u”) € F), thenlet ¢ = ¢'. Elseif ¢/(v'u") € I, then
recolor edge u'u” using a color from C'\ (S, ,» U F’)) to get an edge-coloring ¢ (note that
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|[C\N (Syw UF))| >A+12—(A—1+4+11)=2, and since u' has degree one in
G —{uv'}, ¢ is acyclic). Now if c(uv'u”) ¢ F,, the proof is already discussed.
Thus ¢(v'u") € F),.

Let us now consider the edge-coloring c. Let a & N'(u) be such that
c(ua) = c(u'u") = . Now if none of the candidate colors in C'\ (F, U F') are valid
for the edge ww', then by Fact 2.5, for each y € C\(F,U F,), there exists an
(a, y, u, u')-critical path. Since ¢’(ua) = o, we have all the critical paths passing through
the vertex a, and hence S,, C C\ (F, U Fy). This implies that |S,,| > |C\ (F, U
F))l>A+12—(1+A—1-1) =13, a contradiction since |S,,| = 1. Thus we have
a valid color for the edge uu/, a contradiction to the assumption that G is a counter-
example.

This final contradiction completes the proof of Theorem 2.1.

3. Planar graphs of girth at least 5. The aim of this section is to prove
Conjecture 1.2 for planar graphs of girth at least 5. Actually, we prove the conjecture
for a more general class of graphs: the graphs of maximum average degree at most 10 /3.
The average degree of a graph G is Ad(G) = WZUG v(e)d(v) = 2“5((5'1))". The mazimum
average degree of G is Mad(G) = max{Ad(H)|H is a subgraph of G}. It is well known
that the girth and the maximum average degree of a planar graph are related to each
other.

Proposition 3.1. Let G be a planar graph of girth g:

4
Mad(G) <2+m.

THEOREM 3.2. Let A > 19 and G be a graph with mazimum degree at most A and
mazimum average degree less than X). Then x',(G) < A.

Theorem 3.2 and Proposition 3.1 immediately yield the following.

COROLLARY 3.3. Let A > 19 and G be a planar graph with maximum degree at most
A and girth at least 5. Then x,(G) < A.

More generally than Theorem 3.2, we show the following.

THEOREM 3.4. For anye > 0, there exists an integer A, such that every graph G with
maximum degree at most A with A > A, and maximum average degree less than 4 — € is
acyclically A-edge-colorable.

In order to prove Theorems 3.2 and 3.4, we first establish some properties of
A-minimal graphs which are graphs with maximum degree at most A, not acyclically
A-edge-colorable but such that every proper subgraph is. Then, by the discharging
method, we deduce that such a graph has maximum average degree at least 4 — € (resp.,
10/3) if A is at least A, (resp., 19). We will first prove, in subsection 3.2, Theorem 3.4,
for its discharging procedure is simpler because we only establish the existence of A, and
make no attempt to minimize it. We then show Theorem 3.2 in subsection 3.3.

A vertex of degree i is called an i-vertex and an i-neighbor of a vertex v is a neighbor
of v having degree i.

3.1. Properties of A-minimal graphs.

ProposiTionN 3.5. A A-minimal graph G is 2-connected. In particular, §(G) > 2.

Proof. If G is not connected, it is the disjoint union of G; and G,. Both G| and G,
admit an acyclic A-edge-coloring by minimality of G. The union of these two edge-
colorings is an acyclic A-edge-coloring of G.
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Suppose now that G has a cutvertex v. Let C; for 1 < ¢ < p be the components of
G — v and G, the graph induced by C; U {v}. By minimality of G, all the G, admit an
acyclic A-edge-coloring. Moreover, free to permute the colors we may assume that two
edges incident to v get different colors. Hence the union of these edge-colorings is an
acyclic A-edge-coloring of G because any cycle of G is entirely contained in one of
the G;. |

ProprosiTioN 3.6. Let G be a A-minimal graph. For every vertex v e V(G),
ZueN(v) d(u) Z A+1.

Proof. Suppose by way of contradiction that there is a vertex v such that
> uen(w@(u) < A. Let w be a neighbor of v. By minimality of G, G\ vw admits an
acyclic edge-coloring with A colors. Now color vw with a color distinct from the ones
of the edges incident to a neighbor of v. This is possible, as there are at most A — 1 such
edges distinct from vw. Doing so we clearly obtain a proper edge-coloring. Let us now
show that there is no bicolored cycle. A cycle that does not contain vw has edges of at
least three colors as the edge-coloring of G was acyclic and a cycle containing vw must
contain an edge vu and an edge tu with u € N(v) \ {w}. By construction, the colors of
tu, uv, and vw are distinct. O

A thread is a path of length two whose internal vertex has degree 2.

ProposiTion 3.7. Letk > 2 be an integer and G a A-minimal graph. In G, a A-vertex
is the end of at most k threads whose other endvertex has degree at most k.

To prove this proposition we need the following lemma.

Lemva 3.8. Let H = ((A, B), E) be a bipartite graph with |A| = |B| = q such that for
any vertex a € A d(a) =1, and let K 4 p be the complete bipartite graph with bipartition
(A, B). If at least three vertices of B are of degree at least one in H, then there exists a
perfect matching M of K 4 p such that the bipartite graph ((A, B), E U M) has girth at
least 6.

Proof. Let m be the number of vertices of B of degree at least one. Let b, ..., b, be
the vertices of B with d(b;) > 1if i < m and d(b;) = 0 otherwise. And let a4, ..., a, be
the vertices of A with a;b; € F for all 1<i<m. If m>3, let M={a;b;,4|
1<i<m}U{apb}U{a;b;lm < i< g} Then the unique cycle in ((4, B), EU M)
is C = (ay, by, ag, b3, ..., @p_1, by, a1). It has length 2m > 6. O

Proof of Proposition 3.7. Suppose for a contradiction that there is a A-vertex u
with ¢ = k+ 1 threads uwv;w;, 1 < i < ¢, such that d(w;) < k. Note that ¢ > 3.

Set A = {v,. ..., v,}. By Proposition 3.1, w; ¢ Aforall 1 < i < ¢. By minimality of
G, G — A admits an acyclic A-edge-coloring.

Let us first extend it to the v;w; as follows. Let F be the set of colors assigned to the
edges incident to v and to no vertex of A, and for 1 < ¢ < ¢, let F'; be the set of colors
assigned to the edges incident to w; (and distinct from v;w;). Then |F| = A — ¢ and
|F;] <k—1. For all 1<i<gq, let S; be the set of colors not in F U F;. Since
|F|+|Fj|=A—q+k—1=A—2, then |S,| > 2.

Assume first that |(J?_; S;| > 3. Then one can assign to each v;w; a color in S; in
such a way that at least 3 colors appear on such edges and that different colors appear on
v;w; and v;w; if w; = w;. We will now color the edges uv; for 1 < i < g. Therefore let
H, = ((A, B), E}) be the bipartite graph with B the set of ¢ colors {b;, ..., b,} not in F
and in which v; is adjacent to b; if c(v;w;) = b;. Aslong as some v, has degree 0, then add
an edge between a, and an isolated b; to obtain a bipartite graph H, = ((4, B), Es).
Because at least three colors appear on the v;w;, the graph H, fulfills the hypothesis
of Lemma 3.8. So there exists a perfect matching M of K, p such that ((4, B),
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E, U M) has girth at least 6. For 1 < 4 < ¢, assign to each uv; the color to which v; is
linked in M.

Let us now prove that this edge-coloring of G is acyclic. It is obvious that it is proper
since v; is not linked to ¢(v;w;) in M. Let us now prove that it is acyclic. Let C be a cycle
of G. If it contains no vertex of A, then it contains edges of three different colors because
the edge-coloring of G — A is acyclic. Suppose now that C contains a unique vertex of A,
say, v;. Then C contains w;v;, v;u, and ut with ¢ a neighbor of v not in A. Then
c(ut) € F, so by construction, c(w;v;) # c¢(ut). Hence the colors of w;v;, v;u, and ut
are distinct. Suppose finally that C' contains two vertices of A, say, v; and v;. Then
C contains w;v;, v;u, w;v;, and v;u. Since ((A4, B), By U M) has girth at least 6, either
c(vju) # c(w;v;) or c(vju) # c(w;v;). In both cases, C has edges of three different colors.

Assume now that ||JZ, S;| < 3. Then all the S; are equal and of cardinality 2, say,
S;={a, b} for all 1 < i < q. Hence all the F; are the same of cardinality £ — 1 and dis-
joint from F. Observe that this can happen only if all the w; are distinct. Let us denote
by fi, ..., fi—1 the elements of the F;. Let us set c(v;,w;) = afor1 < i <k, c(v,w,) = b,
c(uv;) = fifor 1 <i<k—1, c(uvy) = b, and c(uvpq) = a. It is easy to check that the
obtained edge-coloring is an acyclic edge-coloring of G. 0

ProrosiTioN 3.9. Let k and [ be two positive integers and G a A-minimal graph. In G,
a (A — l)-vertex is the end of at most k — 1 — [ threads whose other endvertex has degree
at most k.

To prove this proposition we need the following lemma.

Lemma 3.10. Let H = ((A, B), E) be a bipartite graph with g = |A| < |B| such that
for any vertex a € A, d(a) =1, and let K 4 g be the complete bipartite graph with biparti-
tion (A, B). Then there exists a matching M of K 4 p saturating A such that the bipartite
graph ((A, B), EU M) has no cycle.

Proof. Let ¢ = |B|. Let by, ..., by be the vertices of B with d(b;) > 1if i < m and
d(b;) = 0 otherwise. And let a;, ..., a, be the vertices of A with a;b;, € E for all
1<i<m. Let M={a;bi1|1 <i<gq}. This is well-defined since ¢ > g. Then
((A, B), E U M) has no cycle. O

Proof of Proposition 3.9. Suppose for a contradiction that there is a (A — [)-vertex
u with ¢ = k — [ threads uv;w;, 1 < i < ¢, such that d(w;) <k.

Set A = {vy, ..., v,}. By minimality of G, G — A admits an acyclic A-edge-coloring.
Let us first extend it to the v,w; as follows. Let F' be the set of colors assigned to the edges
incident to » and to no vertex of A, and for 1 < ¢ < ¢, let F'; be the set of colors assigned
to the edges incident to w; (and distinct from wv;w;). Then |F|=A—1— ¢ and
|F,| < k—1.

Forall 1 < i < ¢, color v;w; with a color not in F' U F; and distinct from the colors.
This is possible since |F|+ |F;|=A—-1l—q¢+k—1=A—1.

We will now color the edges uv; for 1 < ¢ < ¢. Thereforelet H; = ((4, B), E;) be the
bipartite graph with B the set of ¢+ j colors {b;, ..., b, ;} not in F and in which v; is
adjacent to b; if c(v;w;) = b;. Aslong as some v; has degree 0, then add an edge between
a; and an isolated b; to obtain a bipartite graph Hy, = ((A, B), E,). Then H, fulfills the
hypothesis of Lemma 3.10, so there exists a perfect matching M of K 4 p such that
((A, B), Ey U M) has no cycle. For 1 < i < g, assign to each uv; the color to which
v; is linked in M.

In the same way as in the proof of Proposition 3.7, one shows that the obtained edge-
coloring is acyclic. |

3.2. Proof of Theorem 3.4
Lemma 3.11. Let € > 0. There exists A, such that if A > A, then any A-minimal
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graph has average degree at least 4 — €.

Proof. The result for e = % implies the result for larger values of €. Hence we assume
that e <3. Let us assign an initial charge of d(v) to each vertex ve V(G), Set
d. = [8—2]. We perform the following discharging rules.

R1. For 4 < d < d,, every d-vertex sends a(d) =1 — %€ to each neighbor.
R2. For d, < d <A +1—d,, every d-vertex sends 1 —§ to each neighbor.
R3. For A+2—d. < d <A, every d-vertex sends
- 1 — € to each 3-neighbor;
- 2 — e to each 2-neighbor whose second neighbor has degree 2 or 3;
- b(d) =2 — € — a(d) to each 2-neighbor whose second neighbor has degree d
with 4 < d < d;
- 1 —§ to each 2-neighbor whose second neighbor has degree d > d,.

Let us now check that every vertex v has final charge f(v) at least 4 — e.

If vis a 2-vertex, then let u and w be its two neighbors with d(u) < d(w). If
d(u) <3, then d(w) > A —2 by Proposition 3.6. Hence v receives 2 — ¢ from w by
R3,s0 f(v) >2+2—e=4—¢.1f4 < d(u) < d,, then d(w) > A+ 1 — d,, by Proposi-
tion 3.6. Hence v receives a(d) from v by R2 and b(d) from w by R3. So f(v) =4 —e. If
d(u) > 10, then v receives 1 —§ from u and 1 —§ from w by R3. So f(v) =4 —e.

Suppose that v is a 3-vertex. Then by Proposition 3.6 it has at least two (>8)-
neighbors. Hence it receives at least 2 x 1 /2 by R1, R2, or R3 because e < 1. So f(v) > 4.

Suppose 4 < d(v) < d,. Then v sends d(v) times 1 — ﬁ, so f(v) >4 —e.

Suppose d. < d(v) < A+1—d.. Then v sends at most d(v) times 1—§, so
f(v) > d(v) x§>4—e.

Suppose now that d(v) > A + 2 — d,.. Then by Propositions 3.7 and 3.9, the most v
can send is when it has three 2-neighbors with the second neighbor of degree at most 3,
one 2-neighbor with the second neighbor of degree dforall4 < d < d. — 1,and A — d,. +
1
2-neighbors with second neighbor of degree at least d,. Hence

d.—1
f(v)2A+2de3(26)Zb(d)(Ad€+1)<1€)

d=4 2
€
> A§ - S,

with S, =d, —2+3(2—¢)+ 35 b(d) — (1 —£)(d. —1). Setting A, =[2(S+
4—¢)],if A> A, the f(v) >4 —e. O

Proof of Theorem 3.4. If Theorem 3.4 were false, then a minimum counterexample
G would be a A-minimum graph. So by Lemma 3.11, its average degree would be at least
4 — ¢, a contradiction. 0

3.3. Proof of Theorem 3.2. Lemma 3.11 for € = 2 /3 yields that for A > A, /5, a
A-minimal graph G satisfies Mad(G) > Ad(G) > 10 /3. The value of A, /3 given by the
proof of Lemma 3.11 is 49. We now show that it could be decreased to 19.

Lemva 3.12. Let A>19 and G be a A-minimal graph. Then Mad(G) >
Ad(G) > 10/3.

Proof. Let us assign an initial charge of d(v) to each vertex v € V(G) and perform
the following discharging rules:

R1. Every 4-vertex sends 4 /9 to each of its (<3)-neighbors;
R2. Every 5-vertex sends 7 /12 to each 2-neighbor and 1 /3 to each 3-neighbor;
R3. For 6 < d <9, every d-vertex sends 1 — 10 /3d to each neighbor;
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R4. For 10 < d < A —9, every d-vertex sends 2 /3 to each neighbor;

R5. For A —8 < d <A, every d-vertex sends
- 2/3 to each d-neighbor with 3 < d < 5;
- 4 /3 to each 2-neighbor whose second neighbor has degree 2 or 3;
- 8/9 to each 2-neighbor whose second neighbor has degree 4;
- 9/12 to each 2-neighbor whose second neighbor has degree 5;
- 1/3+10/3d to each 2-neighbor whose second neighbor has degree d with

6<d<09;
- 2/3 to each 2-neighbor whose second neighbor has degree d > 10.
Let us now check that every vertex v has final charge f(v) at least 4.

If v is a 2-vertex, then let u and w be its two neighbors with d(u) < d(w). If
d(u) < 3, then d(w) > A —2 by Proposition 3.6. Hence v receives 4 /3 from w by
R5, so f(v)>2+44/3=10/3. If d(u) =4, then d(w)> A —3 by Proposition 3.6.
Hence v
receives 4 /9 from u by R1 and 8 /9 from w by R5. So f(v) = 10/3. If d(u) = 5, then
d(w) > A — 4 by Proposition 3.6. Hence v receives 7 /12 from u by R2 and 9 /12 from w
by R5. So f(v) =10/3.1f6 < d(u) <9, then d(w) > A — 8 by Proposition 3.6. Hence v
receives 1 — 10 /3d from u by R3 and 1 /3 + 10 /3d from w by R5. So f(v) = 10/3. If
d(u) > 10, then v receives 2 /3 from u by R4 and 2 /3 from w by R5. So f(v) = 10 /3.

Suppose that v is a 3-vertex. Then, since A > 10, by Proposition 3.6 it has either a
(>5)-neighbor or two 4-neighbors. Hence it receives either at least 1 /3 by R2, R3, R4, or
R5, 0or 2x4/9>1/3 by R1. In both cases, f(v) >3+1/3=10/3.

Suppose that v is a 4-vertex. Then, since A > 18, by Proposition 3.6, it has either
three (<3)-neighbors and one (>10)-neighbor or at most two (<3)-neighbors. In the first
case, it sends 4 /9 to each of its 3-neighbors and receives 2 /3 form its (>10)-neighbor. So
flv)y>4-3x %—i— % = 10/3. In the second case, it sends 4 /9 to at most 2 neighbors.
So f(v) >4—-2x3>10/3.

Suppose that vis a 5-vertex. Assume first that v has at most three (<3)-neighbors. If
it has at least one (3)-neighbor, it sends at most 3 /2, so f(v) > 5 —3/2 > 10 /3. If not,
it has three 2-neighbors. Let u; and u, be the two (>4)-neighbors of v. By Proposi-
tion 3.6, d(u1) + d(uy) > 11 since A > 16. Hence one of these two vertices is a (>6)-
vertex, and it sends at least 4 /9 to u. Hence f(v) >5+4+4/9—7/4 > 10/3. Assume
now that v has at least four (<3)-neighbors. Let ¢ be the number of 2-neighbors of v.
Then by Proposition 3.6, v has exactly 4 — 4 3-neighbors and its fifth neighbor has degree
at least 6 + i since A > 17. Hence f(v) > 5 —i.5— (4—i)s+1— 3(é3i> > 10/3.

Suppose 6 < d(v) <9. Then v sends d(v) times 1 —10/3d(v), so f(v) > d(v)—
d(v)(1—10/3d) = 10/3.

Suppose 10 < d(v) < A —10. Then v sends at most d(v) times 2 /3, so f(v) >
d(v)(1—-2/3) > 10/3.

Suppose that d(v) = A — I for 1 < I < 7. By Proposition 3.9, v is incident to at most
A — [ — 1 threads, so its has at least one (>3)-neighbor to which it sends at most 2 /3.
Moreover, the most it can send is when it has exactly one 2-neighbor with second neigh-
bor of degree d for each [4+2 < d <9 and A — 9 2-neighbors with second neighbor of

degree at least 10. Hence its final charge is
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9
foza-i-(@-83+ Y s@)

d=I1+2

with s(3) =4/3, s(4) =8/9, s(5) =9/12, and s(d) =1/3+4+10/3d for 6 < d<9.
Since s(3) > 1 and s(d) <1 when d >4, then [+ Y% ,.,s(d) is minimum when
[ = 2. Hence

9

f(v) 2%A+§_ <2+Zs(d))

d=4
1 61 101
>S_A+———3 =
=387 35 3;d
1 61 10 275 _ 10
SoAt X >
37736 3 504" 3

because A > 11.

Suppose d(v) = A. By Proposition 3.7, the most it can send is when it has three 2-
neighbors with second neighbor of degree at most 3, exactly one 2-neighbor with second
neighbor of degree d for 4 < d <9, and A —9 2-neighbors with second neighbor of
degree at least 10. In this case it sends

4 8 9 /1 10 2 2 35 101
3X =4+ — — A-—QN-=A+4+N "=
Xotot+—+ <+3d>+( )3 o+

379 12 £\3 3 36 34=d
2,35 10 275
3 36 3 504
<a-1
= 3

because A > 19. Hence f(v) > 4.
Now Ad(G) = 7 X wev() A(0) = 17 Lvev(epf(v) =25 0O
Proof of Theorem 3.2. If Theorem 3.2 would be false, a minimum counterexample

G would be a A-minimum graph. So by Lemma 3.12, its average degree is at least 10 /3,
a contradiction. |
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