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Abstract— The problem of determining whether a Tanner
graph for a linear block code has a stopping set of a given size
is shown to be NP-complete.

I. INTRODUCTION

Stopping sets were introduced in [1] for the analysis of
erasure decoding of LDPC codes, where, it was shown that
the iterative decoder fails to decode to a codeword if and only
if the set of error positions is a superset of some stopping set in
the Tanner graph [6] for the code used in decoding. Since small
stopping sets are directly responsible for poor performance
of iterative algorithms, constructions of codes whose Tanner
graphs do not contain small stopping sets have been studied
as in [2], [3]. In particular the size of the smallest stopping
set in a Tanner graph, called the stopping distance of the
graph is of interest as it determines the fraction of erasures
correctable by iterative decoding in the worst case on the
graph. The relationship between stopping distance and other
graph parameters like girth has been explored in [4] where
it is shown that large girth implies high stopping distance.
Schwartz and Vardy [5] conducts a deeper investigation into
the structure of stopping sets on Tanner graphs and shows that
addition of a sufficient number of parity checks can increase
the stopping distance of a given Tanner graph to reach the
limit possible, viz., the minimum distance of the code.

In this note, we show that the computational problem of
determining whether a given Tanner graph has a stopping set
of a given size is NP-complete. This is shown by reducing
the well known NP-complete problem of determining whether
a given graph contains a vertex cover of a given size to the
above problem.

II. BACKGROUND

Given parity check matrix H = [hy;] € F\"™M*" 1<k <
n for an (n, k) binary linear code, the Tanner graph is defined
by the bipartite graph G = (L, R, E) where L = {z;,1 <i <
n}, R = {Cj,]. S ] S TL—k‘} and £ = {(.’L’i,Cj) : hji = ].} g
L x R. We call the set L and R as the set of left and right
vertices and E the set of edges of G. For S C LUR, we define
R(S)={y:(z,y) € E,z € S}. S C Lis a stopping set if for
all ¢; € N(S), [X({¢;}) NS| > 2 ie., every vertex connected
to a stopping set must have at least two edges going into the
stopping set. The stopping distance of a Tanner graph is the
size of the smallest stopping set in the graph. We define the
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decision problem STOPPING SET as the membership problem
for the set { (G,t) : G = (L, R, E) is a Tanner graph with
a stopping set of size ¢ }. It is easy to see that if there is an
efficient algorithm for STOPPING SET, then by running the
algorithm |L| iterations at most, (or still faster using binary
search) we can find the stopping distance of the graph.

The notion of NP-Completeness was introduced in [9] and
is well established in Computer Science literature for the
analysis of the computational complexity of problems (see
[7], [8] for definition and a detailed account). A decision
problem A belongs to the class NP if there exists a polynomial
time algorithm II such that for all z € A, there exists, a
string y (called a certificate for membership of z in A),
with |y| polynomially bounded in |z| such that II accepts
(z,y), whereas, for all z ¢ A, II rejects (z,y) for any
string y presented to the algorithm. In other words, problems
in NP are precisely those for which membership verification
is polynomially solvable. We say a decision problem A is
polynomial time many-one reducible to a decision problem
B if there exists a polynomial time algorithm IT' such that
given an instance x of A, II' produces an instance y of B
satisfying y € B if and only if z € A. In such case, we write
A <X, B. A problem A €NP is NP-Complete if for every
X eNP, X =<, A. It is generally believed that NP complete
problems have no polynomial time algorithms.

Given a graph (not necessarily bipartite) G = (V, E), S C
V is a vertex cover of G if for all (u,v) € E either u € S
or v € S or both. The decision problem VERTEX COVER is
defined as the membership problem for the set {(G,t) : G is
a graph with a vertex cover of size t}. It is well known that
VERTEX COVER is NP-Complete [7]. In the following, we
show that VERTEX COVER =<, STOPPING SET.

III. HARDNESS OF STOPPING SET

The reduction from VERTEX COVER to STOPPING set is
achieved by the graph construction that follows. All numerical
quantities arising in this sequel are assumed to be non-negative
integers unless stated otherwise.

Let (G = (V, E), t) be an instance of the VERTEX COVER
problem. Let [V| = n, |E| = m. Excluding trivial cases, we
may assume 1 < ¢t < n — 1. We construct a bipartite graph
G' = (L,R,E') as follows: L = Uy Li, R = Uy Ri
where, Lo =V, Li={e;y:e € E}, 1 <i <n and R;={e;, :
e€ E},0<i<n-—1. E'is defined by the following rules:
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RO R1 R2 R3

T U y  €0,7f0,90,r €1,nf1,91,» €2,rf2,:92,r €3,7f3,.93,»

w
T UV W ey of1,091,0€2,0f2,092,0€3,0f3,093,¢  €4,0f4,094,¢
n=4,m=3 Lo L1 L2 L3 L4
Fig. 1. Construction of G’

o For each e = (u,v) € E add the edges (u,eq,) and

(v,e0,.r) between Ly and Rp.

e Foreache € F,0 <i <n—1 add an edge between
eir € R; and €i+1,6 € Li+1.
e Foreache € E,1 <% <n—1, connect e;» € R; to

€it € L;.

The example in figure 1 illustrates the construction.
Lemma 1: If G has a vertex cover of size ¢, G' has a
stopping set of size t + nm.

Proof: Let X C V be a vertex cover in G with | X| = ¢.
Consider the set Y = [JI ; L; U (Lo N X). Clearly Y C L,
|Y| = t+nm. Since R;_1 CR(L;) for1 <i<n,N(Y)=R.
Hence it is sufficient to show that for all ;. € R, 0 <1 <
n—1|R({er})NY|>2.If 0 <i <n—1, by construction
of G, both e; ¢ € L; and e;41,¢ € L;y1 belong to R({e;,})
satisfying the required condition. When ¢ = 0, consider an
arbitrary e € Rp. Since e1 4 € R({eq ,}), showing existence
of one more neighbour in Y suffices. By construction of G’,
e € E in G. Let e = (u,v). Since X is a vertex cover, either
u € X or v € X. or both. Hence, either (u,eq,,) or (v,eq.)
or both must be present in E’. [ |

We now show that G has a vertex cover of size ¢ only if G’
has a stopping set of size t+mnm. We begin with the following
technical lemma.

Lemma 2: 'Y C L is a non-trivial stopping set in G’, then
[Y|=p+gnforsome 1 <p<n,0<qg<m.

Proof: Suppose e; ¢ € Y for some 1 < ¢ < n, then since
eir € N({eir}) and R({e;r}) = {ei e, €it1,e}, for Y to be a
stopping set, both the vertices in X({e; ,}) must be in ¥ and
therefore, €;41,, € Y. Similarly, if e; , € Y for some 1 < ¢ <
n, it must be true that e;_1 ¢ € Y. Extending the argument,
it follows that e;, € Y for some 1 < ¢ < n if and only if
eip €Y for every 1 <4 <n. Thus, (Y NL;)| =|(Y NL)|
forall 1 <4,j <n.Setp =Y NLy| and ¢ = |Y N L,
forany 1 < ¢ < n, Clearly 0 < p < n, 0 < g < m. Since
V| =37,V N L, we have |Y| = p + gn. Note that if
Y| > 0, ¢ = 0 then p > 0. Finally if ¢ > 0, then there
exists some ey ¢ € (Y N Ly). Therefore, e, € X({Y'}). By
construction of G, X({eo,»}) N (Ui, L;) = {e1,¢}. since Y
is a stopping set, we need |N({eo,»}) NY| > 2. Hence there
must exist some u € Lo N'Y such that 4 € R({eo,}) and
consequently p > 0. [ |
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Lemma 3: If Y is a non-trivial stopping set in G’ of size
t+nm for some 1 < ¢t < n—1,then [Y NLy| = ¢t and
U?:1 L;CY.

Proof: Suppose |Y N Lg| = p. By lemma 2, n >p >0
and there exists some 0 < g < m such that |[Y| =t +nm =
p+gn where g =Y NL;| forall 1 <i<mn.Hencet—p=
n(g —m). ie.,, n|(t —p). But since 1 <¢t,p<n,t—p=20
and hence t = p and ¢ = m. The lemma follows. |

We are now ready to prove:

Lemma 4: 1f G' has a stopping set Y of size t +nm, 1 <
t <n —1, then G has a vertex cover of size t.

Proof: Let X =Y N Ly. By lemma 3, L; C Y. Hence,
by construction of G, Ry C R(Y'). Further, in G', each eg , €
Ry has exactly one neighbour in |Ji-, L;. But since Y is a
stopping set, we have for every g, € Ry, |N({eo,r})NY| >
2. Hence, for each eg, € Ry, there exists some u € X such
that (eq ., u) € E'. But then, by construction of G', e = (u,v)
for some u € V, v € V in G. Thus, for every e € E there
exists some u € X such that e = (u,v) for some v € V.
Hence X is a vertex cover in G. By lemma 3, |X| = ¢, as
required by the lemma. ]

Theorem 1: STOPPING SET is NP-Complete.

Proof: We have proved that (G,t) € VERTEX COVER
if and only if (G',t + nm) € STOPPING SET. G’ can be
constructed from G in polynomial time (O(nm) time suffices).
Hence VERTEX COVER =, STOPPING SET. It easy to
verify whether a given set of left vertices of a bipartite graph
forms a stopping set in time linear in the size of the graph.
Hence STOPPING SET € NP. ]
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