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Abstract

Construction of dual tail-biting trellises from primal ones is an important prob-
lem in trellis based decoding algorithms for linear codes. Generalizations of two
well known labeling algorithms are presented for the construction of tail-biting trel-
lises. The construction techniques lead directly to an algorithm for construction of
a dual trellis from an algebraic description of the primal one.

1 Introduction

Trellis representations of linear block codes are attractive because of their use in soft deci-
sion decoding algorithms. An interesting property that is known for conventional trellises
is that the minimal conventional trellis (known to be unique) for a linear block code, and
its dual have the same state-complexity profile. This interesting property follows from
the BCJR construction [1] of the conventional trellis. Tail-biting trellises [3] are known
to achieve substantially lower state complexities for the same codes. However, there are
different notions of minimality for tail-biting trellises, each of which yield partial order-
ings which are different and incomparable [6]. Koetter and Vardy have suggested a dual
trellis construction which uses a special trellis product called an intersection product [6].
The resultant dual trellis has a state-complexity profile which is less than or equal to
(component wise) that of the primal trellis and equal if it is θ-minimal [6]. In this paper
we generalize the Massey [9] and BCJR constructions for conventional trellises to obtain
analogous labeling schemes for tail-biting trellises. We also give a simple and direct dual
construction algorithm yielding dual trellises with exactly the same state-complexity pro-
file as the primal trellises for the class of non-mergeable trellises [8, 10, 11], which properly
includes the class of θ-minimal trellises.

2 Preliminaries

In this section, we introduce some concepts related to tail-biting trellises [5].

Definition 2.1 A tail-biting trellis T = (V,E,Σ) of depth n is an edge-labeled directed
graph with the property that the set V can be partitioned into n vertex classes

V = V0 ∪ V1 ∪ . . . ∪ Vn−1 (1)



such that every edge in T is labeled with a symbol from the alphabet Σ, and begins at a
vertex of Vi and ends at a vertex of Vi+1(mod n), for some i ∈ {0, 1, . . . , n− 1}.

The set of indices I = {0, 1, . . . , n − 1} for the partition in (1) are the time indices. We
will refer to log|Σ| |Vi| as the state-complexity of the trellis at time index i and the sequence{

log|Σ| |Vi| , 0 ≤ i ≤ n
}

as the state-complexity profile of the trellis. We identify I with
Zn, the residue classes of integers modulo n. An interval of indices [i, j] represents the
sequence {i, i + 1, . . . j} if i < j, and the sequence {i, i + 1, . . . n − 1, 0, . . . j} if i > j.
Every cycle in T starting at a vertex of V0 defines a vector (a1, a2, . . . , an) ∈ Σn which
is an edge-label sequence. We assume that every vertex and every edge in the tail-biting
trellis lies on some cycle. The trellis T represents a block code C over Σ if the set of
all edge-label sequences in T is equal to C. Let C(T ) denote the code represented by
the trellis T . In addition to the labeling of edges, each vertex in the set Vi is labeled
by a sequence of length li ≥ dlog|Σ| |Vi|e of elements in Σ , all vertex labels at a given
depth being distinct. Thus every cycle in this labeled trellis defines sequences of length
n + l (where l = l1 + l2 + · · · + ln) over Σ, consisting of alternating labels of vertices
and edges in T . This sequence is called the label sequence of T . The set of all label
sequences in a labeled tail-biting trellis is called the label code represented by T and is
denoted by S(T ). A trellis T is said to be linear if there exists a vertex labeling of T
such that S(T ) is a vector space. The notion of non-mergeability is also useful here. T
is non-mergeable [8, 10, 11] if there do not exist vertices in the same vertex class of T
that can be replaced by a single vertex, while retaining the edges incident on the original
vertices, without modifying C(T ). Koetter and Vardy [5] have shown that if a linear
trellis is non-mergeable, then it is also biproper. However, though the converse is true
for conventional trellises, it is not true in general for tail-biting trellises [5].

In the discussion that follows, we restrict ourselves to trellises representing linear
block codes over the alphabet Σ = Fq. Any linear trellis, conventional or tail-biting, for
an (n, k) linear code C can be constructed as a trellis product [7] of the representation of
the individual trellises corresponding to the k rows of the generator matrix G for C [5].
The trellis product T of a pair of trellises T1 and T2 will have at index i a set of vertices
which is the Cartesian product of vertices of T1 and T2 at that time index, with every
edge between time indices i and i+1 from (v1, v2) to (v′1, v

′
2), where (v1, a, v2) is an edge

between vertices at time indices i and i+ 1 in T1, and (v′1, a
′, v′2) is an edge between

vertices at time indices i and i+1 in T2, having label a+a′ where + denotes addition
in the field Fq. Let {g1,g2, . . . ,gk} be the rows of a generator matrix G for the linear
code C. Each vector gi generates a one-dimensional subcode of C, which we denote by
〈gi〉. Therefore C = 〈g1〉 + 〈g2〉 + · · · + 〈gk〉, and the trellis representing C is given by
T = T1 × T2 × · · · × Tk, where Ti is the trellis for 〈gi〉, 1 ≤ i ≤ k. To specify the
component trellises in the trellis product above, we will need to introduce the notions of
linear and circular spans and elementary trellises [5]. Given a codeword c ∈ C, the linear
span of c, is the semi-open interval (i, j] ∈ I corresponding to the smallest closed interval
[i, j], j > i, which contains all the non-zero positions of c. A circular span has exactly
the same definition with i > j. Note that for a given vector, the linear span is unique,
but circular spans are not– they depend on the runs of consecutive zeros chosen for the
complement of the span with respect to the index set I. For a vector x = (x1, . . . , xn)
over the field Fq, there is a unique elementary trellis representing 〈x〉 [5]. This trellis has q
vertices at those positions that belong to the chosen span (linear or circular), and a single
vertex at other positions. Consequently, Ti in the trellis product mentioned earlier, is
the elementary trellis representing 〈gi〉 for some choice of span (either linear or circular).



Koetter and Vardy [5] have shown that any linear trellis, conventional or tail-biting (we
will refer to this trellis as the KV trellis) can be constructed from a generator matrix
whose rows can be partitioned into two sets, those which have linear span, and those taken
to have circular span. Then the trellis is formed as a product of the elementary trellises

corresponding to these rows. We will represent such a generator matrix as G =

[
Gl

Gc

]
,

where Gl is the submatrix consisting of rows with linear span, and Gc the submatrix of
rows with circular span.

3 The Massey Tail-biting trellis

We will first describe the Massey construction [9] of the minimal conventional trellis
for a linear block code before describing our ”Massey” scheme for constructing tail-
biting trellises. The Massey construction uses parity check symbols that have yet to be
observed after the current time index to label states. To achieve this it has to put the
generator matrix for the code into a “systematic” form, that is, a form in which certain
symbols positions are reserved information symbols and the others for check symbols.
It is well known that every generator matrix has a unique row-reduced-echelon (RRE)
form [4] and this is the starting point for the Massey algorithm. The Massey trellis
for an (n, k) linear block code C with generator matrix G (in RRE form) is computed
by associating the vertices Vi at time index i with parity symbols that are determined
by information symbols that have already been observed at time i, with the remaining
information symbols being treated as zeros. Let j be the largest integer such that the
leading non-zero component of gj (denoted by �(gj)) ≤ i. Then

Vi = {(ci+1, . . . , cn) : (c1, . . . , cn) = (u1, . . . , uj, 0, . . . , 0)G}

where (u1, . . . , uj) ∈ Fjq. By convention, we have V0 = {0} and Vn = {ε}. There is an
edge e ∈ Ei labeled c′i from a vertex v ∈ Vi−1 to a vertex v′ ∈ Vi ⇐⇒ ∃ a pair of
codewords c = (c1, . . . , cn), c′ = (c′1, . . . , c

′
n) s.t. (ci, . . . , cn) = v,

(
c′i+1, . . . , c

′
n

)
= v′ and

either c = c′ or β(c′ − c) equals the jth row of G for some β ∈ Fq. The resulting trellis
is isomorphic to the BCJR conventional trellis [11]. We will now describe the modified
Massey construction for a tail-biting trellis T = (V,E,Fq) for an (n, k) block code C with
generator matrix G (in RRE form and annotated with appropriate spans).

Let E =


e1

e2
...

ek

 be a k × n matrix s.t.

ei =

{
(0, 0, . . . , gi,a, gi,a+1, . . . , gi,n) if x ∈ 〈gi〉, gi ∈ Gc with circular span (a, b]
0 otherwise

Let j be the largest integer s.t. �(gj) ≤ i. Then the vertex set Vi at time index i as
follows:

Vi =

{
(0, 0, . . . , ci+1, ci+2, . . . , cn) + f : (c1, . . . , cn) = (u1, . . . , uj, 0, . . . , 0)G, f =

j∑
i=0

uiei

}
where (u1, . . . , uj) ∈ Fjq. There is an edge e ∈ Ei labeled c′i from a vertex v ∈ Vi−1

to a vertex v′ ∈ Vi ⇐⇒ ∃ a pair of codewords c = (c1, . . . , cn), c′ = (c′1, . . . , c
′
n)
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Figure 1: A Massey tail-biting trellis for the (7, 4) Hamming code

s.t. (0, . . . , 0, ci, . . . , cn) + f = v,
(
0, . . . , 0, c′i+1, . . . , c

′
n

)
+ f ′ = v′ (where f =

∑j
i=0 uiei,

f ′ =
∑j

i=0 u
′
iei s.t. (u1, . . . , uj, 0, . . . , 0)G = c and

(
u′1, . . . , u

′
j, 0, . . . , 0

)
G = c′), and

either c = c′ or β(c′ − c) equals the jth row of G for some β ∈ Fq We will show in
Section 4 that T is a non-mergeable linear trellis that represents C.

Example 1 Consider the (7, 4) Hamming code defined by the parity check matrix H and
the generator matrix G (annotated with spans):

G =


1 0 0 0 1 1 0
0 1 0 0 0 1 1
0 0 1 0 1 1 1
0 0 0 1 1 0 1


(1, 6]
(6, 2]
(3, 7]
(7, 5]

H =

 1 1 0 0 1 0 1
1 1 1 0 0 1 0
0 1 1 1 0 0 1


The Massey tail-biting trellis for this code is shown in Figure 1.

4 The BCJR Tail-biting trellis

The original BCJR algorithm [1] constructs the minimal conventional trellis for a linear
block code in the following way. Let H be the parity check matrix for a (n, k) linear block
code over Fq, and let h1,h2, . . . ,hn be the columns of H. Each codeword c = (c1, . . . , cn)
of the code gives rise to a sequence of states {si}ni=0, each state being labeled by an
(n−k)× 1 vector as follows:

si =

{
0 if i = 0
si−1 + cihi otherwise

Clearly, there will be a single state at time index n as HcT = 0 for all codewords c.
We refer to such a labeling as a BCJR labeling of the trellis in the following section. It



is well known that the set of vectors that are labels at each time index form a vector
space whose dimension is the state-complexity at that time index. The algorithm is now
generalized to construct labeled tail-biting trellises for any linear code with the trellis
satisfying the following two properties.

1. The trellis formed is isomorphic to the KV trellis.

2. The state labels at each time index form a vector space.

Let C be an (n, k) linear code over Fq with generator matrix G = {g1,g2, . . . ,gk}
and parity check matrix H =

[
h1 h2 . . . hn

]
. The algorithm BCJR-TBT constructs

a non-mergeable linear tail-biting trellis T , given G (with appropriate spans) and H.
Informally speaking, the algorithm first constructs the conventional BCJR labeled trellis
for the subcode consisting of the rows of linear span, and then adds states and edges
for linear combinations of each row g ∈ Gc with circular span, in turn, by offsetting
BCJR-like label computations with a state vector that is formed by beginning the label
computations for g at the start of the circular span and proceeding in a circular order,
rather than beginning at time index 0 and proceeding in linear order, as is performed for
rows of linear span. The intermediate generator matrix which is formed by including one
row of circular span at a time is called Gint.

Algorithm BCJR-TBT
Input: The matrices G and H.
Output: A non-mergeable linear tail-biting trellis T = (V,E,Fq) representing C.

Initialization: Gint = Gl. Let {dx}x∈C as follows:

dx =

{ ∑n
j=a xjhj if x ∈ 〈gi〉, gi is a row of Gc with circular span (a, b]

0 otherwise

Step 1: Construct the BCJR labeled trellis for the subcode generated by the submatrix
Gl, but using the matrix H instead of the parity check matrix for the code Gl. Let
V0, V1 . . . Vn be the vertex sets created and E1, E2, . . . En be the edge sets created.

Step 2: for each row vector g of Gc

for each x ∈ 〈g〉, y in the rowspace of Gint.
{

let z denote the codeword x + y.
let dz = dx + dy.
V0 = Vn = V0 ∪ {dz}.
Vi = Vi ∪

{
dz +

∑i
j=1 zjhj

}
, 1 ≤ i < n.

There is an edge e = (u, zi,v) ∈ Ei, u ∈ Vi−1, v ∈ Vi, 1 ≤ i ≤ n
⇐⇒ dz +

∑i−1
j=1 zjhj = u and dz +

∑i
j=1 zjhj = v.

}
Gint = Gint + g.

The properties of the resulting trellis T are given by the following lemmas.

Lemma 4.1 The trellis T is linear and represents C.



Proof We first prove that C(T ) = C. Assume to the contrary that ∃x = (x1, . . . , xn) ∈
C(T ) s.t. x /∈ C. Then by construction we have dx +

∑n
i=1 xihi = dx ⇒ HxT = 0 ⇒

x ∈ C, thus contradicting our assumption. Let x, y ∈ C(T ) and let x′, y′ ∈ S(T )
respectively, be their labeled codewords. Since C(T ) = C, we have z=x + y ∈ C(T ). In
order to prove linearity of T , we need to show that z′ = x′ + y′ also belongs to S(T ).
Then from the construction, we have x′ = 〈dx, x1,u1, . . . , xn,dx〉, s.t.
ui |1≤i≤n= dx+

∑i
j=1 xjhj and y′ = 〈dy, y1,v1, . . . , yn,dy〉, s.t. vi |1≤i≤n= dy+

∑i
j=1 yjhj.

Therefore, z′ = 〈dx + dy, x1 + y1,u1 + v1, . . . ,xn + yn,dx + dy〉 = 〈dz, z1,dz + z1h1, . . . , zn,dz〉,
which shows that z′ is the labeled codeword in S(T ) representing the codeword z, thus
proving that T is indeed a linear trellis representing C.

Lemma 4.2 The trellis T is non-mergeable.

Proof Assume to the contrary that T is mergeable. Then there exist distinct ver-
tices v1, v2 ∈ Vi, for some time index i, which can be replaced by a single vertex,
without modifying C(T ). Let x = 〈x1, x2, . . . , xn〉, y = 〈y1, y2, . . . , yn〉 ∈ C(T ) s.t.
their corresponding cycles in T contain the vertices v1 and v2 respectively. By con-
struction, v1 = dx +

∑i
j=1 xjhj and v2 = dy +

∑i
j=1 yjhj. As T is mergeable, the

following equation must hold: dy = dx +
∑i

j=1 xjhj +
∑n

j=i+1 yjhj (this represents the
equation that must hold for the path from the vertex dx to the vertex dy). Therefore
dy = dx +

∑i
j=1 xjhj −

∑i
j=1 yjhj ⇒ dx +

∑i
j=1 xjhj = dy +

∑i
j=1 yjhj ⇒ v1 = v2,

contrary to our original assumption. Therefore T is non-mergeable.

Lemma 4.3 The algorithm BCJR-TBT constructs a tail-biting trellis isomorphic to the
KV trellis using the generator matrix G iff the KV trellis is non-mergeable.

Proof Let I = Gl ∪ J , where J ⊆ Gc. Note that I = G ⇒ J = Gc. We will
prove the lemma by mathematical induction on the size of the set J . The lemma is
true for |J | = 0 as the product construction for the vectors in the matrix I = Gl and
the BCJR construction for the subcode generated by Gl give isomorphic conventional
trellises. Assume that the lemma is true for some |J | = m. Let us add g ∈ Gc, with
circular span (a, b] to J and verify that the lemma holds for |J | = m + 1. let Tm be
the trellis representing the code generated by I. From the inductive hypothesis, this is
the non-mergeable trellis computed by the algorithm BCJR-TBT and by the KV product
construction. Denote by Tg the elementary trellis representing 〈g〉. By design, the
algorithm BCJR-TBT computes a trellis isomorphic to Tg when given {g} as input. The
KV product operation Tm × Tg, results in a trellis Tm+1 whose structure is as follows.
Tm+1 is isomorphic to Tm in the time interval I \ (a, b], otherwise, each state of Tm is
replicated q (size of the code alphabet) times. Tm+1 must also be non-mergeable (as
this is assumed in the statement of the lemma). It can be easily seen that under these
conditions, the algorithm BCJR-TBT essentially computes Tm×Tg which proves that the
hypothesis is true for |J | = m+ 1, thus proving the lemma.

Proposition 4.4 The class of trellises computed by the algorithm BCJR-TBT is exactly
the class of non-mergeable linear trellises.

Proof This follows from Lemmas 4.2, 4.3 and from the result of Koetter and Vardy [5]
that all linear tail-biting trellises arise from product constructions.

Let Gi and Hi respectively, denote the submatrices consisting of the first i columns
of G and H. Recall that the first l rows of G have linear span and the rest of the k − l



rows have circular span. Define a matrix D =
[

d1 d2 . . . dk
]

as follows:

di =

{
0 if 1 ≤ i ≤ l∑n

j=a gijhj otherwise
,

where gi = (gi1, . . . , gin) has circular span (a, b]. Let Mi be defined such that

Mi =
[
HiGi

T +D
]

Then we have the following lemma.

Lemma 4.5 For all time indices i ∈ {0, 1, . . . , n}, Vi the state cardinality of T at time
index i equals the column space of Mi.

Proof Direct consequence of algorithm BCJR-TBT.

The BCJR-TBT trellis for the (7, 4) Hamming code from Example 1 is illustrated in
Figure 2.
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Figure 2: A BCJR-TBT trellis for the (7, 4) Hamming code

Lemma 4.6 Given an (n, k) code C with a fixed generator matrix G (in RRE form with
associated spans) and parity check matrix H, we have for all time indices i ∈ {0, 1, . . . , n},
the Massey and BCJR tail-biting trellises are isomorphic to each other.

Proof Let m denote the largest integer such that �(gm) ≤ i. Define

K =
[

0 Gm,n−i
]

+


e1

e2
...

em





It can be verified that |V |=rank K. Therefore we have

rank K = rank HKT = rank

H [ 0 Gm,n−i
]T

+H


e1

e2
...

em


T = rank

(
HiG

T
i +D

)
,

where D is the matrix defined in Section 4. But rank
(
HiG

T
i +D

)
is the state cardi-

nality of the BCJR tail-biting trellis at time index i - which proves that the Massey
and BCJR tail-biting trellises have the same state-complexity profiles. Consider an
edge e = (u, ci,v) ∈ Ei in the Massey trellis and let c = (c1, . . . , cn) be a codeword
whose cycle in the trellis contains e. Then we have u = (0, . . . , 0, ci, . . . , cn) + f and
v = (0, . . . , 0, ci+1, . . . , cn) + f (we assume for the sake for simplicity that both u and v
have labels induced by the same codeword), where f is as defined in Section 3. This is
equivalent to saying that there is an edge e =

(
HuT , ci, HvT

)
∈ Ei

⇐⇒
(
Hi(ci, . . . , cn)T +HfT , ci, Hi+1(ci+1, . . . , cn)T +HfT

)
∈ Ei

⇐⇒
((

dc +
∑i

j=1 cjhj

)
, ci,
(
dc +

∑i+1
j=1 cjhj

))
∈ Ei - this is precisely the condition for

edge placement in the BCJR tail-biting trellis, thus proving that both the Massey and
BCJR tail-biting trellises are isomorphic to each other.

Since the BCJR tail-biting trellis is a non-mergeable linear trellis, it follows from the
above lemma that the Massey tail-biting trellis is also a non-mergeable linear trellis.

5 The Dual Tail-biting trellis

Apart from their theoretical properties, dual trellises are of interest because it is some-
times advantageous to decode over them [2]. Koetter and Vardy [6] have defined a
special product operation called the intersection product to construct a dual linear tail-
biting trellis directly from a generator matrix for the primal code. This results in a
linear tail-biting trellis T⊥ for the dual code that has the same state-complexity profile
if the primal trellis T is θ-minimal (that is, minimal under component-wise ordering),
otherwise T⊥ has a smaller state-complexity profile than T . We will now describe the
algorithm Dual-TBT that takes G (annotated with spans) and H as inputs and com-
putes a non-mergeable linear tail-biting trellis T⊥ for the dual code C⊥. T⊥ will have
the property that its state-complexity profile is equal to the state-complexity profile of T .

Algorithm Dual-TBT
Input: The matrices G and H.
Output: A non-mergeable tail-biting trellis T⊥ = (V,E,Fq) representing C⊥.

Initialization: Vi |0≤i≤n= Ei |1≤i≤n= φ.

for each y = (y1, y2, . . . , yn) ∈ C⊥.

{

let d = (d1d2 . . . dk)
T s.t. di =

{
0 if 1 ≤ i ≤ l∑n

j=a yjgi,j otherwise

where gi ∈ G has circular span (a, b].



V0 = Vn = V0 ∪ {d}.
Vi = Vi ∪

{
d +

∑i
j=1 yj(gj,1gj,2 . . . gj,k)

T
}

.

There is an edge e = (u, zi,v) ∈ Ei, u ∈ Vi−1, v ∈ Vi, 1 ≤ i ≤ n, ⇐⇒
d +

∑i
j=1 yj(gj,1, gj,2, . . . , gj,k)

T = u, and

d +
∑i

j=1 yj(gj,1, gj,2, . . . , gj,k)
T = v.

}

The following lemma states the properties of T⊥.

Lemma 5.1 The trellis T⊥ is a non-mergeable linear trellis that represents C⊥.

Proof Proof similar to those of Lemmas 4.1 and 4.2.

Let Mi be the matrix from Lemma 4.5.

Lemma 5.2 For all time indices i ∈ {0, 1, . . . , n}, V ⊥i the state cardinality of T⊥ at time
index i equals the column space of MT

i .

Proof Follows directly from the algorithm Dual-TBT.

The Dual-TBT⊥ trellis for the Hamming code from Example 1 is shown in Figure 3
and has the same state-complexity profile as its primal counterpart (Figure 2).
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Figure 3: Dual-TBT trellis for the (7, 4) Hamming code

Lemma 5.3 Let T and T⊥ be the trellises computed by the algorithms BCJR-TBT and
Dual-TBT respectively. Then for all all time indices i ∈ {0, 1, . . . , n}, the state cardinality
Vi of T at level i equals the state cardinality V ⊥i of T⊥ at level i. In other words,
|Vi| =

∣∣V ⊥i ∣∣.



Proof From Lemmas 4.5 and 5.2 we have |Vi| equal to the column space of Mi and∣∣V ⊥i ∣∣ equal to the column space of MT
i . Therefore, by the “row rank=column rank”

theorem of linear algebra [4], |Vi| =
∣∣V ⊥i ∣∣.

We conclude with a theorem stating our main result.

Theorem 5.4 Let T be a non-mergeable linear trellis, either conventional or tail-biting,
for a linear code C. Then there exists a non-mergeable linear dual trellis T⊥ for C⊥ such
that the state-complexity profile of T⊥ is identical to the state-complexity profile of T .

Proof Follows from Lemmas 4.1, 4.2, 4.3, 5.1 and 5.3.

Finally, as we know that for tail-biting trellises there are several measures of minimality,
if any of these definitions requires the trellis to be non-mergeable, it immediately follows
that there exist under that definition of minimality, minimal trellises for a code and its
dual with identical state-complexity profiles.
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