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We extend some of the classical connections between automata and logic due
to Biichi [1] and McNaughton and Papert [2], to languages of finitely varying
functions or “signals”. In particular we introduce a natural class of automata
for generating finitely varying functions called ST-NFA’s, and show that it coin-
cides in terms of language-definability with a natural monadic second-order logic
interpreted over finitely varying functions [3]. We also identify a “counter-free”
subclass of ST-NFA’s which characterize the first-order definable languages of
finitely varying functions. Our proofs mainly factor through the classical results
for word languages. These results have applications in automata characterisa-
tions for continuously interpreted real-time logics like Metric Temporal Logic
(MTL) [4, 5].

1.1. Introduction

The classical literature contains a rich theory connecting automata and logic over
words. Biichi showed that languages definable in monadic second logic (MSO) over
words are precisely the class of languages accepted by finite state automata [1].
Kamp [6] showed that languages definable in Linear-Time Temporal Logic (LTL)
were precisely the languages definable in the first-order (FO) fragment of Biichi’s

ws-signals



August 7, 2009 17:16 World Scientific Review Volume - 9.75in x 6.5in ws-signals

2 F. Chevalier, D. D’Souza, M. Raj Mohan and P. Prabhakar

MSO. And McNaughton and Papert [2] showed that the class of counter-free finite
state automata (where a “counter” in an automaton is a loop with at least two hops,
each hop being on a common word u) define exactly the FO-definable languages.
This last result uses a characterisation due to Schutzenberger [7] of the class of
counter-free languages in terms of star-free regular expressions.

Our aim in this article is to lift these connections to languages of finitely varying
functions from the non-negative reals to a finite alphabet. These functions are
finitely varying in that they have only a finite number of discontinuities in any
bounded interval of time. Such functions are often called “signals” in the literature,
are of interest to the computer science community as they model the behaviour of
timed and hybrid systems [8-10]. For example, non-zeno timed words [8] are special
kinds of signals, as are the piece-wise constant behaviours of [10].

We first introduce a class of automata called ST-NFA’s that run over signals
and hence accept languages of signals. We should point out here that unlike timed
automata we are interested in formalisms without a “metric” or operators that
measure time distance. As a consequence these languages are essentially “untimed”
in that they can be characterised as the set of all possible “timings” of a (regular)
language of classical words. We then consider a natural monadic second-order logic
introduced earlier by Rabinovich [3], and called here MSO®, which is interpreted
over signals, and in which the second-order quantification is restricted to subsets of
non-negative reals whose characteristic functions are finitely-varying. We show that
the class of signal languages defined by sentences in this logic is precisely the class
of signal languages defined by ST-NFA’s. This gives an automata-theoretic proof
of a similar result obtained in [3] using logical techniques. We note that this proof
also gives us a simple automata-theoretic proof of the fact that the monadic second-
order logic of the non-negative reals (where second-order quantification ranges over
finitely-varying subsets) is decidable.

Next, along the lines of the Schutzenberger and McNaughton-Papert results,
we identify a counter-free subclass of ST-NFA’s and show that they precisely char-
acterise the class of signal languages definable by the first-order fragment FO?® of
MSO?®. The notion of a counter in an ST-NFA is similar to the classical one, except
that we require the ST-NFA to be “proper” in a certain sense. Our proof of this
result factors transparently through the afore-mentioned results of Schutzenberger,
McNaughton-Papert, and Kamp for word languages. The main difficulty, in a series
of steps we perform, is to translate an LTL formula 6 interpreted over word models,
into one interpreted over signals which accepts precisely the timings of the word
models of 6. As in the classical case for words, we show that this characterisation
allows us to decide whether a given MSO? sentence is FO®-definable.

As a minor by-product we re-prove the expressive completeness of LTL inter-
preted over signals (i.e. its expressiveness coincides with FO® over signals). This
result also follows from Kamp’s result showing the expressive completeness of LTL
over arbitrary functions over the reals [6]. Nonetheless, our proof gives a more ac-
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cessible proof of this result, since it uses only Kamp’s result for classical words, for
which there are simpler proofs in the literature (see [11, 12]).

Turning now to more details on related work, as already mentioned this paper
builds on the classical results due to Biichi [1], Schutzenberger [7], McNaughton and
Papert [2], and Kamp [6] for word languages. The work of Rabinovich contains many
relevant results on signal languages. Rabinovich and Trakhtenbrot [13] introduce
automata similar to ST-NFA’s called signal acceptors. In [3] Rabinovich shows
how to translate an MSO sentence ¢ to a MSO?® sentence that accepts precisely
the timings of ¢, and vice versa. This leads to a proof of the claim in [13] that
signal languages definable by signal acceptors and MSO? coincide. In contrast our
equivalence of ST-NFA’s and MSO® uses an automata-theoretic argument similar
to the proof of Biichi’s result (see [14] and Chapter ?? in this volume), and helps us
identify the counter-free fragment. In [15] Rabinovich also shows a star-free regular
expression characterisation of FO®-definable signal languages, along the lines of
McNaughton and Papert [2].

Though we are mainly concerned with expressiveness in this work, there are
a number of related decidability results in the literature. Rabin [16] shows that
MSO over reals, with second-order quantification over subsets which are essentially
countable unions of closed sets, is decidable. The decidability of MSO? follows from
this result. Shelah [17] showed that MSO over reals with second-order quantification
over arbitrary subsets of reals is undecidable.

Preliminary versions of the basic results in this paper appeared in [4, 5] where
they were used to obtain logical characterisations of versions of timed automata
with a continuous interpretation, as well as a counter-free timed automata char-
acterisation of several real-time temporal logics, including MTL [18, 19], in their
continuous semantics.

1.2. Preliminaries

For an alphabet A, we use A* to denote the set of finite words over A. For a
word w in A*, we use |w| to denote its length. The set of non-negative reals and
rationals will be denoted by R>g and Q>q respectively. We will deal with intervals
of non-negative reals, i.e. convex subsets of R>g, and denote by Zg., the set of
such intervals with end-points in R> U {oo}. Two intervals I and J will be called
adjacent if INJ =0 and I U J is an interval.

Let A be a finite alphabet and let f : [0,7] — A be a function, where r € Rxy.
We use dur(f) to denote the duration of f, which in this case is 7. A point ¢t € (0,7)
is a point of continuity of f if there exists € > 0 such that f is constant in the interval
(t — €,t+¢€). All other points in [0, r] are points of discontinuity of f. We say f is
finitely varying if it has only a finite number of discontinuities in its domain. We
will refer to such finitely varying functions as signals over A, and denote the set
of signals over A by Sig(A). Fig. 1.1 shows a signal o over the alphabet {a,b,c}
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defined on [0,4] as follows:

a if t €[0,0.5) U (2,4]
ot)=< b if t=05

c if te(0.5,2].
c — o=
b 7 ° Signal o
a -—o L — ]
I I I | o
0 1 2 3 2 untiming
a ab c c a a w

Fig. 1.1. A signal and its untiming

An interval representation for a signal o : [0,7] — A is a sequence of the form
(a0, Lo) - - - (an, Ip), with a; € A and I; € Ig. , satistying the conditions that: 0 € Ip,
the union of the intervals is [0, r], each I; and I;11 are adjacent, and for each i, o
is constant and equal to a; in the interval I;. We can obtain a canonical interval
representation for o by putting each point of discontinuity in a singular interval by
itself. Thus the above interval representation for ¢ is canonical if n is even, for each
even 4 the interval I; is singular (i.e. of the form [t,¢]), and for no even i such that
0<i<mnisaj—1 =a; =a;+1. The canonical interval representation for the signal
of Fig. 1.1 is ([0, 0], a)((0,0.5),a)(]0.5,0.5],0)((0.5,2),¢)([2, 2], ¢)((2,4), a)([4, 4], a).

A canonical interval representation for a function gives us a canonical way of
“untiming” the signal: thus if (ag, Ip) - - - (a2n, [2,) is the canonical interval repre-
sentation for a signal o, then we define untiming(o) to be the string ag - - - agy, in
A*. The untiming thus captures explicitly the value of the function at its points of
discontinuity and the open intervals between them. The untiming of the signal in
Fig. 1.1 is thus aabccaa. Note that strings which represent the untiming of a signal
will always be of odd length, and for no even position ¢ will the letters at positions
i — 1,4, and i + 1 be the same. We refer to words in A* which satisfy these two
conditions as proper words over A. We denote the set of proper words over A by
Prop(A).

A canonical word w can be “timed” to get a signal in a natural way: thus a
signal ¢ is in timing(w) if untiming(c) = w. We extend the definition of timing
and untiming to languages of signals and words in the expected way.

Finally, we say a subset X of R> is finitely varying if its characteristic function
fx :Rsg — {0,1} given by fx(¢) =1if ¢t € X and 0 otherwise, is finitely varying
(in the sense defined above) in every interval of the form [0, r] with r € Rxo.
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1.3. Automata over signals — ST-NFA’s

In this section we introduce a variant of classical word automata called ST-NFA’s
which are a convenient formalism for generating signals.

We recall that a non-deterministic finite state automaton (NFA) over an alpha-
bet A is a structure A = (Q, S, §, F'), where @ is a finite set of states, S is the set of
initial states, 6 C @ x A x @ is the transition relation, and F' C @ is the set of final
states. A run of A on a word w = ag---a, € A" is a sequence of states qo, ..., Gn+1
such that go € S, and (¢;,ai,qi+1) € ¢ for each ¢ < n. The run is accepting if
gn+1 € F. The word language accepted by A, denoted L(.A), is the set of words
in A* over which A has an accepting run. Languages accepted by NFA’s are called
regular languages. We say the NFA A is deterministic (and call it a DFA) if the
set of start states is a singleton, and for each p € @ and a € A, there is at most one
out-going transition of the form (p,a,¢q) in 6.

A state-transition-labeled NFA (ST-NFA for short) over A is a structure A =
(Q, S, 9, F,l) similar to an NFA over A, except that [ : Q — A labels states with
letters from A. As a recogniser of words, the ST-NFA A accepts strings of the
form A(AA)*. A run of A on a string w = agpay - - - ag, in A(AA)*, is a sequence of
states qo, - . ., qn41 satisfying qo € S, (¢i, a2i, ¢i+1) € 9 for each ¢ € {0,--- ,n}, and
1(gi) = ag;—1 for each i € {1,...,n}. The run is accepting if g,+1 € F. We define
the word language accepted by A, denoted L(A), to be the set of strings w € A*
on which A has an accepting run. Fig. 1.2 shows an ST-NFA over the alphabet
{a,b,c} which accepts the word language a(abccaa)*. We will use the convention
that start states are indicated by sourceless incoming arrows, and final states are
indicated by double circles.

~O————

Fig. 1.2. Example ST-NFA.

An ST-NFA A also generates signals in a natural way: we begin by taking a
transition emanating from the start state, emitting its label, and then spend time at
the resulting state emitting its label all the while, before taking a transition again;
and so on till we choose to stop at a final state. The language of signals generated
by an ST-NFA A is defined to be timing(L(.A)), and will be denoted by S(A). The
signal shown in Fig. 1.1 is accepted by the ST-NFA shown in Fig. 1.2.

We say that an ST-NFA A = (Q, S, 6, F,l) is deterministic if S is singleton,
and there do not exist states p, ¢ and r, with ¢ # r, such that (p,a,q) € § and
(p,a,r) € o with I(¢) = I(r). We denote the class of deterministic ST-NFA’s by
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ST-DFA.
Here are some properties of proper words which will be useful in the sequel.

Proposition 1.1. Let A be an alphabet.

(1) Ifw and w' are proper words over A then timing(w)Ntiming(w') # 0 iff w = w'.
(2) timing(Prop(A)) = Sig(A).
(8) The word language Prop(A) is ST-DFA-definable.

Proof. Parts 1 and 2 follow easily from the definitions. For part 3, the required
ST-DFA Apy,, for the alphabet {a,b} is shown in Figure 1.3 below.

Fig. 1.3. ST-DFA Ap,,, accepting the word language Prop({a,b}).
U

Let us call a state in an ST-NFA “originating” if it has no incoming transitions,
and “terminating” if it has no outgoing transitions. We say a transition p - ¢ in
an ST-NFA A = (Q, S, —, F,1) is non-proper if l(p) = I(¢) = a, except for the case
when p is originating or ¢ is terminating. We say the ST-NFA A is proper if it has
no non-proper transitions. The ST-NFA of Fig. 1.2 is proper. Clearly for a proper
ST-NFA A over A we have L(A) C Prop(A).

Lemma 1.1. For every ST-NFA A over an alphabet A there is a signal language
equivalent proper ST-NFA A’ over A (i.e. S(A") = S(A)).

Proof. Let A=(Q,S,—,F,1l). We modify A as follows:

(1) First we transform A to A’ by making the start states originating and final
states terminating. This can be done by adding a new start state s’ and a new
final state f’, and adding transitions s’ — p for each transition s — p in A with
s € S, and transitions p % f’ for each transition p % f in A with f € F.

(2) Next, we transform A’ to A" as follows: Pick a non-proper transition p > ¢
and a transition r p, and add the transition r LA q. Repeat this till no more
edges can be added.

(3) Now we drop all non-proper edges in A" to obtain the required proper ST-NFA
B.
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Step 1 clearly preserves the word (and hence signal) language of A. Step 2 clearly
preserves the signal language of A’. Step 3 also preserves the signal language of
A", since any signal o generated by A” using a run of non-proper edges can be
simulated by using a single proper edge in A”. O

We now want to show some closure properties of the word and signal languages
accepted by ST-NFA’s. For this it will be useful to go over to a class of classical
NFA’s which we call “bipartite” NFA’s.

A bipartite NFA, or B-NFA for short, over an alphabet A is an NFA B =
(@, 5,9, F) over A such that there exists a partition of the set of states @) into @1
and Q9 satisfying

e SC @ and F C @2, and
e 0 C(Qi xAXxQ2)U(Q2xAxQr).

ST-NFA’s and B-NFA’s accept the same class of word languages. To see this
we show how we can go from an ST-NFA to a language-equivalent B-NFA and
vice-versa. Let A = (Q,S,0, F,l) be an ST-NFA over A. We define the B-NFA
B corresponding to A, denoted stnfa-bnfa(A), as follows. The states of B are
{s'TUQ)U{d | ¢ € Q}, where s’ is a new start state, the finals states are F', and

we have transitions s’ - ¢ whenever (p, a, q) € § with p € S; plus transitions of the

. L. l
form p’ % q for each transition (p, a,q) € §; plus transitions of the form ¢ Q) q for

each ¢ € Q). Figure 1.4 shows the translation applied to the example ST-NFA of
Figure 1.2.

Fig. 1.4. The translation stnfa-bnfa.

Conversely, given a B-NFA B, we can give an ST-NFA A, denoted bnfa-stnfa(B),
whose word language is the same as that of B. Let )1 and @2 be the assumed
partition of states of B. The states of A comprise the transitions of B which go
from @2 to @1, an initial state s, and a final state f if there is a final state of B
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which is terminating. Each state is labelled by the label of the transition to which
it corresponds. The start state s and terminal final state f can be labelled by any
letter as their labels will not contribute to the language of A. The set of final
states comprise the final state f above, along with the states corresponding to the
transitions going out of final states of B. There is a transition from e; = (p, b, q)
and e; = (r,¢,t) on a in A if there is a transition (g,a,r) in B. There is also a
transition (s,a,e2) in A if there is a transition (p, a,q) out of an initial state of B
and eg is a transition out of ¢ in B. Finally we also have a transition from (p, a, q)
to f labelled b, if (¢, b,r) is a transition in B. It is not difficult to see that the word
languages of B and A are the same. Figure 1.5 shows the translation bnfa-stnfa
applied to the B-NFA on the right.

S

—O .
\(%bw) , 5
C e QW
b

(g,b,u) / )
=0 G0

Fig. 1.5. The translation bnfa-stnfa.

c

We first note some closure properties of B-NFA’s which in turn will help us to
show closure properties of ST-NFA’s. We say a B-NFA is deterministic, and call it
a B-DFA, if it is also a DFA.

Proposition 1.2. Let A be an alphabet.

(1) The class of B-NFA'’s is determinizable.
(2) The class of word languages accepted by B-NFA'’s over A is closed under the

boolean operations of union, intersection, and complementation with respect to
A(AA)*.

Proof. Given a B-NFA B, we can apply the standard subset construction to de-
terminize it to get a language-equivalent DFA B’. The subset construction preserves
the bipartite structure of B, and hence B’ is also a B-DFA.

For closure under intersection, we note that the standard product construction
also preserves the bipartite structure of the two B-NFA’s. For closure under com-
plementation with respect to A(AA)*, given a B-NFA B we can first determinize
it to get a language-equivalent B-DFA B’. Let the partition on states of B’ be Q1
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and Q2. We can now “complete” B’ with respect to A(AA)* by adding two new
states d; and ds, with d; added to @1 and ds added to )2, and adding transitions
(p1,a,ds) for each state p; in Q1 with no outgoing transition on a, and similarly
(p2,a,dy) for each state ps in @2 with no outgoing transition on a. We also add
transitions (di,a,ds) and (da,a,d;) for each a in A. Finally, we simply “flip” the
final states in Qo: i.e. the new set of final states F’ is Q2 — F, where I is the
set of final states of B’. The resulting automaton is a B-DFA which accepts the
complement (with respect to A(AA)*) of the language accepted by B. O

It follows that the class of word languages accepted by ST-NFA’s over an al-
phabet A coincides with the class of word languages definable by B-NFA’s over A,
which in turn is precisely the class of regular subsets of A(AA)*, and further that
the class of word languages accepted by ST-NFA’s over A are closed under union,
intersection, and complement wrt A(AA)*.

Using these observations we can now prove some closure properties of the class
of ST-NFA-definable signal languages.

Lemma 1.2. Let A be an alphabet. Then

(1) The class of ST-NFA'’s over A is determinizable: that is, for any ST-NFA over
A we can give an ST-DFA which accepts the same signal language.

(2) The class of signal languages definable by ST-NFA’s over an alphabet A is closed
under union, intersection, and complement.

Proof. For the first part, let A be an ST-NFA over A. We can determinize A as
follows: We first go over to the word language equivalent B-NFA 5 by applying the
translation stnfa-bnfa to A. We now determinize B to get a B-DFA B’. Finally we
apply the translation bnfa-stnfa to B’ to obtain an ST-NFA A’. In fact A’ is an
ST-DFA. To see this, suppose there were states e = (p, ¢, q), e1 = (p1,b,q1), and
es = (pa,b,q2) in A’, with e; and es distinct, and transitions (e, a,e1) and (e, a, e2)
on some a € A. Then, since e; and ey are distinct, it must be the case that p; and
po are distinct, otherwise it would contradict the fact that B’ was deterministic. But
then we have transitions (q,a,p1) (¢,a,p2) in B’ with p; # po, which contradicts
the fact that B’ is a B-DFA.

For the second part, closure under union is immediate. For closure under com-
plementation, let A be an ST-NFA over A. We first make A proper, to get a
signal-equivalent proper ST-NFA A’. Then Sig(A) — S(A) = Sig(A) — S(A') =
timing(Prop(A)—L(A")) (using Proposition 1.1) = timing(L(A")) for some ST-NFA
A" (using closure properties of ST-NFA-definable word languages) = S(A”). The
closure under intersection follows from that of union and complementation. O

1.4. Equivalence of ST-NFA’s and MSO?

In this section we introduce a natural monadic second-order logic interpreted over
signals and show that the class of signal languages it defines coincides with the class
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of signal languages definable by ST-NFA’s.

In the logics to follow we assume a countable supply of first-order variables and
second-order variables. For an alphabet A, the syntax of monadic second order logic
over A, denoted MSO?®(A), is given by:

pu=Qu() |z<ylzeX |-p|(pVy)|3zp|IXp,

where a € A, x and y are first-order variables and X is a second-order variable.

We interpret a formula ¢ of the logic over a signal o in Sig(A), along with an
interpretation I with respect to o, which assigns to each first-order variable a value
in [0, dur(o)], and to each set variable, a finitely-varying subset of [0, dur(o)]. We
use X Cy, Y to denote that X is a finitely-varying subset of Y. For an interpretation
I, we use the notation I[t/z] to denote the interpretation which sends x to t and
agrees with I on all other variables. Similarly, I[B/X] denotes the modification of
I which maps the set variable X to a subset B of R>(, and the rest to the same as
that mapped by I. We also use the notation [t/z] to denote an interpretation which
sends x to t when the rest of the interpretation is irrelevant.

Given a formula ¢ € MSO?®(A), o € Sig(A), and an interpretation I with respect
to o to the variables in ¢, the satisfaction relation 0,1 |= ¢, is defined inductively
as:

o, I E Qu(x) iff o(I(x)) = a, where a € A.
olEx<y iff I(z) <I(y).

olExzeX iff I(z) € I(X).

ol E - iff 0,1}~ .

o lEp Ve iff 0,1 proro, 1= ps.

o, 1 E3Jxe  iff 3t €0, dur(o)] : o,1t/z] = ¢.

o, =3Xy iff 3B Cy, [0, dur(o)] : 0,1[B/X] = ¢.

For a sentence ¢ (a formula without free variables) in MSO®(A), the interpre-
tation does not play any role, and we write the satisfaction relation o, = ¢ as
simply o = . We define the language of signals defined by ¢ to be S(¢) = {c €
Sig(A) | o = o}

As an example, the formula

Veont(x) =FyTz(y <z Az < zA \/ Vuly <uAu<z= Qq(u)))
acA

asserts that the point x is a point of continuity. The formula @gisc () = ~@cont ()
asserts that = is a point of discontinuity.

We denote by FO®*(A) the first-order fragment of MSO?®(A) obtained by disal-
lowing second-order quantification and atomic formulas of the form x € X.

Theorem 1.1. A signal language over an alphabet A is definable by a MSO?*(A)
sentence iff it is definable by an ST-NFA over A.
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We prove this theorem in the rest of this section. The proof proceeds in a similar
manner to the proof of Biichi’s MSO characterization of classical automata [1] (see
[14)).

We first show how to go from a formula in MSO®*(A) to an equivalent ST-NFA
over A. We will represent models of formulas with free variables in them, as signals
with the interpretations built into them. We assume an ordering on the countable

set of first-order variables given by x1,xs,..., and similarly X7, X5, ... for the set
variables. For a formula ¢ with first-order free variables among U = {z;,, -+, 2;,, }
and second-order free variables among V = {Xj,,..., X; } (in order), we represent

asignal o and an interpretation I as a signal UEJ’V : [0, dur(o)] — Ax{0,1}™*" given
by og’v(t) = (o(t),b1, -+ ,bmtn), where for k € {1,...,m}, b = 1 iff I(z;,) = ¢,
and for k € {m+1,...,n}, by =1iff t € [(X;, , ). Thus for a formula ¢ with free
variables in (U, V) we have the notion of a (U, V')-model of .

We note that for the U, V above, not every signal over A x {0,1}™"" is a “valid”
(U, V)-model, in the sense that the components of the signal corresponding to a first-
order variable in U may not have exactly one 1 entry. Nonetheless, the proposition
below says that the valid (U, V)-models are ST-NFA-recognisable.

Proposition 1.3. Let A be a finite alphabet and let U and V be a sets of first
and second-order variables respectively. Then we can construct an ST-NFA AUU(}Xd

which accepts precisely the set of signals over A x {0, 1}|UH’|V| which represent valid
(U, V)-models over A.

Proof. For each z;, € U we can construct an ST-NFA over the alphabet A x
{0, 1}‘U|+‘V| which accepts signals which are valid encodings as far as the component
corresponding to z;, is concerned. Figure 1.6 shows an ST-NFA which accepts the
valid models with respect to z, when the alphabet is {a,b}, and U = {z,y} and
V = (). We can then take the intersection of the resulting ST-NFA’s to obtain the
ST-NFA AV

valid*

Fig. 1.6. ST-NFA accepting z-valid ({z,y}, 0)-models over the alphabet {a, b}
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Proposition 1.4. Let ¢ be an MSO?*(A) formula with first and second-order free
variables U and V respectively. Let A be an ST-NFA accepting the (U, V)-models
of . Then for any set of variables (U', V') such that U C U’ and V C V', we can
construct an ST-NFA A’ which accepts precisely the (U, V')-models of .

Proof. Let us consider the case when U’ = U U {z} and V' = V. Consider
ST-NFA A” which has the same set of states as A, with the same initial and final
states. The labeling of states in A” is same as that of A except that they are
extended with a 0 corresponding to x. For every transition in A, there are two
transitions in A" with the same start and target states, and the label extended
with 0 in one and 1 in the other. The automaton A’ is then obtained by taking the
intersection of A" with .AUU;%.

For the case when U’ = U and V' =V U {X}, we construct A" similar to the
above case, except that in addition now we replace each state in A by two states,
one labeled with an extension of the original label with a 1 corresponding to X, and
the other labeled with an extension by 0 corresponding to X. The new states inherit
the incoming and outgoing (extended) transitions from the corresponding original
state. In this case we can avoid the intersection with AUUQX;
easily extends to any U’ and V. O

This construction

Lemma 1.3. Let ¢ be an MSO®(A) formula and let (U, V') be the set of free variables
in it. Then we can construct an ST-NFA Ag,v which accepts precisely the (U, V)-
models of ¢.

Proof. We construct the ST-NFA .Agvv by induction on the structure of ¢.

(1) ¢ = Qalx): Assuming A = {a, b}, the automaton .Ai,m}’@ is shown below.

(2) ¢ =2 < y: The automaton Ai,m’y}’@ (assuming x occurs before y in the variable
ordering) is:
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(3) For the case p = x € X, the automaton .Aif}’{X} is defined similarly.
(4) ¢ = —p: Let AZ’V be the automaton for ¢, where (U,V) is the set of free

variables in 1. Then A%V is the intersection of AU’Vd with the ST-NFA that

vali

recognizes the complement of the signal language of AZ’V (cf. Lemma 1.2).

(5) ¢ =9 Vu: Let Agl’vl be the ST-NFA for v, where (Uy, V1) is the set of free
variables in 9, and let AY2:"2 be the ST-NFA for v, where (Us, V2) is the set of
free variables in v. Let U = U; UUy and V = (V3 UV,). By Prop. 1.4 we obtain
ST-NFA’s AZ’V and AYV. Then Ag,v is the ST-NFA that accepts the union
of the signal languages accepted by AZ’V and AUV

(6) ¢ = Jxep: Let (U', V') be the set of free variables in v, so that U = U’ — {«}
and V = V', Let Ag’,v’ be an ST-NFA for ). Now we simply project away
the component corresponding to z in the symbols labelling the transitions and
states of AZI’V, to obtain the required ST-NFA Ag’v.

(7) ¢ = 3X¢: Let (U, V') be the set of free variables in 1, so that U = U’ and
V=V"—-{X}. Let Agl’v, be an ST-NFA for 1. Again we simply project away
the component corresponding to X in the symbol labelling the transitions and

states of Agl’v, to obtain the required counter-free ST-NFA .Agvv. .

From the above lemma it now follows that for a sentence ¢ € MSO®(A) we have an
ST-NFA A, over A such that S(¢) = S(A,).

We now prove the converse direction of Theorem 1.1. Let A = (Q, S, —, F,1)
be an ST-NFA over A. Without loss of generality we assume that A is proper.
We give an MSO?®(A) sentence p 4 such that S(A) = S(p4). The sentence ¢4
describes the existence of an accepting run of the automaton on a given signal. Let
{e; =pi 2 q; | i =1,...,m} be the set of transitions in A. The second order
variables X1, ..., X,, will be used to capture the points in the signal at which the
transitions eq, ..., e,, are taken respectively. Note that since we are assuming A is
proper, the union of the X;’s must correspond exactly to the points of discontinuities
in the given signal. We will use the abbreviation consec(z,y, X) to mean that x
and y are “consecutive” points in the set X, and define it to be:

consec(z,y, X) =z € X Nye X N-Jz(z<zAz<yAzeX).
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We also use first(x) as an abbreviation for -3y(y < ) and last(z) as an abbreviation
for =3y(z < y).
The formula ¢ 4 is given below. We assume that 7 and j range over 0, ..., m.

3X; - 3X3X(Ve((z e X <= V,z e X;) A

(Nigj(@ € Xi = —x € X)) A

(x € X < disc(z)) A

(first(z) = \/i:p,;ESx e X)) A

(last(z) =V, j.er @ € Xi) A

(A\;(z € X; = (Qu, () A ((Fy(consec(z,y, X))) =

3

Va((z <2 /A 2 <y) = Que)(2)))))-

This completes the proof of Theorem 1.1.

Before we close this section we observe that the version of MSO?, called weak
MSO?, in which we restrict the second-order quantification to finite subsets of
the domain of the signal (rather than finitely-varying subsets) is as expressive as
the version we have defined. The justification is as follows. We note that the
clause x € X <= disc(x) forces the second-order variables X and X;’s to be
interpreted as finite subsets of the domain since the signal model has only finitely
many discontinuities. Hence quantification over finite subsets suffices to capture the
ST-NFA-definable signal languages. Further, signal languages definable by second-
order quantification restricted to finite subsets are clearly ST-NFA-definable (by
an argument similar to the one above, where we allow components corresponding
to second-order variables to have 1’s only on transition (and not state) labels).
Hence the expressiveness of the two variants coincide with ST-NFA-definable signal
languages.

Corollary 1.1. The class of signal languages definable in MSO®(A) and weak
MSO?®(A) coincide.

1.5. Counter-free signal languages

In this section we introduce a counter-free version of signal languages which will be
shown in the next section to characterize FO®-definable signal languages.

We recall that a counter in an NFA A is a sequence of distinct states qo, - - -, qn
with n > 1, along with a word u € A*, such that there is a path labeled u in A from
qi to ¢i+1 (for each i € {0,...,n—1}) and from ¢, to go. We call the counter an even
counter if u has even length (i.e u € (AA)"). An NFA is said to be counter-free
(respectively even-counter-free) if it does not contain a counter (respectively even
counter). A regular language is said to be counter-free if there exists a counter-free
NFA for it.

We now define the counter-free version of ST-NFA’s. A counter in an ST-NFA
is similar to one in an NFA, except that by the “label” of a path in the automaton
we mean the sequence of alternating transition and state labels along the path. The
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label of the path go “% g1 > -+~ @y “3 nt1 18 aol(q1)ar -+ 1(gn)anl(gn+1) (we ignore
the label of the first state in the path, but count the label of the last state in the
path). Thus a counter in an ST-NFA A is a sequence of distinct states qo, ..., qn
with n > 1, along with a word u € A*, such that there is a path labeled u in A from
gi to giy1 (for each i € {0,...,n —1}) and from ¢, to go. We say an ST-NFA is
counter-free if it does not contain a counter. We say a signal language is counter-free
if it is definable by a counter-free proper ST-NFA. The proper-ness requirement is
important as without it we can give counter-free ST-NFA’s for signal languages we
would otherwise like to consider as not being counter-free. Figure 1.7 below shows
a non-proper counter-free ST-NFA and its equivalent proper version which contains
a counter.

() @ )
®)

Fig. 1.7. Example showing how proper conversion may introduce counters.

We will show in the next section that the class of first-order definable signal
languages coincide with the class of counter-free signal languages. Our aim in the
rest of this section is to show some closure properties of counter-free signal languages
that will be useful there.

We first observe that the classical subset construction for determinizing NFA’s
preserves counter-freeness.

Lemma 1.4. Let B be an NFA and let C be the DFA obtained by the standard
subset construction on B. Then if B was counter-free, so is C. Also, if B was
even-counter-free, so is C.

Proof. Suppose C has a counter. We show that B has a counter.

Let So, S1, -+, Sn_1 be a counter in C, and let w be the word associated with
it, i.e, Sy on w goes to Sy, S1 on w goes to Ss, and so on. Choose the counter
such that [So| 4+ |S1| + -+ + |Sp—1| is minimum. For a set X of states of B, define
Pred(X) to be the set of all states y of B such that y on w goes to some state in
X. We will write Pred(x) for Pred({x}). Similarly Succ(X) is the set of all states
reachable from states in X on reading w.

Form a sequence of states qg, q1,--- of B as follows. Begin with some state qg
in Sp. Let ¢; € ;. Then ¢;4; is some state in Pred(¢;) N S;—1 (where j — 1 is taken
modulo n). g;+1 is chosen to be different from ¢; whenever possible. Consider the
sequence of states qo, gn,gan -+ and let | < k be such that g, = gnr (such an I
and k exist as each subset is finite). If for some nk < i < j < nk, ¢; # ¢; then
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Qni, " - » Qnk contains a counter on w and we are done.

Suppose this is not the case, i.e. for alli € {nl,--- ,nk} g; is equal to say p. Then
from the construction of the sequence one can easily see that for alli € {0,--- ,n—1}

p is in every S;. We also note that Pred(p) NS; = p since otherwise we would have
chosen a predecessor which is different from p. Define Reach to be the smallest set
containing p and closed with respect to Suce, i.e. if ¢ € Reach and ¢’ € Succ(q),
then ¢’ € Reach. The fact that p is in every S; implies that Reach is a subset of
every S;.

Fig. 1.8. Example depicting the set Reach and Succ(Reach).

Let Yy = So — {p} and for every j > 0 let Y; 1 = Succ(Y;). One can inductively
argue that for every j > 0, S; — Reach C Yji,; and therefore Yii,; # Yifnj+1
because otherwise S; = S; 11 (i + 1 taken modulo n ) as S; = ReachUY; ;. Since
all the Y;,;’s cannot be distinct there exist k < [ such that Y, = Yiin. Let
Xo = Yitnr and let X411 = Suce(X;). Note that we always maintain the invariant
p € Y; and therefore none of the X;’s contain p. It can be seen that Xo, -+, X;,_1
forms a counter in C such that |Xo| 4+ - 4+ | Xp—1] < [So| + -+ + [Sn—1], which
contradicts the choice of the counter.

We note that it also follows from the above argument that if 5 had no even
counters, C will also not have any even counters. (]

Next, as we did for ST-NFA’s, it will be convenient to characterise CF-ST-NFA’s
in terms of bipartite NFA’s. We define the class of even-counter-free B-NFA’s over
an alphabet A, denoted ECF-B-NFA, to be the class of B-NFA’s which have no
even counters.

Proposition 1.5. The class of word languages accepted by CF-ST-NFA’s and
ECF-B-NFA’s over an alphabet A coincide.

Proof. It is easy to verify that the translations stnfa-bnfa and bnfa-stnfa given in
Section 1.3 already give us the required translations: that is if A is a CF-ST-NFA
over A then stnfa-bnfa(A) is an ECF-B-NFA, and if B is an ECF-B-NFA then
bnfa-stnfa(B) is indeed a CF-ST-NFA. O
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Lemma 1.5. The class of even-counter-free bipartite NFA'’s over A are determiniz-
able and closed under union, intersection, and complementation wrt A(AA)*.

Proof. Given an ECF-B-NFA B over A, we determinize it using the subset con-
struction to get A’. We have already argued that A’ is a B-DFA over A. By
Lemma 1.4 A’ is also even-counter-free, and we are done.

To show closure under intersection we argue that the above properties are pre-
served by the standard product construction for intersection. Let B and C be
two ECF-B-NFA’s, with By, B and C7,Cs being the respective partitions. In the
product automaton D accepting the intersection of their word languages, the only
reachable states are in D1 = By x C7 and Dy = By x Cy, with Dy and D5 being the
partitions. It remains to be shown that D does not have an even-counter. Suppose
D has such a counter with the sequence (s1,¢1) - (Sn,t,). Then it cannot be the
case that all the s;’s are the same and all the ¢;’s are the same, since otherwise the
sequence is not a counter. Assume without loss of generality that all the s;’s are not
same. Then there is a subsequence of distinct states s;,, Si,, . .., si, which forms an
even-counter in B. This contradicts our assumption that B was even-counter-free.

To show closure under complementation wrt A(AA)*, we first determinize the
automaton. As observed in the proof of proposition 1.2, the resulting automaton is
a B-DFA. Furthermore, by lemma 1.4, it does not contain an even-counter. Once
again, we “complete” the automaton as in the proof of lemma 1.2. It is easy to
see that this completion does not introduce any even counters. We can now “flip”
the final states in the second partition, to obtain a ECF-B-DFA which accepts the
complement of the word language of the given B-NFA wrt A(AA)*. O

Using the preceding lemmas we can now argue that:

Lemma 1.6. The class of counter-free signal languages over an alphabet A is de-
terminizable, and closed under union, intersection, and complementation.

Proof. To see that the class of CF-ST-NFA’s is determinizable, let A be a counter-
free ST-NFA. We go over to a word language equivalent ECF-B-NFA B from A
using the translation stnfa-bnfa. We now determinize B to get B’, and applying
bnfa-stnfa on B’, we get a deterministic counter-free ST-NFA.

For the closure under boolean operations, let F} and Fy be two counter-free
signal languages over the alphabet A. Let L1 and Lo be the word languages of their
defining proper counter-free ST-NFA’s. Once again, using proposition 1.1, we can
convince ourselves that Fy U Fy = timing(Ly U La), Fy N Fy = timing(L1 N Le), and
Sig(A) — Fy = timing(Prop(A) — Ly) = timing((A(AA)* — Ly) N Prop(A)).

Using the closure properties of the word languages accepted by CF-ST-NFA’s (or
equivalently ECF-B-NFA’s), and the fact that Prop(A) is ECF-B-NFA-definable,
we can conclude that the signal languages definable by CF-ST-NFA’s are closed
under boolean operations. O
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1.6. Counter-free characterisation of FO signal languages

In this section our aim is to show that FO®-definable signal languages, counter-free
signal languages, and temporal logic definable signal languages, all coincide.

We recall briefly the temporal logic LTL and its two interpretations, one over
discrete words and the other over signals. For an alphabet A, the syntax of LTL(A)
is given by:

0 = a| (0U9) | (0S6)| -0 (6 V 6),

where a € A. The logic is interpreted over words in A*, with the following semantics.
Given a word w = ag - - - a,, in A* and a position ¢ € {0,...,n}, we say w,i |= a iff
a; = a; and w,i | QUn iff there exists j such that i < j < n, w,j E n and for all
k such that ¢ < k < j, w,k = 0. The “since” operator S is defined in a symmetric
way to U in the past, and the boolean operators in the usual way. We denote by
L(0) the set {w € A* | w,0 = 0}.

The logic LTL can also be interpreted over functions as done in [6]. Here we
restrict the models to finitely-varying functions in Sig(A), and we denote this logic
by LTL®(A). Given a signal o € Sig(A), t € [0, dur(c)] and 0 € LTL*(A), the
satisfaction relation o, ¢ = 6 is defined as follows:

otEa iff o(t) =a.
ot EOUnE 3 t <t < dur(o), o,t' En, and Vt" : t <t <t/ ,0,t" = 0.
ot EOSn T3 0<t <t,of En, V't <t <t, ot EO.

The boolean operators are interpreted in the expected way. We set S(0) = {o €
Sig(A) | 0,0 | 60}.

As an example, the LTL*(A) formulas 0cont = \,ca(a A (aSa) A (aUa)) and
Ogisc = —0c0nt characterize the points of continuity and discontinuity respectively
in a signal over A.

Theorem 1.2. Let A be a alphabet, and let F' be a signal language over A. Then
the following statements are equivalent:

(1) F is definable by an FO®(A)-sentence.
(2) F is definable by a counter-free proper ST-NFA over A.
(8) F is definable by an LTL®(A)-formula.

The rest of this section is devoted to a proof of this theorem. Our proof will
factor through some classical results connecting counter-free languages and temporal
logics. The route we follow is given schematically in the figure below, via steps
labelled (a), and (b) to (e).
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Step (a): We show how to go from a formula in FO®*(A) to a counter-free proper
ST-NFA accepting exactly its models. It can be checked that the inductive con-
struction carried out in Section 1.4 for Theorem 1.1 produces a counter-free proper
ST-NFA at each step. This is true for the base cases Q.(z) and = < y. For the
boolean operators, it follows by the closure properties of counter-free signal lan-
guages (cf. Lemma 1.6).

For the case of first-order quantification, let ¢ = Ja1p. Let Ay be a counter-free
proper ST-NFA which accepts the valid models for ¥». Without loss of generality
we assume that Ay has no unreachable or dead states, and that its start and final
states are respectively originating and terminating.

We now project away the z-component in transition and state labels of A, to get
a ST-NFA A’ accepting the valid models of 3x1). Now we can argue that A’ cannot
have a counter. If it did, then there are two cases: either the counter is such that
no symbol in it was obtained by projecting away a ‘1’ in the z-component, or there
is a symbol in it which was obtained by projecting away a ‘1’ in the z-component.
In the first case, this would mean a counter in Ay, itself, contradicting the inductive
assumption that Ay was counter-free. In the second it would mean A, has a cycle
containing a transition on a symbol with a ‘1’ in the z-component, which would
contradict the validity of the models generated by A,.

However, we are not yet done, as A’ might have a non-proper edge. Now let
us make A’ proper to get A", using the algorithm described in Section 1.3. Recall
that the algorithm adds edges and finally deletes all the non-proper edges. But it
satisfies the property that the state space is the same, and every added edge from p
to ¢ has a corresponding path from p to ¢ in A’ which uses a non-proper transition.

Now we claim that A" is counter-free (and, by construction, proper). Suppose
A" had a counter on states qo, ..., ¢n, on a string u. Now two possibilities exist:

e No u path in the counter uses an “added” edge. In this case this would be a
counter in A’ also, which is a contradiction.

e Some u path in the counter uses an “added” edge. So in A’ the w-path has
a corresponding u/-path which uses a non-proper edge in A’. But non-proper
edges in A’ could only have come from a projection of a ‘1’ in the z-component
of a transition in Ay. So the corresponding “unprojected” w'-path contains a
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symbol with a ‘1’ in the z-component in 4. Once again, being part of a loop
in A", and hence also in Ay, this contradicts the validity of Ay.

This completes the inductive proof of the claim that the set of signal models of a
first-order formula is counter-free.

Steps (b) to (d) prove that we can go from an arbitrary counter-free proper
ST-NFA A over the alphabet A to a signal-language-equivalent FO®(A)-sentence

PA-

Step (b): Let us denote by A’ the alphabet {a’ | a € A}. For a proper word
w = ag...a2, € Prop(A), we define ann(w) to be the word agaial ... asn_1ah,
in (AU A"*, and apply it to work on subsets of Prop(A) as well. Now let A
be a counter-free proper ST-NFA over A. By the characterisation of counter-free
languages in the proof of Lemma 1.6, there is a word-language equivalent NFA B,
that is bipartite and has no counters except possibly on odd-length u’s. However,
if we annotate the labels of the edges going from left to right (with the convention
that the start states are in the left partition) by replacing each label a by a’, then
it is easy to see that the resulting NFA is counter-free, and accepts ann(L(A)). Let
us call this NFA over (AU A’) as B. Thus L(B) = ann(L(A)) and is a classical
counter-free word language.

Step (c): By the results due to Schutzenberger [7], McNaughton-Papert [2], and
Kamp [6] for classical word languages, the class of counter-free, star-free, FO-
definable, and LTL-definable word languages all coincide. Thus for a counter-free
NFA B over (AU A’) we have an LTL(A U A’) formula # which defines the same
word language as B. Thus L(B) = L(0).

Step (d): For a formula 6 in LTL(A U A’) such that L(f) C A’(AA")* and the
“un-annotation” of L(#) (i.e. ann~1(L()) is proper, we can construct a formula
Itl-1tls () in LTL®(A) which is such that S(ltl-ltls(9)) = timing(ann=1(L(9))).

We will use the abbreviation ;U4 60> to mean that at a point of discontinuity
“01U65” is true in an untimed sense, and define it to be (02U03) V (01U (0 gisc A (62 V
(61 A (02U65))))). Symmetrically we use 015,02 for (02502)V (015(0gisc A (02 V (61 A
(02502)))))-

The translation [tl-1tls is defined as follows (we use 7) for ltl-ltls(n) in some places
for brevity):

Itl-ltls(a) = a A Ocont (where a € A).
ltl-ltls(a’) = a A Ogisc (where o’ € A').
It-Utls(—0,) = —0;.
Itl-Utls (61 V 03) = 61 V 0.
Itl-Utls (01U05) = (Bgise = (01U462)) A
(Bcont = (Bcont UBaise A (B2 V (61 A (6:1U462)))))).
ltl—ltls(&lSﬂg) = (Hdisc = (015(1 02)) A
(Ocont = (Ocont S(Oaise A (B2 V (01 A (015462)))))).-
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Lemma 1.7. Let 6 be an LTL(AU A’) formula. Let w be a proper word over A,
and let w' = ann(w). Let o € timing(w) with the canonical interval representation
(ao, Io) - - (aan, Isn). Then for each i € {0,---,2n} and for all t € I;, we have
wiE0 = o,t = It-tls(0).

Proof. We do the proof by induction on 6. For the base case suppose 8 = a with
a € A. Then w',i = a iff i is odd and w'(i) = a. This is true iff ¢ is a point of
continuity in o and o(¢t) = a. In turn this is true iff o,t = a A Ocone.

The other base case and induction step for boolean operators are similar. We
now show the induction step for 8 = ;U6 and omit the similar case of § = 6,5605.

Left to right implication. Let ¢ € I; and suppose w',i = 6,Ufs. Then 35 > i

such that w',j | 02 and Vi < i’ < j w',i = 6;. We note that by induction

hypothesis we have that Vt"" € I; o,t" |= 0 and V¢ € Ugirjicir<jylir o, 8" = 0.
We distinguish two cases:

e i is even: then o,t Hdm and we have to show that o,t | HlUd 02
If j =i+ 1 then o,t E HQUGQ Otherwise, let k£ be the greatest even integer
smaller or equal to j (this is the index corresponding to the last point of dis-
continuity before j). Let e >t such that I, = {tk} note that o,t; = O4isc
and Vi < t < tk o, t" = 91 If k = j then o,tx 92 Otherwise k =j-1 and
oty = 01 A (92U92). We have thus shown that in both cases o,t = 91Ud 92.

e i is odd: then o,t |= 0.on: and we have to show that o,t = 0cont U(@disc A (9A2 \Y
(91 AN (91Ud 92))) N
Let ;41 > t besuch that I;11 = {t;y1}. If j = i+1then o, t;41 = 02. Otherwise
o, tiv1 E 0/\1 and w',i + 1 | 61U02. As i+ 1 is even, by the previous case we
have that o,t;41 = é\lUd 0/\2 We have thus proved that o,t = 0cont U(Gdisc A
(9/; v (0/\1 A (0/1 Uqg 0/\2)))), t;+1 being a witness for the outermost until.

Right to left implication: Let ¢t € I; and suppose o,t |= ltl-ltls(0). We distin-
guish two cases:

e i is even: then o,t = 0g4isc s0 0,t = é\lUdé\Q. Ifo,t = 0/\2U0/\2 then w',i+1 = 0
so w',i = 0,U05.

Otherwise o,t = é\lU(Gdisc A (9/; \/0/1 A (@Ué\g))), so there exists t' > t such that

ot = Ogise A (02 V 01 A (B2U0,)) and Vt < t” < t' o, t" =61, As 0, = Ogise

there exists j > ¢ such that I; = {t}. We have that Vi < < j o', = 0;.

If 0, = 6y then w',j = 6y, If 0, = 6; A (é;Ué;) then w',j = 61 and
w',j+ 1 E 2. In both cases we have shown that w',i = 61U65.

e i is odd: let t;4q such that I;11 = {t; 11} Necessarlly otiy1 E 92 Vv (91 A
(91Ud 92)). If o, tiv1 = 92 then w',i +1 | 62 so w',i | 0,;U0s. Otherw1se
o,tiv1 E 91/\(91Ud 92) sow',i+1 |= 91 Asi+1iseven and o,tiv1 |= 91Ud 92, by
the previous case, we have that w’,i+1 = 6,U#6,; it follows that w’,i = 91U95
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Using the above lemma we can now show that if A and 6 are as in the
previous steps, then S(A) = S(ltl-ltls(f)). To show S(A) C S(Iltl-ltls(9)), let
o = (ag, Io) - (azn, I2n) € S(A). Then w = ag---ag, € L(A) and o € timing(w).
Let w’ = ann(w). Then w’ € L(B). Hence w’,0 = 0. By Lemma 1.7 we have that
0,0 = [tl-ltls(0). Hence o € S(ltl-1tls(0)).

Conversely, suppose o € S(ltl-ltls(9)) with o = (ao, Ip) - - - (azn, I2,) being its
canonical representation. That is 0,0 | [tl-ltls(6). By Lemma 1.7 we have that
w',0 E 6, where w = ag---ag, and w' = ann(w). Hence w’ € L(B). Hence

w € L(A), and o € S(A).

Step (e): A LTL?(A) formula 6 can be translated to a FO®(A)-formula ¢ with one
free variable x, such that for all o € Sig(A), o,t = 0 if and only if o, [t/z] |= 1. For
a first-order formula ¢ let us denote by ¢[z/x] the formula obtained by substituting
all free occurrences of x in ¢ by z. The translation ltl-fo is now given as follows:

ltl-fo(a) = a(x)

Itl-fo(01U02) = Fz(x < z Altl-fo(O2)[z/x]) ANVy(z < y < z = ltl-fo(61)[y/2]))
Itl-fo(01502) = 3z(z <z Altl-fo(O2)[z/x]) ANVy(z < y < x = ltl-fo(61)[y/2]))
Itl-fo(—0) = = (ltl-fo(9))

ltl—f0(91 V 92) = ltl—fo(@l) vV ltl—fo(Gg).

We can now translate 6 to the FO®*(A) sentence ¢ = Va(first(x) = ltl-fo(6)), so
that S(0) = S(v).

To summarize this direction of the proof: given a counter-free ST-NFA A over A
by steps (b) and (c) we have an LTL(AUA’) formula 0 such that ann(L(A)) = L(6).
By step (d) we have LTL*(A) formula 0 such that S(A) = S(é\) By step (e) we
have an FO®(A) formula ¢ 4 such that S(p4) = S(é\) = S(A). This completes the
proof of Theorem 1.2. O

To conclude this section, we show how we can decide whether a given MSO?®
sentence is first-order definable, using our automata characterisation. The proce-
dure is similar to the classical case where we first construct an automaton for the
given MSO formula, determinize and minimize it to obtain the canonical DFA for
the language, and simply check if the canonical DFA has a counter or not.

We can also define a canonical ST-NFA for a given ST-NFA A. This is done as
follows: First make A proper to get A’; then translate via stnfa-bnfa to a B-NFA
B; determinize B to get a B-DFA B’; Now minimize B’ to get the canonical DFA
B" for B’. We note that B” is a B-DFA, except for a single non-final sink state d
which represents the set of words in A(AA)* which have no extensions in L(B’),
as well as all words in A* — A(AA)*. This state can be dropped without affecting
the language of B”, and the resulting DFA is a B-DFA. We can now apply the
translation bnfa-stnfa to B” to get a proper ST-DFA A”. We note that for any two
ST-NFA’s that accept the same signal language, the canonical ST-DFA associated
with them will be identical (upto isomorphism).



August 7, 2009 17:16 World Scientific Review Volume - 9.75in x 6.5in ws-signals

Automata and logics over signals 23

Now given an MSO?® formula ¢, we can construct the corresponding ST-NFA
A,. Next we construct the canonical proper ST-DFA A" associated with A, as
described above. Check if A” has a counter and return “Not FO®-definable” if it
does, otherwise return “FO®-definable”.

This procedure can be justified as follows: clearly if the procedure says “FO®-
definable”, then the formula is indeed FO®-definable (using Theorem 1.2). If it
says “No”, then suppose to the contrary that there does exist a counter-free proper
ST-NFA A accepting the language S(¢). Then we can see that each step in the
canonicalisation preserves the absence of even-counters (including the minimisa-
tion step), and hence the canonical ST-DFA will not have a counter, which is a
contradiction.

1.7. ST-NFA’s and signal regular expressions

In this section we give a regular expression formalism for describing “regular” and
“counter-free” signal languages. We will essentially define the underlying word
languages via regular expressions, and say that the signal languages defined are
simply the timings of the underlying word languages.

A partial signal regular expression over an alphabet A is given by the following
syntax:

pu=0|ab|p+p|p-p|p*

where a and b belong to A. A signal reqular expression over A is an expression of
the form

ro=a-plr+r,

where a € A and p is a partial signal regular expression over A.
A partial signal regular expression p over A defines a language L(p) C (AA)*
which is given inductively as follows:

e L(0)=10

o L(ab) = {ab}

e If p and ¢ are partial signal regular expressions then L(p + ¢) = L(p) U L(q),
L(p-q) = L(p) - L(g), and L(p*) = L(p)".

A signal regular expression r over A defines a subset L(r) of A(AA)* as follows:

e If a € A and p is a partial signal regular expression then L(a-p) = a- L(p), and
e If r and s are signal regular expressions then L(r + s) = L(r) U L(s).

We define the signal language associated with a signal regular expression r,
denoted S(r), to be timing(L(r)).

We now show that the class of signal languages definable by signal regular ex-
pressions is precisely the class of signal languages definable by ST-NFA’s. For that
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it suffices to show that the word languages definable by ST-NFA’s and signal regular
expressions coincide.

Let us fix an alphabet A. It will be useful to consider the alphabet Y44 =
{sap | ab € AA}. We note that the homomorphism h : ¥% , — A* given by
h(sap) = ab, is injective and onto with respect to (AA)*.

Proposition 1.6. The class of word languages defined by partial signal reqular
expressions over A is precisely the class of word languages which are reqular subsets

of (AA)*.

Proof. Languages defined by partial signal regular expressions can be seen to be
regular subsets of (AA)*, by a simple inductive argument. Conversely, if L is a
regular subset of (AA)*, then h='(L) is a regular subset of X% , (using a standard
property of homomorphisms), and hence there exists a regular expression r over
Yaa with L(r) = h=1(L). Now it is easy to see that if we simply replace each
symbol sq, by ab in r (let us denote this partial signal regular expression by h(r))
then L(h(r)) = h(L(r)) which equals L. O

Theorem 1.3. The class of signal languages definable by signal reqular expressions
over A coincides with the class of signal languages definable by ST-NFA’s over A.

Proof. From the definition of signal regular expressions and the preceding
Prop. 1.6, it follows that the word language defined by a signal regular expres-
sion r is a finite union of languages of the form a - M where M is a regular subset
of (AA)*. Thus r defines a regular subset of A(AA)*, and by Proposition 1.2, we
have an ST-NFA over A accepting L(r).

In the converse direction, it suffices to show that every regular subset L of
A(AA)* is definable by a signal regular expression. Let L/a denote the language
{w e A* | aw € L}. Then clearly L = |J,c4a- (L/a). Further, L/a is a regular
language and a subset of (AA)*. So by Prop. 1.6 each L/a is definable by a partial
signal regular expression p,. Thus, the signal regular expression r given by the sum
of a - p,’s, describes L. O

In the rest of this section we give a characterisation of counter-free ST-NFA’s in
terms of star-free regular expressions.

We define a star-free partial signal regular expression over an alphabet A as
follows:

pa=0]ab|p +p | pop |,
where a,b € A. The syntax of a star-free signal regular expression over A is given
by
ru=a-p |+
where a € A and p’ is a star-free partial signal regular expression over A. We

define the word language generated by a star-free partial signal regular expression
p’ similar to a partial signal regular expression, except that
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o L(p'oq) = (L(p') - L(q")) N Prop,(A),
o L(p') = Propy(A) — L(p"),
where Prop,(A) is set of words in (AA)* which represent proper words — i.e.
Propy(A) = U,ca Prop(A)/a. We note that Prop,(A) can be defined by (the homo-
morphic image of) the classical §tar—free expression rﬁmp which is the complement
of the sum, over all a,b € A, of 0 - 54454 - 0.

As before, we define the signal language associated with a star-free signal regular
expression ' to be S(r') = timing(L(r")).

Lemma 1.8. The class of regqular languages definable by CF-ST-NFA’s and star-
free signal reqular expressions over an alphabet A coincide.

Proof. Once again, we prove that the class of word languages defined by the
two formalisms coincide. Let L be the word language accepted by a counter-free
ST-NFA. Then by the proof of Lemma 1.6 we know that L is a regular subset
of Prop(A) and is even-counter free (i.e. it is accepted by an NFA with no even-
counters). Once again we can write L = (J,c 4 a- (L/a), and observe that each L/a
is a regular subset of (AA4)* and is even-counter free. Now if we consider h=1(L/a),
we can see that it must be counter-free, since a counter here would imply an even-
counter in L/a. By the classical result due to Schutzenberger, we must have a
star-free regular expression p, over X 44 such that L(p,) = h~1(L/a). (Recall that
a star-free regular expression is built from (), a (for a € A), sum, concatenation, and
complement in A*). Once again, if we consider the star-free partial signal regular
expression h(p,) obtained from p, by replacing each s,;, by ab, then we can see
that L(h(p,)) = h(L(pa)) = L/a. Hence L which is the union of a - (L/a)’s can be
defined by the sum of the regular expressions a - p,.

Conversely let 7’ be a star-free signal regular expression over the alphabet A.
So 7 is sum of expressions of the form a - p’, where p’ is a star-free partial signal
regular expression. Now each p’ defines a subset of Prop,(A) that is even-counter
free. To see this, we observe that we can get a classical star-free regular expres-
sion from p’, say h=1(p'), by replacing every ab by s., and the concatenation (o)
and complementation (7) by usual concatenation and complementation followed by
intersection with the star-free expression rémp. The star-free expression h=1(p’)
is such that h(L(h=1(p')) = L(p'). Now h~1(p') is star-free and hence its lan-
guage has no counters. It follows that L(p’) is even-counter free. Thus L(r) is a
finite union of languages of the form a - M where M is a even-counter free sub-
set of Propy(A). Hence, by characterisation of counter-free ST-NFA languages in
the proof of Lemma 1.6, we have that L(r) is accepted by a proper counter-free
ST-NFA. O
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1.8. Finite variability in FO

In this section we show that the finite variability of an arbitrary function on the
non-negative reals is expressible in FO®. Apart from illustrating the expressiveness
of FO, our aim is to give a correct sentence describing finite variability since such
a definition seems to be missing in the literature.

In particular, the first-order sentence given by Hirshfeld and Rabinovich in [20]
is incorrect. Their formula requires that every point ¢ have an open interval to
its right and to its left (in the latter case only when ¢ # 0) in which the value of
the function is constant. However this formula is satisfied by the function f below
which is clearly not finitely varying:

£t = a if t =1/n for some n € N
~ | b otherwise.

To say that a function f : [0,7] — X is finitely varying, we need to say that it
has a finite number of discontinuities in its domain. Since we can already say that
a point z is a point of discontinuity of f via the first-order formula ¢ 4;s. of Sec. 1.4,
it is sufficient if we can say that a given (bounded) subset of reals is finite.

This can be done as follows. It is sufficient to express that a set is infinite. We
can argue using standard results in real analysis, that a subset of reals W is infinite
iff it has a strictly decreasing infinite subsequence or a strictly increasing infinite
subsequence. This is because we can first construct an infinite sequence by, by, . ..
of distinct elements in W as follows. Pick any element in W and set it as bg. Since
W is infinite W — {bo} is also infinite, so we can pick another element b; € W;
and so on. The sequence (b;) constructed this way is clearly a infinite sequence
of distinct elements in W. Now every infinite sequence of distinct elements must
have an infinite strictly monotonic subsequence. To see this, suppose by, by, ... was
the given infinite sequence. Let b, be called a “peak point” if all elements in the
sequence after it are strictly less than it (i.e. b; < by, for all i > n). If there
are infinitely many peak points, then we clearly have a strictly decreasing infinite
subsequence. On the other hand if there were only finitely many peak points, let
b, be the last peak point. Then consider b,11: since it is not a peak point it must
have a value b; strictly greater that it, for some ¢ > n + 1. Similarly b; must also
have a point strictly greater than it which occurs later in the sequence. Continuing
in this way we have a strictly increasing infinite subsequence.

Further, to express this property in first-order logic, it is useful to observe that
by the Bolzano-Weierstrass theorem, every bounded monotonic sequence converges
to a limit point. Thus, for a bounded subset of reals W, the formula decseq(WW)
below asserts that W contains an infinite strictly decreasing sequence:

decseq(W) = Fl3ag(ap € W Al < ag A
Ve((x e WAl<z)=Jylye WAl<yAy<z))).
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Similarly the formula incseq(W) asserts that W contains an infinite strictly
increasing sequence:

incseq(W) = Jl3ag(ag € W Aag <1 A
Ve((x e WAz <l)=Jylye WAz <yAy<l))).

Using the observations above, we can see that the formula inf (1) below asserts,
for bounded subsets of reals W, that W is infinite:

inf (W) = decseq(W) V incseq(W).

Finally the required sentence asserting that a given function is finitely varying
is obtained by replacing each atomic formula of the form x € W by pgisc(x), in the
formula —inf (W).

1.9. Conclusion

In this chapter we have shown that the theory of automata and logics over signals
bears a close analogy to the classical theory of such formalisms over words.

Among the issues that remain to be addressed is the existence of a “canonical”
minimum ST-DFA for the class of ST-NFA-definable signal languages, along the
lines of the Myhill-Nerode Theorem for regular word languages. While we have
identified a canonical ST-DFA for any given ST-NFA, this was done for the purpose
of deciding first-order definability of signal languages. It remains to investigate a
suitable definition of a “minimum” ST-DFA for a given ST-NFA-definable signal
language.
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