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Abstract

We extend some of the classical connections between aw@mdtogic due to
Biichi [B60] and McNaughton and Papert [MP71], to languages of finitatying
functions or “signals”. In particular we introduce a natuwikass of automata for
generating finitely varying functions callédl-NFA’s, and show that it coincides
in terms of language-definability with a natural monadicosetorder logic inter-
preted over finitely varying functions [Rab02]. We also itligna “counter-free”
subclass o5T-NFA’s which characterizes the first-order definable languades o
finitely varying functions. Our proofs mainly factor thrdughe classical results
for word languages. These results have applications imaate characterisations
for continuously interpreted real-time logics like Metiiemporal Logic (MTL)
[CDPO06, CDPO7].

1 Introduction

The classical literature contains a rich theory connectintpmata and logic over
words. Buchi showed that languages definable in monadmnsklogic (MSO) over
words are precisely the class of languages accepted by §i@ite automata [§0].
Kamp [Kam68] showed that languages definable in Linear-Tieraporal Logic (TL)
were precisely the languages definable in the first-or8i€) (fragment of Bichi's
MSO. And McNaughton and Papert [MP71] showed that the classunter-free fi-
nite state automata (where a “counter” in an automaton is@\ath at least two hops,
each hop being on a common warlidefine exactly th&O-definable languages. This
last result factors through a characterisation due to Selnibierger [Sch65] of the class
of counter-free languages in terms of star-free regularessgions.

Our aim in this paper is to lift these connections to langgagfdinitely varying
functions over the non-negative reals. These function§igitely varying in that they
have only a finite number of discontinuities in any boundedrival of time. Such
functions, which are often called “signals” in the litenapare of interest to the com-
puter science community as they model the behaviour of tiaredi hybrid systems
[AD94, ACH'95]. For example, non-zeno timed words [AD94] are speciatikiof
signals.

We first introduce a class of automata calf-NFA's that run over signals and
hence accept languages of signals. We should point outlnatrerlike timed automata
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we are interested in formalisms without a “metric” or operathat measure time dis-
tance. As a consequence these languages are essentidimédhin that they can
be characterised as the set of all possible “timings” of gula&) language of classi-
cal words. We then consider a natural monadic second-oodér introduced earlier
by Rabinovich [Rab02], and called hd#SO3, which is interpreted over signals, and
in which the second-order quantification is restricted tosstis of non-negative reals
whose characteristic functions are finitely-varying. Wewhhat the class of signal
languages defined by sentences in this logic is preciselgl#ss of signal languages
defined byST-NFA’s. This gives an automata-theoretic proof of a similar lesh-
tained in [Rab02] using logical techniques.

Next, along the lines of the Schutzenberger and McNaugRegpert results, we
identify a counter-free subclass®T-NFA’s and show that they precisely characterise
the class of signal languages definable by the first-ordgnfemtFOS of MSOS. The
notion of a counter in aRT-NFA is similar to the classical one, except that we require
theST-NFA to be “canonical” in a certain sense. Our proof of this refadtors trans-
parently through the afore-mentioned results of Schutzagdy, McNaughton-Papert,
and Kamp for word languages. The main difficulty, in a seriesteps we perform, is
to translate ahTL formula# into one interpreted over signals, which accepts precisely
the timings of the models & As a minor by-product we re-prove the expressive com-
pleteness ofTL interpreted over signals (i.e. its expressiveness coascwdth FOS
over signals). This result also follows from Kamp’s reshlbwing the expressive com-
pleteness oETL over reals [Kam68]. Nonetheless, our proof gives a moressiiole
proof of this result, since it uses only Kamp’s result forssligal words, for which there
are simpler proofs in the literature (see [Wil99]).

Turning now to more details on related work, as already roeeti this paper builds
on the classical results due to Biichd®, Schutzenberger [Sch65], McNaughton and
Papert [MP71], and Kamp [Kam68] for word languages. The vadfRabinovich con-
tains many relevant results on signal languages. Rabiharnd Trakhtenbrot [RT97]
introduce automata similar t8T-NFA’s called signal acceptors. In [Rab02] Rabi-
novich shows how to translate &SO sentencep to aMSO*® sentence that accepts
precisely the timings ap, and vice versa. This leads to a proof of the claim in [RT97]
that signal languages definable by signal acceptor$48@° coincide. In contrast our
equivalence o6T-NFA's andMSO?® uses an automata-theoretic argument similar to
the proof of Buichi’s result (see [Tho90]), and helps us tifgithe counter-free frag-
ment. In [Rab00] Rabinovich also shows a star-free regufaresssion characterisation
of FO®-definable signal languages, along the lines of McNaughtorPapert [MP71].

Though we are mainly concerned with expressiveness in tbik where are a
number of related decidability results in the literaturdelfah [She75] showed that
MSO over reals with second-order quantification over aabjtsubsets of reals is un-
decidable. Rabin [Rab69] shows that MSO over reals, witbsg@rder quantification
over subsets which are essentially countable unions oédlgsts, is decidable. The
decidability ofMSOs follows from this result.

Preliminary versions of the basic results in this paper apgin [CDP06, CDP07]
where they were used to obtain logical characterisationsigions of timed automata
with a continuous interpretation, as well as a counter-fireed automata characteri-
sation of several real-time temporal logics, includMgL [Koy90, AFH96], in their
continuous semantics.



2 Preliminaries

For an alphabe#i, we useA* to denote the set of finite words ovdr For a wordw

in A*, we uselw| to denote its length. The set of non-negative reals andraowill

be denoted bR >, andQx( respectively. We will deal with intervals of non-negative
reals, i.e. convex subsets Bf.(, and denote byr. , the set of such intervals with
end-points iMk>o U {oc}. Two intervalsl and.J will be calledadjacentf 7 N .J = 0
and/ U J is an interval.

Let A be a finite alphabet and Igt : [0,7] — A be a function, where € R.
We usedur(f) to denote the duration gf, which in this case is. A pointt € (0,r)
is a point ofcontinuityof f if there exists > 0 such thatf is constant in the interval
(t — €,t + €). All other points in[0, 7] are points ofdiscontinuityof f. We sayf is
finitely varyingif it has only a finite number of discontinuities in its domaie will
refer to such finitely varying functions aggnalsover A, and denote the set of signals
over A by Sig(A).

An interval representatiorior a signalo : [0,7] — A is a sequence of the form
(ao, Io) - - - (an, I), witha; € Aandl; € Ig. , satisfying the conditions that the union
of the intervals i§0, 7], eachl; andI;; are adjacent, and for ea¢h is constant and
equal toa; in the intervall;. We can obtain @anonicalinterval representation far
by putting each point of discontinuity in a singular intdriag itself. Thus the above
interval representation far is canonical ifn is even, for each eveithe intervall; is
singular (i.e. of the fornjt, ¢]), and for no ever such thal < i < nisa;,—1 = a; =
Qit1-

A canonical interval representation for a function givesuesinonical way of “un-
timing” the signal: thusifag, Iy) - - - (a2n, I2y) is the canonical interval representation
for a signalbr, then we definentiming (o) to be the stringy - - - a2, in A*. The untim-
ing thus captures explicitly the value of the function atgtsnts of discontinuity and
the open intervals between them. Figure 1 shows a signaltbgalphabe{a, b, ¢},
and its untiming. Note that strings which represent theminij of a signal will always
be of odd length, and for no even positiowill the letters at positions— 1, 4, andi + 1
be the same. We refer to words.tt which satisfy these two conditions eanonical
words overA. We denote the set of canonical words oxeoy Can(A).

b 7 ° Signalo
a -—o o—— o
I I I | o
0 1 2 3 . untiming
a ab c c a a w

Figure 1: A signal and its untiming

A canonical wordw can be “timed” to get a signal in a natural way: thus a signal
o is in timing(w) if untiming(c) = w. We extend the definition ofiming and
untiming to languages of signals and words in the expected way.

Finally, we say a subseY of Rx is finitely varyingif its characteristic function
fx : R>o — {0,1} given by fx(¢) = 0if ¢ € X and1 otherwise, is finitely varying
(in the sense defined above) in every interval of the fiixm| with » € R>.



3 Automata over signals ST-NFA's

In this section we introduce a variant of classical word mdta calledST-NFA's
which are a convenient formalism for generating signals.

We recall that a non-deterministic finite state automaddii4) over an alphabet
is a structured = (Q, S, 0, F'), where@ is a finite set of statesy is the set of initial
statesp C @ x A x @Q is the transition relation, anBl C Q is the set of final states. A
run of A on awordw = ap - - - a,, € A* is a Sequence of states, . . ., g,+1 such that
qo € S, and(q;, a;, gi+1) € d for eachi < n. The run is accepting if,+1 € F. The
symbolic language accepted By denoted.(.A), is the set of words izl* over which
A has an accepting run. Languages accepteNBy’s are calledregular languages.
We say theNFA A is deterministic(and call it aDFA) if the set of start states is a
singleton, and the transition relatiéns a function fromQ x A to Q.

A state-transition-labele®lFA’s (ST-NFA's for short) overA is a structured =
(Q, S, 9, F,1) similar to anNFA over A, except that : Q — A labels states with
letters fromA. As a recogniser of words, tHEl'-NFA A accepts strings of the form
A(AA)*. A run of A on a stringw = apay - --az, In A(AA)*, is a sequence of
statesqo, . . ., qn+1 satisfyingqgo € S, (¢, a2,¢i+1) € 0 fori € {0,---,n} and
I(g;) = ag;— foreachi € {1,...,n};itis accepting ifg,+1 € F. We define the word
language accepted b4, denotedL(.A), to be the set of strings € A* on which.A4
has an accepting run.

An ST-NFA A also generates signals in a natural way: we begin by takingma t
sition emanating from the start state, emitting its labelkl éhen spend time at the
resulting state emitting its label all the while, beforeitaka transition again; and so
on till we choose to stop at a final state. The language of Egpenerated by an
ST-NFA Ais defined to beiming(L(A)), and will be denoted by(.A).

An exampleST-NFA is shown in Figure 2. We will use the convention that start
states are indicated by sourceless incoming arrows, andsfis@s are indicated by
double circles. The automaton accepts the signal showrgimr&il.

—(@ : (@)

N

()

Figure 2: Exampl&T-NFA.

Let us call a state in aBT-NFA “originating” if it has no incoming transitions,
and “terminating” if it has no outgoing transitions. We sagransitionp % ¢ in an
ST-NFA A = (Q, S, —, F,1) isnon-canonicalf I(p) = I(q) = a, excepffor the case
whenyp is originating orq is terminating. We say th8T-NFA A is canonicalif it
has no non-canonical transitions. Clearly for a canorfid@alNFA A over A we have
L(A) C Can(A).

We now observe the following properties of the word langsageepted b§T-NFA's.

Lemma 3.1 1. The class of word languages accepte@tyNFA’s over an alpha-
bet A is precisely the class of regular subsetsAgfA A)*.

2. The class of word languages accepte@yNFA'’s over an alphabe# is closed
under union, intersection, and also complementation vadpect tod (A A)*.



Proof

1. Theword language accepted bySaiNFA overA is clearly a subset ol (A A)*.
Itis also regular, this can be observed by replacing eatbgtaf A by a pair of
statesg; andgs, with the incoming edges af now incident ong; and the out-
going edges of emanating frong, with an additional transitioli:, 1(¢), g2) to
account for the label og. The start states are the's corresponding to the start
stateg; of A, and the final states are those corresponding tgitlsesuch that
is a final state of4. The resulting automaton is &FA which accepts the same
word language agl.

Conversely, given aNFA A which accepts a subset d{ AA)*, we can give an
ST-NFA A’ whose word language is same as thatdofLet us assume thad
does not contain any dead states. The state$ abrrespond to the transitions
of A and an initial state. The final states are those corresponding to the tran-
sitions going into the final states gf. Each state is labelled by the label of the
transition to which it corresponds. There is a transifien a, e2) in A’ if there

is a transitionq, a, r) in A, ande; = (p, b, ¢) andes = (r, ¢, t) for somep and

t. There is also a transitiofs, a, e3) in A’ if there is a transitiorip, a, ¢) out of

an initial state ofd andes is a transition out of; in A. It is easy to see that the
word languages aofl and.A’ are the same.

2. Closure under union and intersection follow from abowa. gomplementation,
we observe thatl(4A)* — L(A) = (4* — L(A)) N A(AA)*, which is clearly
a regular subset afi(AA)*. From the above characterisation, it9%-NFA-
definable.

Here are some properties of the signal language acceptedNFA's which will
be useful in the sequel.

Proposition3.1 1. If w and w’ are canonical words oved thenw = w’ iff
timing(w) N timing(w') # (.

2. timing(Can(A)) = Sig(A).
3. The word languag€'an(A) is ST-NFA-definable.

Proof Parts 1 and 2 follow easily from the definitions. For part 8 tbquiredsT-NFA
Acan for the alphabefa, b} is shown in Figure 3 below. O

Lemma 3.2 For everyST-NFA A over A there is a signal language equivalergnon-
ical ST-NFA A’ (i.e. S(A) = S(A)).

Proof Let A = (Q, S, —, F,1). We modify.A as follows:

1. First we transformd to A’ by making the start states originating and final states
terminating. This can be done by adding a new start statad a new final state
f’, and adding transitiong % p for each transitios = pin A with s € S, and
transitiongy % f’ for each transitiop = f in Awith f € F.



Figure 3:ST-NFA accepting the word languagén ({a, b}).

2. Next, we transforrod’ to A” as follows: Pick a non-canonical transitipn® ¢

and a transition > p, and add the transition LA g. Repeat this till no more
edges can be added.

3. Now we drop all non-canonical edges.itf’ to obtain the required canonical
ST-NFA B.

Step 1 clearly preserves the word (and hence signal) lamgobg. Step 2 clearly
preserves the signal languageif Step 3 also preserves the signal languagd’6f
since any signat generated byl” using a run of non-canonical edges can be simulated
by using a single canonical edge.itf. O

Using these observations we can now prove some closurentiespef the class of
ST-NFA-definable signal languages.

Lemma 3.3 The class of signal languages definableSiy+NFA’s over A are closed
under union, interesection, and complement.

Proof Closure under union is direct. For complementation,.4ebe anST-NFA
over A. Let A’ be a signal-equivalent canonic#l-NFA. ThenSig(A) — S(A) =
Sig(A) — S(A’) = timing(Can(A4) — L(A")) = S(A") for someST-NFA A" by
closure properties 3T-NFA-definable word languages. The closure under intersec-
tion follows from that of union and complementation. O

4 Equivalence ofST-NFA’s and MSO®

In this section we introduce a natural monadic second-dodge interpreted over sig-
nals and show that the class of signal languages it definesides with the class of
signal languages definable BYf'-NFA'’s.

In the logics to follow we assume a countable supply of firsteo variables and
second-order variables. For an alphaliethe syntax of monadic second order logic
over A, denotedMSO®( A), is given by:

pu=Qur) |z <ylreX|-p|(pVe)|Irp|3Xp,



wherea € A, x andy are first-order variables ankl is a second-order variable.

We interpret a formula of the logic over a signak in Sig(A), along with an
interpretatiori with respect tar, which assigns to each first-order variable a value in
[0, dur(o)], and to each set variable fiaitely-varyingsubset of0, dur(o)]. We use
X Cy Y todenote thak is a finitely-varying subset df”. For an interpretatiof, we
use the notatiofi[t/x] to denote the interpretation which send® ¢ and agrees with
on all other variables. Similarl§ B/ X] denotes the modification dfwhich maps the
set variableX to a subseB of Rx, and the rest to the same as that mappefl e
also use the notation/z] to denote an interpretation which sendt ¢ when the rest
of the interpretation is irrelevant.

Given a formulap € MSO®(A), o € Sig(A), and an interpretatiohwith respect
to o to the variables irp, the satisfaction relation, I = ¢, is defined inductively as:

o, 1EQu(z) if o(l(z)) =a, wherea € A.
olErz<y iff I(z)<I(y).

olEzeX iff I(z)el(X).

o, lE - iff o, T} .

olEpi Ve iff o, lEporolEps.

0,1 = Jzp ift 3t el0,dur(o)]: o, I[t/x] = .

ol E=3Xe ifft 3B Cy, [0, dur(f)] o, 1[B/X] E ¢.

For a sentence (a formula without free variables) MSO®(A), the interpretation
does not play any role, and we write the satisfaction retatid = ¢ as simplyo = .
We define the language of signals defineddip beS(y) = {0 € Sig(A) | o = ¢}.

As an example, the formula

Ceont = JyTz(y <z Ax <z A \/ Vuly <uhu < z= Qq(u)))
a€A

asserts that the pointis a point of continuity. The formul@gs.(x) = —@cont ()
asserts that is a point of discontinuity.

We denote byFO3(A) the first-order fragment dfiISO®(A) obtained by disallow-
ing second-order quantification and atomic formulas of thenfr € X.

Theorem 4.1 A signal language over an alphabétis definable by 1SO%(A) sen-
tence iff it is definable by afT-NFA over A.

We prove this theorem in the rest of this section. The proo€eeds in a similar
manner to the proof of Biichi's MSO characterization of sieal automata [B0] (see
[Tho9aQ]).

We first show how to go from a formula MSO®(A) to an equivalenST-NFA
over A. We will represent models of formulas with free variablethem, as functions
with the interpretations built into them. We assume an ongeon the countable set of
first-order variables given by, , -, . . ., and similarlyXy, X, . . . for the set variables.
For a formulap with first-order free variables amotg= {z;,,--- , x;,, } and second-
order free variables amorig = {Xj,,..., X; } (in order), we represent a signal
and an interpretatiof as a signabﬂU’V : [0, dur(f)] — A x {0,1}™*™ given by
oV (t) = (f(t),b1, ,bmyn), where fork € {1,...,m}, by, = 1iff I(z;,) = t,
andfork € {m+1,...,n}, by = 1iff t € I(X};, , ). Thus for a formulap with free
variables in(U, V') we have the notion of &, V')-model ofp.



Proposition 4.1 Let A be a finite alphabet and €U, V') be a set of first and second-
order variables. Then we can construct 8i-NFA A”:Y . which accepts precisely

valid

the set of signals ovet x {0, 1}!VI*IVI which represent validU, V)-models over.

Proof Figure 4 shows aBT-NFA which accepts the valid models over the alphabet
A = {a, b} and the first-order variablds:, y }. ]

Figure 4:ST-NFA accepting valid{z, y}, #)-models over the alphabét, b}

Proposition 4.2 Let ¢ be anMSO®(A) formula with free variablegU, V) and let
A be anST-NFA accepting theU, V' )-models ofp. Then for any set of variables
(U, V') such thatUy C U’ andV C V', we can construct a8T-NFA A" which
accepts precisely th@/’, V')-models ofp.

Proof Let us consider the case wh&i = U U {z} andV’ = V. ConsidelST-NFA
A" which has the same set of statesgswith the same initial and final states. The
labeling of states ind” is same as that oft except that they are extended wittha
corresponding ta:. For every transition in4, there are two transitions id” with the
same start and target states, and the label extended witbne and! in the other. The

automatonA’ is then obtained by taking the intersection4f with A%i’;).

For the case whelti’ = U andV’ = V U {X}, we constructd” similar to the
above, except that now corresponding to each state we havsthates, one labeled



with an extension of the original label with lacorresponding taX, and the other
labeled with extension bg. Hence corresponding to a transition.nthere are four
corresponding to two choices for the start state and twolfertarget states. In this

case we can avoid the intersection wi ZZ;;/)-
This construction can be easily generalized for &handV”. ]

Lemma 4.1 Lety be anMSO3(A) formula and let{U, V) be the set of free variables
in it. Then we can construct a8iT-NFA Ag"’ which accepts precisely thé/, V)-
models ofp.

Proof We construct th& T-NFA Ag"’ by induction on the structure qf.

=
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3. Forthe case = x € X, the automatomif}’{x} is defined similarly.

4. ¢ = —): Let AZ’V be the automaton fop, where(U, V) is the set of free
variables im. ThenAg’V is the intersection oA"Y with the ST-NFA that

valid

recognizes the complement of the signal Ianguagefg)f/ (cf. Lemma 3.3).

5 p =19 Vv Let Aff’vl be theST-NFA for ¢, where(U;, V1) is the set of free

variables im, and letAY2'"2 be theST-NFA for v, where(Us, V») is the set
of free variables inv. LetU = U; U Uz andV = (V3 U V4). By Prop. 4.2 we
obtainST-NFA's A" and AJ"Y. Then AUV is theST-NFA that accepts the

union of the signal languages acceptedAﬁ/V and AV,
6. ¢ = Jze: Let (U', V') be the set of free variables if, so thatyU = U’ — {z}
andV = V’. Let Ag V" be anST-NFA for 1». Now we simply project away

the component correspondingiton the symbols on the transitionsﬂﬁ/’v/ to
obtain the require8T-NFA ATV



7. ¢ = 3X: Let (U', V') be the set of free variables i, so thatU = U’ and
V=V'—-{X}. LetAZl’V/ be anST-NFA for ¢. Again we simply project away
the component corresponding 1 in the symbols on the transitions Qlfgv
to obtain the required counter-fr8&@-NFA A7V

O
From the above lemma it now follows that for a sentepce MSOS(A) we have an

ST-NFA A, over A such thatS(y) = S(Ay).

We now prove the converse direction of Theorem 4.1. Met (Q, S, —, F,l)
be anST-NFA over A. Without loss of generality we assume thatis canonical.
We give anMSO®(A) sentencep4 such thatS(A) = S(¢4). The sentence 4
describes the existence of an accepting run of the autonmt@ngiven signal. Let

{e; = pi & ¢; | i = 1,...,m} be the set of transitions isl. The second order
variablesX,--- , X,,, will be used to capture the points in the signal at which the
transitionsey, - - - , e,,, are taken respectively. Note that since we are assuirigy

canonical, the union of th&;’s must correspond exactly to the points of discontinuities
in the given signal. We will use the abbreviatieimseq(z, y, X ) to mean that: andy
are “consecutive” points in the sat, and define it to be:

conseq(z,y, X) =z € XANye X AN-Fz(x<zAz<yAzeX).

We also uséirst(z) as an abbreviation forJy(y < z) andlast(x) as an abbreviation
for =3y(z < y).
The formulap 4 is given below. We assume thiaandj range oven, ..., m.

3X; - 3X,3X(Va( (e X e V,ze X)) A

/\#j(:v eX;=ze€ Xj)) A

x€X — disc(x)) A

first(z) = V. ),es® € Xi) A

last(z) = V. yer @ € Xi) A

Ni(z € Xi = (Qa, (x) A ((By(conseq(x, y, X))) =
Vz((x < 2Nz <y) = Quq)(2)))))))-

This completes the proof of Theorem 4.1.

Before we close this section we observe that the versioM®0s, calledweak
MSO?, in which we restrict the second-order quantificatiofinie subsets of the do-
main of the signal (rather than finitely-varying subsetgdsxpressive as the version
we have defined. The justification is as follows. We note thatdlauser € X <«
disc(x) forces the second-order variablEsand X;’s to be interpreted a#nite subsets
of the domain since the signal model has only finitely mangatisinuities. Hence
guantification over finite subsets suffices to capturestieNFA-definable signal lan-
guages. Further, signal languages definable by secondeprdetification restricted to
finite subsets are clearyT'-NFA-definable (by an argument similar to the one above,
where we allow rows corresponding to second-order varggtol@ave 1's only on tran-
sition (and not state) labels). Hence the expressiveneigedivo variants coincide
with ST-NFA-definable signal languages.

(
(
(
(
(
(

Corollary 4.1 The class of signal languages definabl®80%(A) and weakMSO®(A)
coincide.
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5 Counter-free signal languages

In this section we introduce a counter-free version of digaraguages which will be
shown in the next section to characteri@s-definable signal languages.

We recall that acounterin an NFA A is a sequence of distinct states . . ., ¢,
with n > 1, along with a wordw € A*, such that there is a path labeleih A from g;
to g;+1 (foreachi € {0,...,n—1})and fromg,, to ¢o. An NFA is said to becounter-
freeif it does not contain a counter. A regular language is saidetoounter-freef
there exists a counter-fré&A for it.

We now define the counter-free versionSiF-NFA's. A counter in anST-NFA
is similar to one in ailNFA, except that by the “label” of a path in the automaton we
mean the sequence of alternating transition and stateslabmtg the path. The label
of the pathgy 3 ¢1 = -+~ qn =3 gn1 IS aol(q1)ar -+ 1(gn)anl(gn+1) (We ignore
the label of the first state in the path, but count the labeheflast state in the path).
Thus acounterin anST-NFA A is a sequence of distinct staigs. . ., ¢, withn > 1,
along with a wordu € A*, such that there is a path labeledéh .4 from g; to ¢;41 (for
eachi € {0,...,n — 1}) and fromg, to ¢o. We say arST-NFA is counter-fredf it
does not contain a counter. We say a signal languagpuister-freef it is definable by
counter-freecanonicalST-NFA. The canonicity clause is important as otherwise we
can give counter-fre8T-NFA'’s for signal languages we would like to consider as not
being counter-free. Figure 5 below shows a non-canoniaatter-freeST-NFA and
its equivalent canonical version which contains a counter.

~-O————0
.\@/ N .

Figure 5: Example to show how canonicalization may intredcounters.

We will show in the next section that the class of first-ordefirtable signal lan-
guages coincide with the class of counter-free signal laggs. Here is a property of
counter-free signal languages that we make use of there.

Lemma 5.1 The class of counter-free signal languages over an alphdbistclosed
under union, intersection, and complementation.

Proof Let F} andF» be two counter-free signal languages over the alphdbeet I,
andL- be the word languages of their defining canonical couneesi’-NFA's. We
can convince ourselves thBt U F, = timing(L1 U Lo), Fy N Fy = timing(L1 N La)
and Sig(A) — Fy = timing(Can(A) — L1). Hence to show the closure of counter-
free signal languages, it suffices to show the closure of threl\anguages defined by
canonical counter-fre€T-NFA'’s.

We first give a characterization of the word languages of n@ab counter-free
ST-NFA's in terms of the finite automata which accept them. A languigds the
word language of a canonical counter-fi€B-NFA iff it is accepted by arNFA 5
with the following properties:

e The underlying structure df is bipartite.
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e The set of initial states and the set of final states belongffiereint partitions.

e TheNFA does not contain aaven-countem that there is no counter with the
repeating word: of the counter having an even length, iwec (AA)*.

e The language accepted Byconsists of only canonical words.

Let us denote the partitions of stated3ms B; andB., with the initial states belonging
to the former and the final states to the latter. The aboverelisen follows easily from
the constructions of Lemma 3.1.

Now we show that the class of word languages accepteditiy's with the above
properties is closed under union, intersection and comgfgation. The closure under
union is direct. To show the closure under intersection vga@that the above prop-
erties are preserved by the standard product construaiantersection. Lets andC
be two automata with the above properties. In the producinaatonD accepting the
intersection of their word languages, the only reachalaltestareD, = B; U C; and
Dy = By U Cs, with Dy and Ds being the partitions. It remains to be shown tiat
does not have a counter of the form described above. Suf@pdses such a counter
with the sequencésy, t1) - - - (sn, tn). Then itis not the case that all thgs are same
and all thet;’s are same, otherwise the sequence is not a counter. Asdlithe §'s
are not same. Then there is a sequence of states. 1, - - - ; which forms a counter
in B, a contradiction.

To show closure under complementation, we first determithigeautomaton. The
standard subset construction for determinization on annaaton3 preserves the
above properties. First the only reachable states in thermétized automaton are
the subsets oB; and the subsets d#,, and the subsets @#; form one partition and
the subsets 0B, the other. So the first two properties are satisfied. In génleea
subset construction does not introduce counters. To shatetien-counters are not
introduced, first rename the labels on the transitions géiogy B, to B; by their
primed version (which are assumed to be disjoint frajn This ensures that there are
no counters i3 in the classical sense. Now determinize the automaton, epidae
the primed symbols by their unprimed versions. If there ig@n-counter in the final
automaton, then the same sequence of states and the samgiveoactounter (in fact
an even-counter) in the automaton before the replacemehegfrimed symbols by
unprimed ones.

To complement the automaton we take the complement of trexrditized au-
tomaton and take its intersection wiy,.,,, which accepts all canonical words. To
see that there existsfa.,,, with the above properties, it is enough to show that there
is a canonical counter-fré&T-NFA (S, Sy, 6, F, 1) acceptingCan(A). It is given by
S=5 =F={sq|lac A}, d={(sa,a,s)|b e A—{a}}andi(s,) = a. Hence
the word languages with automata having the above propeati closed under the
boolean operations and therefore are the class of congtesignal languages. O

6 Counter-free characterisation of FO signal languages

In this section our aim is to show the©s-definable signal languages and counter-free
signal languages coincide.

Theorem 6.1 The class oFO®( A)-definable signal languages is precisely the class of
counter-free signal languages ovér
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The rest of this section is devoted to a proof of this theor®ur. proof will factor
through some classical results connecting counter-fregriages and temporal logics.
We recall briefly the logid.TL and its two interpretations, one over discrete words and
the other over signals. The syntaxIdfL(A) is given by:

0 = a| (0U9) | (056)| -0 (6 v 6),

wherea € A. The logic is interpreted over words i, with the following semantics.
Given a wordw = ag - - - a,, in A* and a positioni € {0,...,n}, we sayw, i = a iff
a; = a; andw, i = OUn iff there existsj such that < j < n, w,j | n and for allk
suchthat < k < j, w, k = 6. The “since” operato§ is defined in a symmetric way
to U in the past, and the boolean operators in the usual way. Wetelbg L () the set
{we A* | w,0 = 0}.

The logicLTL can also be interpreted over functions as done in [Kam68]re He
we restrict the models to finitely-varying functionsSiy (A4), and we denote this logic
by LTL®(A). Given a signab € Sig(A), t € [0,dur(c)] andf € LTLS(A), the
satisfaction relatiom, ¢ |= 6 is defined as follows:

otEa iff o(t) =a.
ot EOUn it F:t<t <dur(o), ot En, andVt": t <t’ <t ot EO.
o, t =08y it W 0<¥ <t, ot En,V ¥ <t <t,0,t" E6.

The boolean operators are interpreted in the expected way.sedS5(0) = {0 €
Sig(A) | 0,0 = 6}.

As an example, theTL®(A) formulastcon: = V,c4(a A (aSa) A (aUa)) and
04isc = —0.0ne Characterize the points of continuity and discontinuigprectively in a
signal overA.

Ae @ g
CF-ST-NFA(A) FO*(A4)

A pA
Returning now to the o ©
proof of Theorem 6.1, the
route we follow is given CF-NFA(A U A") LTLS(A)
schematically in the figure B 0
alon95|de. McN—P+Kamp(x\ /(jj)

6
LTL(AU A")

Step (a): We show how to go from a formula iRO®(A) to a counter-free canonical
ST-NFA accepting exactly its models. It can be checked that theciigriconstruction
carried out in Section 4 for Theorem 4.1 produces a counéerdanonicadT-NFA at
each step. This is true for the base ca@gtr) andz < y. For the boolean operators,
it follows by the closure properties of counter-free sigaalguages (cf. Lemma 5.1).

For the case of first-order quantification, {et= Jxz1. Let A, be a counter-free
canonicalST-NFA which accepts the valid models fgr. Without loss of generality
we assume thatl,, has no unreachable or dead states, and that its start aneitites
are respectively originating and terminating.

We now project away the-row in transition labels ofd,, to get aST-NFA A’
accepting the valid models afriy). Now we can argue thad’ cannot have a counter.
If it did, then there are two cases: either the counter is shahno symbol in it was
obtained by projecting away a ‘1’ in the-row, or there is a symbol in it which was
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obtained by projecting away a ‘1’ in therow. In first case, this would mean a counter
in Ay itself, contradicting the inductive assumption tbét was counter-free. In the
second it would measl,;, has a cycle containing a transition on a symbol with a ‘1’ in
thez-row, which would contradict the validity of the models geated by.A,,.

However, we are not yet done, & might have a non-canonical edge. Now let us
canonicalized’ to get.A”, using the algorithm described in Section 3. Recall that the
canonicalizing algorithm adds edges and finally deletethallnon-canonical edges.
But it satisfies the property that the state space is the samiegvery added edge from
p to ¢ has a corresponding path frgnto ¢ in .A” which uses a non-canonical transition.

Now we claim that4” is counter-free (and, by construction, canonical). Suppos
A" had a counter on states, . . ., q,,, on a stringu. Now two possibilities exist:

e No u path in the counter uses an “added” edge. In this case thisdvimmia
counter in4’ also, which is a contradiction.

e Someu path in the counter uses an “added” edge. Sd'itheu-path has a cor-
responding.’-path which uses a non-canonical edgedih But non-canonical
edges ind’ could only have come from a projection of a ‘1" in therow of a
transition inA,,. So the corresponding “unprojected™-path contains a symbol
with a ‘1’ in the z-row in A,,. Once again, being part of a loop.f’, and hence
also in.Ay, this contradicts the validity afl,.

This completes the inductive proof of the claim that the $aignal models of a first-
order formula is counter-free.

Steps (b) to (d) prove that we can go from an arbitrary codfinégr canonical
ST-NFA A over the alphabedt to a signal-language-equivaldfD®( A)-sentence 4.

Step (b): Let us denote byd’ the alphabefa’ | @ € A}. For a canonical word
w=ag...az, € Can(A), we defineann(w) to be the wordija1d . .. az,—1a5, in
(AUA")*, and extend it to work on subsets@fin (A) as well. Now let4 be a counter-
free canonicaBT-NFA over A. By the characterisation of counter-free languages in
the proof of Lemma 5.1, there is a word-language equivaldit B, that is bipartite
and has no counters except possibly on odd-lemgth However, if we annotate the
labels of the edges going from left to right (with the conventthat the start states
are in the left partition) by replacing each lakeby o', then it is easy to see that
the resultingNFA is counter-free, and accepian(L(A)). Let us call thisNFA over
(AUA’) asB. ThusL(B) = ann(L(.A)) and is a classical counter-free word language.

Step (c): Now by the results due to Schutzenberger [Sch65], McNaugR&pert
[MP71], and Kamp [Kam68] for classical word languages, tlass of counter-free,
star-free,FO-definable, and.TL-definable word languages all coincide. Thus for a
counter-freeNFA 55 over(A U A’) we have arL.TL(A U A’) formulad which defines
the same word language Bs ThusL(B) = L(0).

Step (d): For a formulad in LTL(A U A’) such thatL(d) C A'(AA’)* and the
“un-annotation” ofL(#) (i.e. ann~1(L(#)) is canonical, we can construct a formula
Itl-1tis(0) in LTLS(A) which is such thas (ti-1tls(0)) = timing(ann~(L(6))).

We will use the abbreviatiofy U, 6> to mean that at a point of discontinuit§; U 65"
is true in an untimed sense, and define it to(B®g/63) V (01U (Qgise A (62 V (01 A
(02U02))))). Symmetrically we usé,.S, 6, for (025602) V (01.5(0gise N (02 V (61 A
(02562))))).
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The translatioritl-Itis is defined as follows (we usgfor iti-ltls(n) in some places
for brevity):

Itl-ltls(a) = aAblni(wherea € A).
Itl-ltls(a’) = aABgsc.(wherea € A").
= 0.

é\l V é\g.
(Baise = (0:1U462)) A
(Ocont = Ocont UlBaise A (B2 V (01 A (0:U202))))))
-1t1s(019602) = (Paise = (01S462)) A
Ocont = (Beont S(Baise A (B2 V (61 A (015462)))))).

ltl-1tls (61 V 92)
ltl-1ltls 91U92)

(

(
I#i-1tls (—0;)

(

(

Lemma 6.1 Let# be anLTL(A U A’) formula. Letw be a canonical word oved,
and letw’ = ann(w). Leto € timing(w) with the canonical interval representation
(ag, Io) - - - (aan, Isn). Then for each € {0,---,2n} and for allt € I;, we have
w,iE0 <= o,t = Itl-ltis(0).

Proof We do the proof by induction of For the base case supp@se a with a € A.
Thenw',i = o iff i is odd andw’ (i) = a. This is true ifft is a point of continuity in-
ando(t) = a. Inturn this is true iffo, ¢ = a A cont-

The other base case and induction step for boolean opesa®ssmilar. We now
show the induction step fa@r = 6, U0, and omit the similar case @f= 6,.56-.

Left to right implication. Lett € I; and suppose, i = 6,U68>. Then3j > i such
thatw, j = 6, andvi < ¢’ < j w,i | 6;. We note that by induction hypothesis we
have thavt” € I; o,t" = 0, andvt” € Uplicir<jli o, t" = b:.

We distinguish two cases:

e iiseven: themw,t |= 64, and we have to show that¢ = 0A1Ud 9}

If j =i+ 1theno,t E 0,U0,. Otherwise, let; be the greatest even integer
smaller or equal tg (this is the index corresponding to the last point of discon-
tinuity beforej). Lett; > t such thatl, = {¢x}, note thato, ¢, | 04, @and
Vi<t <ty ot E 9A1 If £ = jtheno,t; E 9A2 Otherwisek = j — 1 and
otk E 9A1 A (9A2U6A2). We have thus shown that in both cases = 9A1Ud 6A2

e is odd: therv,t |= 0.,,; and we have to show thatt = 0.0 U(Hdisc A (HAQ Vv
(61 A (0:U462))).
Lett;11 > tsuchthatl;; = {t;11}. If j =i+ 1theno, ;11 = 9A2 Otherwise
o,tiv1 9A1 andw,i+ 1 = 6,:U0,. Asi + 1is even, by the previous case we
have that, ;1 = .U, ;. We have thus proved that ¢ = 6on: U (Ogisc N
(6A2 \Y (6: A (9A1 Uy @)))), t;+1 being a witness for the outermost until.

Right to left implication: Lett¢ € I; and suppose, t = lti-itis(9). We distinguish
two cases:

e iiseven: thew,t = 04;5. SO0, t = 6AlUd 6A2 Ifo,t E @U@ thenw,i+1 = 6,
Sow, 1t ): 0:U0-.
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Otherwiser, t = 9A1U(9disc/\(6‘A2\/6/'\1/\(9/;U9/;))), so there exists > t such that
ot = edisc/\(é\g\/é\l/\(é;[]é\g)) andvi <t <t o,t" 9A1 Aso,t’ E Ogisc

there existg > ¢ such thatl; = {t'}. We have thati < i < j w,i |= 6.

If o, E 9A2 thenw,j &= 6, If 0,/ 0A1 A (HAQUHAQ) thenw,j E 6; and
w,j + 1 = 0. In both cases we have shown thati = 6,U6s.

e ¢ is odd: lett; 1 such that[zﬂ = {t;11}. Necessarily, t;11 E 92 Vv (91 A
(91Ud 92)) If o, tiv1 ): 92 thenw,i + 1 | 62 sow,i = 6,U6,. Otherwise
o tit1 = 0, A (91Ud 92) sow,i+1 = 6;. Asi+ 1is even ands,t; 11 &
91Ud 92, by the previous case, we have thati + 1 = 6,U6s; it follows that
w, 7 ': 91U92

Using the above lemma we can now show thatdifand # are as in the previ-
ous steps, the(A) = S(Iti-itls(9)). To showS(A) C S(itl-ltis(9)), let o =
(ao, Io) - - - (agn, I2n) € S(A). Thenw = ag---az, € L(A) ando € timing(w).
Letw’ = ann(w). Thenw' € L(B). Hencew’,0 |= 6. By Lemma 6.1 we have that
0,0 = ltl-ltls(0). Henceo € S(1tl-1tls(6)).

Conversely, suppose € S(itl-ltis(0)) with o = (ag, Ip) - - - (a2n, I2,) being its
canonical representation. Thatds0 = [t-ltls(6). By Lemma 6.1 we have that
w',0 E 0, wherew = ag---as, andw’ = ann(w). Hencew’ € L(B). Hence
w € L(A), ando € S(A).

Step (e):A LTLS(A) formulad can be translated tofeO®( A)-formulay with one free
variablez, such that for alb € Sig(A), o,t |= 6 if and only if o, [t/z] = ¢. Fora
first-order formulay let us denote by|[z/z] the formula obtained by substituting all
free occurrences af in ¢ by z. The translatioritl-fo is now given as follows:

Itl-fo(a) = a(x)

ltl-fo(1U02) = Fz(x < z A ltl-fo(02)[z/z] NVy(z <y < z = ltl-fo(01)[y/x]))
ltl-fo(01502) = Fz(z <x Altl-fo(02)[z/x] ANVy(z <y <z = [tl-fo(61)[y/x]))
Itl-fo(—0) = =(ltl-fo(0))

ltl-f0(91 \Y 6‘2) = ltl—fo(@l) V [ltl-fo (92)

We can now translatéto theFO®S(A) sentence) = Vx(first(x) = lti-fo()), so
thatS(0) = S(v).

To summarize this direction of the proof: given a counteeffT-NFA 4 over A
by steps (b) and (c) we have &hL(A U A’) formulad such thatunn(L(A)) = L(6).
By step (d) we haveTL®(A) formulad such thatS(.A) = S(6). By step (e) we have

anFOs(A) formulag 4 such thatS(p.4) = S(8) = S(.A). This completes the proof
of Theorem 6.1. O

7 Conclusion
In this paper we have defined a class of automata that run ayeals and whose

expressiveness coincides with a natural monadic secorat togic. We identify a
counter-free subclass of these automata that we show aormgsely the first-order
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definable signal languages. These results generalize sbiine dassical results con-
necting automata and logics over words, to signals.

These results were used in [CDP06, CDPQ7] to transpareitijrological charac-
terisations of timed automata with so-called “input-detiered” metrics, in the contin-
uous semantics. The first-order fragments of these logicegpond to timed temporal
logics which use these metrics. By factoring through thentexifree characterisation
in the present paper, we obtain counter-free timed autoohata@cterisations for many
timed temporal logics in the literature, including Metriefiporal Logic (MTL).

One of the questions which remains open is to characterésexpressiveness as
well as decidability oMSOS when we allow second-order quantification over arbitrary
subsets of non-negative reals (as against only finitelyingrsubsets of non-negative
reals), while continuing to interpret the logic over signal
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