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Abstract

We extend some of the classical connections between automata and logic due to
Büchi [B6̈0] and McNaughton and Papert [MP71], to languages of finitely varying
functions or “signals”. In particular we introduce a natural class of automata for
generating finitely varying functions calledST-NFA’s, and show that it coincides
in terms of language-definability with a natural monadic second-order logic inter-
preted over finitely varying functions [Rab02]. We also identify a “counter-free”
subclass ofST-NFA’s which characterizes the first-order definable languages of
finitely varying functions. Our proofs mainly factor through the classical results
for word languages. These results have applications in automata characterisations
for continuously interpreted real-time logics like MetricTemporal Logic (MTL)
[CDP06, CDP07].

1 Introduction

The classical literature contains a rich theory connectingautomata and logic over
words. Büchi showed that languages definable in monadic second logic (MSO) over
words are precisely the class of languages accepted by finitestate automata [B̈60].
Kamp [Kam68] showed that languages definable in Linear-TimeTemporal Logic (LTL)
were precisely the languages definable in the first-order (FO) fragment of Büchi’s
MSO. And McNaughton and Papert [MP71] showed that the class of counter-free fi-
nite state automata (where a “counter” in an automaton is a loop with at least two hops,
each hop being on a common wordu) define exactly theFO-definable languages. This
last result factors through a characterisation due to Schutzenberger [Sch65] of the class
of counter-free languages in terms of star-free regular expressions.

Our aim in this paper is to lift these connections to languages of finitely varying
functions over the non-negative reals. These functions arefinitely varying in that they
have only a finite number of discontinuities in any bounded interval of time. Such
functions, which are often called “signals” in the literature, are of interest to the com-
puter science community as they model the behaviour of timedand hybrid systems
[AD94, ACH+95]. For example, non-zeno timed words [AD94] are special kinds of
signals.

We first introduce a class of automata calledST-NFA’s that run over signals and
hence accept languages of signals. We should point out here that unlike timed automata
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we are interested in formalisms without a “metric” or operators that measure time dis-
tance. As a consequence these languages are essentially “untimed” in that they can
be characterised as the set of all possible “timings” of a (regular) language of classi-
cal words. We then consider a natural monadic second-order logic introduced earlier
by Rabinovich [Rab02], and called hereMSOs, which is interpreted over signals, and
in which the second-order quantification is restricted to subsets of non-negative reals
whose characteristic functions are finitely-varying. We show that the class of signal
languages defined by sentences in this logic is precisely theclass of signal languages
defined byST-NFA’s. This gives an automata-theoretic proof of a similar result ob-
tained in [Rab02] using logical techniques.

Next, along the lines of the Schutzenberger and McNaughton-Papert results, we
identify a counter-free subclass ofST-NFA’s and show that they precisely characterise
the class of signal languages definable by the first-order fragmentFOs of MSOs. The
notion of a counter in anST-NFA is similar to the classical one, except that we require
theST-NFA to be “canonical” in a certain sense. Our proof of this resultfactors trans-
parently through the afore-mentioned results of Schutzenberger, McNaughton-Papert,
and Kamp for word languages. The main difficulty, in a series of steps we perform, is
to translate anLTL formulaθ into one interpreted over signals, which accepts precisely
the timings of the models ofθ. As a minor by-product we re-prove the expressive com-
pleteness ofLTL interpreted over signals (i.e. its expressiveness coincides withFOs

over signals). This result also follows from Kamp’s result showing the expressive com-
pleteness ofLTL over reals [Kam68]. Nonetheless, our proof gives a more accessible
proof of this result, since it uses only Kamp’s result for classical words, for which there
are simpler proofs in the literature (see [Wil99]).

Turning now to more details on related work, as already mentioned this paper builds
on the classical results due to Büchi [B6̈0], Schutzenberger [Sch65], McNaughton and
Papert [MP71], and Kamp [Kam68] for word languages. The workof Rabinovich con-
tains many relevant results on signal languages. Rabinovich and Trakhtenbrot [RT97]
introduce automata similar toST-NFA’s called signal acceptors. In [Rab02] Rabi-
novich shows how to translate anMSO sentenceϕ to a MSOs sentence that accepts
precisely the timings ofϕ, and vice versa. This leads to a proof of the claim in [RT97]
that signal languages definable by signal acceptors andMSOs coincide. In contrast our
equivalence ofST-NFA’s andMSOs uses an automata-theoretic argument similar to
the proof of Büchi’s result (see [Tho90]), and helps us identify the counter-free frag-
ment. In [Rab00] Rabinovich also shows a star-free regular expression characterisation
of FOs-definable signal languages, along the lines of McNaughton and Papert [MP71].

Though we are mainly concerned with expressiveness in this work, there are a
number of related decidability results in the literature. Shellah [She75] showed that
MSO over reals with second-order quantification over arbitrary subsets of reals is un-
decidable. Rabin [Rab69] shows that MSO over reals, with second-order quantification
over subsets which are essentially countable unions of closed sets, is decidable. The
decidability ofMSOs follows from this result.

Preliminary versions of the basic results in this paper appeared in [CDP06, CDP07]
where they were used to obtain logical characterisations ofversions of timed automata
with a continuous interpretation, as well as a counter-freetimed automata characteri-
sation of several real-time temporal logics, includingMTL [Koy90, AFH96], in their
continuous semantics.
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2 Preliminaries

For an alphabetA, we useA∗ to denote the set of finite words overA. For a wordw
in A∗, we use|w| to denote its length. The set of non-negative reals and rationals will
be denoted byR≥0 andQ≥0 respectively. We will deal with intervals of non-negative
reals, i.e. convex subsets ofR≥0, and denote byIR≥0

the set of such intervals with
end-points inR≥0 ∪ {∞}. Two intervalsI andJ will be calledadjacentif I ∩ J = ∅
andI ∪ J is an interval.

Let A be a finite alphabet and letf : [0, r] → A be a function, wherer ∈ R≥0.
We usedur(f) to denote the duration off , which in this case isr. A point t ∈ (0, r)
is a point ofcontinuityof f if there existsǫ > 0 such thatf is constant in the interval
(t − ǫ, t + ǫ). All other points in[0, r] are points ofdiscontinuityof f . We sayf is
finitely varyingif it has only a finite number of discontinuities in its domain. We will
refer to such finitely varying functions assignalsoverA, and denote the set of signals
overA by Sig(A).

An interval representationfor a signalσ : [0, r] → A is a sequence of the form
(a0, I0) · · · (an, In), withai ∈ A andIi ∈ IR≥0

, satisfying the conditions that the union
of the intervals is[0, r], eachIi andIi+1 are adjacent, and for eachi, σ is constant and
equal toai in the intervalIi. We can obtain acanonicalinterval representation forσ
by putting each point of discontinuity in a singular interval by itself. Thus the above
interval representation forσ is canonical ifn is even, for each eveni the intervalIi is
singular (i.e. of the form[t, t]), and for no eveni such that0 < i < n is ai−1 = ai =
ai+1.

A canonical interval representation for a function gives usa canonical way of “un-
timing” the signal: thus if(a0, I0) · · · (a2n, I2n) is the canonical interval representation
for a signalσ, then we defineuntiming(σ) to be the stringa0 · · ·a2n inA∗. The untim-
ing thus captures explicitly the value of the function at itspoints of discontinuity and
the open intervals between them. Figure 1 shows a signal overthe alphabet{a, b, c},
and its untiming. Note that strings which represent the untiming of a signal will always
be of odd length, and for no even positioniwill the letters at positionsi−1, i, andi+1
be the same. We refer to words inA∗ which satisfy these two conditions ascanonical
words overA. We denote the set of canonical words overA by Can(A).

0 1 2 3 4

a w

b

a

Signalσ

c

untiming

a a ac cb

Figure 1: A signal and its untiming

A canonical wordw can be “timed” to get a signal in a natural way: thus a signal
σ is in timing(w) if untiming(σ) = w. We extend the definition oftiming and
untiming to languages of signals and words in the expected way.

Finally, we say a subsetX of R≥0 is finitely varyingif its characteristic function
fX : R≥0 → {0, 1} given byfX(t) = 0 if t ∈ X and1 otherwise, is finitely varying
(in the sense defined above) in every interval of the form[0, r] with r ∈ R≥0.
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3 Automata over signals –ST-NFA’s

In this section we introduce a variant of classical word automata calledST-NFA’s
which are a convenient formalism for generating signals.

We recall that a non-deterministic finite state automaton (NFA) over an alphabetA
is a structureA = (Q,S, δ, F ), whereQ is a finite set of states,S is the set of initial
states,δ ⊆ Q×A×Q is the transition relation, andF ⊆ Q is the set of final states. A
run ofA on a wordw = a0 · · · an ∈ A∗ is a sequence of statesq0, . . . , qn+1 such that
q0 ∈ S, and(qi, ai, qi+1) ∈ δ for eachi ≤ n. The run is accepting ifqn+1 ∈ F . The
symbolic language accepted byA, denotedL(A), is the set of words inA∗ over which
A has an accepting run. Languages accepted byNFA’s are calledregular languages.
We say theNFA A is deterministic(and call it aDFA) if the set of start states is a
singleton, and the transition relationδ is a function fromQ×A toQ.

A state-transition-labeledNFA’s (ST-NFA′s for short) overA is a structureA =
(Q,S, δ, F, l) similar to anNFA overA, except thatl : Q → A labels states with
letters fromA. As a recogniser of words, theST-NFA A accepts strings of the form
A(AA)∗. A run of A on a stringw = a0a1 · · · a2n in A(AA)∗, is a sequence of
statesq0, . . . , qn+1 satisfyingq0 ∈ S, (qi, a2i, qi+1) ∈ δ for i ∈ {0, · · · , n} and
l(qi) = a2i−1 for eachi ∈ {1, . . . , n}; it is accepting ifqn+1 ∈ F . We define the word
language accepted byA, denotedL(A), to be the set of stringsw ∈ A∗ on whichA
has an accepting run.

An ST-NFA A also generates signals in a natural way: we begin by taking a tran-
sition emanating from the start state, emitting its label, and then spend time at the
resulting state emitting its label all the while, before taking a transition again; and so
on till we choose to stop at a final state. The language of signals generated by an
ST-NFA A is defined to betiming(L(A)), and will be denoted byS(A).

An exampleST-NFA is shown in Figure 2. We will use the convention that start
states are indicated by sourceless incoming arrows, and final states are indicated by
double circles. The automaton accepts the signal shown in Figure 1.

a a

c b

c

a

Figure 2: ExampleST-NFA.

Let us call a state in anST-NFA “originating” if it has no incoming transitions,
and “terminating” if it has no outgoing transitions. We say atransitionp

a
→ q in an

ST-NFA A = (Q,S,→, F, l) is non-canonicalif l(p) = l(q) = a, exceptfor the case
whenp is originating orq is terminating. We say theST-NFA A is canonicalif it
has no non-canonical transitions. Clearly for a canonicalST-NFA A overA we have
L(A) ⊆ Can(A).

We now observe the following properties of the word languages accepted byST-NFA’s.

Lemma 3.1 1. The class of word languages accepted byST-NFA’s over an alpha-
betA is precisely the class of regular subsets ofA(AA)∗.

2. The class of word languages accepted byST-NFA’s over an alphabetA is closed
under union, intersection, and also complementation with respect toA(AA)∗.
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Proof

1. The word language accepted by anST-NFA overA is clearly a subset ofA(AA)∗.
It is also regular, this can be observed by replacing each stateq of A by a pair of
statesq1 andq2, with the incoming edges ofq now incident onq1 and the out-
going edges ofq emanating fromq2 with an additional transition(q1, l(q), q2) to
account for the label onq. The start states are theq2’s corresponding to the start
statesq of A, and the final states are those corresponding to theq1’s such thatq
is a final state ofA. The resulting automaton is anNFA which accepts the same
word language asA.

Conversely, given anNFA A which accepts a subset ofA(AA)∗, we can give an
ST-NFA A′ whose word language is same as that ofA. Let us assume thatA
does not contain any dead states. The states ofA′ correspond to the transitions
of A and an initial states. The final states are those corresponding to the tran-
sitions going into the final states ofA. Each state is labelled by the label of the
transition to which it corresponds. There is a transition(e1, a, e2) in A′ if there
is a transition(q, a, r) in A, ande1 = (p, b, q) ande2 = (r, c, t) for somep and
t. There is also a transition(s, a, e2) in A′ if there is a transition(p, a, q) out of
an initial state ofA ande2 is a transition out ofq in A. It is easy to see that the
word languages ofA andA′ are the same.

2. Closure under union and intersection follow from above. For complementation,
we observe thatA(AA)∗ − L(A) = (A∗ − L(A)) ∩ A(AA)∗, which is clearly
a regular subset ofA(AA)∗. From the above characterisation, it isST-NFA-
definable.

2

Here are some properties of the signal language accepted byST-NFA’s which will
be useful in the sequel.

Proposition 3.1 1. If w and w′ are canonical words overA thenw = w′ iff
timing(w) ∩ timing(w′) 6= ∅.

2. timing(Can(A)) = Sig(A).

3. The word languageCan(A) is ST-NFA-definable.

Proof Parts 1 and 2 follow easily from the definitions. For part 3, the requiredST-NFA
ACan for the alphabet{a, b} is shown in Figure 3 below. 2

Lemma 3.2 For everyST-NFA A overA there is a signal language equivalentcanon-
ical ST-NFA A′ (i.e. S(A′) = S(A)).

Proof Let A = (Q,S,→, F, l). We modifyA as follows:

1. First we transformA toA′ by making the start states originating and final states
terminating. This can be done by adding a new start states′ and a new final state
f ′, and adding transitionss′

a
→ p for each transitions

a
→ p in A with s ∈ S, and

transitionsp
a
→ f ′ for each transitionp

a
→ f in A with f ∈ F .
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b
a, b

a, b

a, b a, b

b

a

a

Figure 3:ST-NFA accepting the word languageCan({a, b}).

2. Next, we transformA′ to A′′ as follows: Pick a non-canonical transitionp
a
→ q

and a transitionr
b
→ p, and add the transitionr

b
→ q. Repeat this till no more

edges can be added.

3. Now we drop all non-canonical edges inA′′ to obtain the required canonical
ST-NFA B.

Step 1 clearly preserves the word (and hence signal) language of A. Step 2 clearly
preserves the signal language ofA′. Step 3 also preserves the signal language ofA′′,
since any signalσ generated byA′′ using a run of non-canonical edges can be simulated
by using a single canonical edge inA′′. 2

Using these observations we can now prove some closure properties of the class of
ST-NFA-definable signal languages.

Lemma 3.3 The class of signal languages definable byST-NFA’s overA are closed
under union, interesection, and complement.

Proof Closure under union is direct. For complementation, letA be anST-NFA
overA. Let A′ be a signal-equivalent canonicalST-NFA. ThenSig(A) − S(A) =
Sig(A) − S(A′) = timing(Can(A) − L(A′)) = S(A′′) for someST-NFA A′′ by
closure properties ofST-NFA-definable word languages. The closure under intersec-
tion follows from that of union and complementation. 2

4 Equivalence ofST-NFA’s and MSOs

In this section we introduce a natural monadic second-orderlogic interpreted over sig-
nals and show that the class of signal languages it defines coincides with the class of
signal languages definable byST-NFA’s.

In the logics to follow we assume a countable supply of first-order variables and
second-order variables. For an alphabetA, the syntax of monadic second order logic
overA, denotedMSOs(A), is given by:

ϕ ::= Qa(x) | x < y | x ∈ X | ¬ϕ | (ϕ ∨ ϕ) | ∃xϕ | ∃Xϕ,
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wherea ∈ A, x andy are first-order variables andX is a second-order variable.
We interpret a formulaϕ of the logic over a signalσ in Sig(A), along with an

interpretationI with respect toσ, which assigns to each first-order variable a value in
[0, dur(σ)], and to each set variable, afinitely-varyingsubset of[0, dur(σ)]. We use
X ⊆fv Y to denote thatX is a finitely-varying subset ofY . For an interpretationI, we
use the notationI[t/x] to denote the interpretation which sendsx to t and agrees withI
on all other variables. Similarly,I[B/X ] denotes the modification ofI which maps the
set variableX to a subsetB of R≥0, and the rest to the same as that mapped byI. We
also use the notation[t/x] to denote an interpretation which sendsx to t when the rest
of the interpretation is irrelevant.

Given a formulaϕ ∈ MSOs(A), σ ∈ Sig(A), and an interpretationI with respect
to σ to the variables inϕ, the satisfaction relationσ, I |= ϕ, is defined inductively as:

σ, I |= Qa(x) iff σ(I(x)) = a, where a ∈ A.
σ, I |= x < y iff I(x) < I(y).
σ, I |= x ∈ X iff I(x) ∈ I(X).
σ, I |= ¬ϕ iff σ, I 6|= ϕ.
σ, I |= ϕ1 ∨ ϕ2 iff σ, I |= ϕ1 orσ, I |= ϕ2.
σ, I |= ∃xϕ iff ∃t ∈ [0, dur(σ)] : σ, I[t/x] |= ϕ.
σ, I |= ∃Xϕ iff ∃B ⊆fv [0, dur(f)] : σ, I[B/X ] |= ϕ.

For a sentenceϕ (a formula without free variables) inMSOs(A), the interpretation
does not play any role, and we write the satisfaction relationσ, I |= ϕ as simplyσ |= ϕ.
We define the language of signals defined byϕ to beS(ϕ) = {σ ∈ Sig(A) | σ |= ϕ}.

As an example, the formula

ϕcont = ∃y∃z(y < x ∧ x < z ∧
∨

a∈A

∀u(y < u ∧ u < z ⇒ Qa(u)))

asserts that the pointx is a point of continuity. The formulaϕdisc(x) = ¬ϕcont (x)
asserts thatx is a point of discontinuity.

We denote byFOs(A) the first-order fragment ofMSOs(A) obtained by disallow-
ing second-order quantification and atomic formulas of the formx ∈ X .

Theorem 4.1 A signal language over an alphabetA is definable by aMSOs(A) sen-
tence iff it is definable by anST-NFA overA.

We prove this theorem in the rest of this section. The proof proceeds in a similar
manner to the proof of Büchi’s MSO characterization of classical automata [B̈60] (see
[Tho90]).

We first show how to go from a formula inMSOs(A) to an equivalentST-NFA
overA. We will represent models of formulas with free variables inthem, as functions
with the interpretations built into them. We assume an ordering on the countable set of
first-order variables given byx1, x2, . . ., and similarlyX1, X2, . . . for the set variables.
For a formulaϕwith first-order free variables amongU = {xi1 , · · · , xim} and second-
order free variables amongV = {Xj1 , . . . , Xjn} (in order), we represent a signalσ
and an interpretationI as a signalσU,V

I
: [0, dur(f)] → A × {0, 1}m+n given by

σU,V
I

(t) = (f(t), b1, · · · , bm+n), where fork ∈ {1, . . . ,m}, bk = 1 iff I(xik) = t,
and fork ∈ {m+ 1, . . . , n}, bk = 1 iff t ∈ I(Xjk−m

). Thus for a formulaϕ with free
variables in(U, V ) we have the notion of a(U, V )-model ofϕ.
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Proposition 4.1 LetA be a finite alphabet and let(U, V ) be a set of first and second-
order variables. Then we can construct anST-NFA AU,V

valid which accepts precisely
the set of signals overA× {0, 1}|U|+|V | which represent valid(U, V )-models overA.

Proof Figure 4 shows anST-NFA which accepts the valid models over the alphabet
A = {a, b} and the first-order variables{x, y}. 2

a
0
0

a
0
0

a
0
0

b
0
0

b
0
0

a
0
0

b
0
0

a
0
0

a
0
0

b
0
0

b
0
0

a
0
0

−
0
0
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−
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0
1
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1
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−
0
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0
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−
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−
0
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−
1
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−
1
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−
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−
0
0

b
0
0

a
0
0

b
0
0

b
0
0

−
0
0

Figure 4:ST-NFA accepting valid({x, y}, ∅)-models over the alphabet{a, b}
.

Proposition 4.2 Let ϕ be anMSOs(A) formula with free variables(U, V ) and let
A be anST-NFA accepting the(U, V )-models ofϕ. Then for any set of variables
(U ′, V ′) such thatU ⊆ U ′ andV ⊆ V ′, we can construct anST-NFA A′ which
accepts precisely the(U ′, V ′)-models ofϕ.

Proof Let us consider the case whenU ′ = U ∪ {x} andV ′ = V . ConsiderST-NFA
A′′ which has the same set of states asA, with the same initial and final states. The
labeling of states inA′′ is same as that ofA except that they are extended with a0
corresponding tox. For every transition inA, there are two transitions inA′′ with the
same start and target states, and the label extended with0 in one and1 in the other. The

automatonA′ is then obtained by taking the intersection ofA′′ with A
(U ′,V )
valid .

For the case whenU ′ = U andV ′ = V ∪ {X}, we constructA′′ similar to the
above, except that now corresponding to each state we have two states, one labeled
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with an extension of the original label with a1 corresponding toX , and the other
labeled with extension by0. Hence corresponding to a transition inA there are four
corresponding to two choices for the start state and two for the target states. In this

case we can avoid the intersection withA
(U,V ′)
valid .

This construction can be easily generalized for anyU ′ andV ′. 2

Lemma 4.1 Letϕ be anMSOs(A) formula and let(U, V ) be the set of free variables
in it. Then we can construct anST-NFA AU,V

ϕ which accepts precisely the(U, V )-
models ofϕ.

Proof We construct theST-NFA AU,V
ϕ by induction on the structure ofϕ.

1. ϕ = Qa(x): The automatonA{x}
ϕ

is:

a
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b
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0

a
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a
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a
1

a
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a
0

a
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b
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2. ϕ = x < y: The automa-
ton A

{x,y},∅
ϕ (assumingx

occurs beforey in the vari-
able ordering) is:
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3. For the caseϕ = x ∈ X , the automatonA{x},{X}
ϕ is defined similarly.

4. ϕ = ¬ψ: Let AU,V
ψ be the automaton forψ, where(U, V ) is the set of free

variables inψ. ThenAU,V
ϕ is the intersection ofAU,V

valid with theST-NFA that

recognizes the complement of the signal language ofAU,V
ψ (cf. Lemma 3.3).

5. ϕ = ψ ∨ ν: Let AU1,V1

ψ be theST-NFA for ψ, where(U1, V1) is the set of free
variables inψ, and letAU2,V2

ν be theST-NFA for ν, where(U2, V2) is the set
of free variables inν. LetU = U1 ∪ U2 andV = (V1 ∪ V2). By Prop. 4.2 we
obtainST-NFA’s AU,V

ψ andAU,V
ν . ThenAU,V

ϕ is theST-NFA that accepts the

union of the signal languages accepted byAU,V
ψ andAU,V

ν .

6. ϕ = ∃xψ: Let (U ′, V ′) be the set of free variables inψ, so thatU = U ′ − {x}

andV = V ′. Let AU ′,V ′

ψ be anST-NFA for ψ. Now we simply project away

the component corresponding tox in the symbols on the transitions ofAU ′,V ′

ψ to
obtain the requiredST-NFA AU,V

ϕ .
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7. ϕ = ∃Xψ: Let (U ′, V ′) be the set of free variables inψ, so thatU = U ′ and

V = V ′−{X}. LetAU ′,V ′

ψ be anST-NFA for ψ. Again we simply project away

the component corresponding toX in the symbols on the transitions ofAU ′,V ′

ψ

to obtain the required counter-freeST-NFA AU,V
ϕ .

2

From the above lemma it now follows that for a sentenceϕ ∈ MSOs(A) we have an

ST-NFA Aϕ overA such thatS(ϕ) = S(Aϕ).
We now prove the converse direction of Theorem 4.1. LetA = (Q,S,→, F, l)

be anST-NFA overA. Without loss of generality we assume thatA is canonical.
We give anMSOs(A) sentenceϕA such thatS(A) = S(ϕA). The sentenceϕA

describes the existence of an accepting run of the automatonon a given signal. Let
{ei = pi

ai→ qi | i = 1, . . . ,m} be the set of transitions inA. The second order
variablesX1, · · · , Xm will be used to capture the points in the signal at which the
transitionse1, · · · , em are taken respectively. Note that since we are assumingA is
canonical, the union of theXi’s must correspond exactly to the points of discontinuities
in the given signal. We will use the abbreviationconseq(x, y,X) to mean thatx andy
are “consecutive” points in the setX , and define it to be:

conseq(x, y,X) = x ∈ X ∧ y ∈ X ∧ ¬∃z(x < z ∧ z < y ∧ z ∈ X).

We also usefirst(x) as an abbreviation for¬∃y(y < x) andlast(x) as an abbreviation
for ¬∃y(x < y).

The formulaϕA is given below. We assume thati andj range over0, . . . ,m.

∃X1 · · · ∃Xn∃X(∀x( (x ∈ X ⇐⇒
∨
i x ∈ Xi) ∧

(
∧
i6=j(x ∈ Xi ⇒ ¬x ∈ Xj)) ∧

(x ∈ X ⇐⇒ disc(x)) ∧
(first(x) ⇒

∨
i: pi∈S

x ∈ Xi) ∧
(last(x) ⇒

∨
i: qi∈F

x ∈ Xi) ∧
(
∧
i(x ∈ Xi ⇒ (Qai

(x) ∧ ((∃y(conseq(x, y,X))) ⇒
∀z((x < z ∧ z < y) ⇒ Ql(qi)(z)))))))).

This completes the proof of Theorem 4.1.
Before we close this section we observe that the version ofMSOs, calledweak

MSOs, in which we restrict the second-order quantification tofinite subsets of the do-
main of the signal (rather than finitely-varying subsets) isas expressive as the version
we have defined. The justification is as follows. We note that the clausex ∈ X ⇐⇒
disc(x) forces the second-order variablesX andXi’s to be interpreted asfinitesubsets
of the domain since the signal model has only finitely many discontinuities. Hence
quantification over finite subsets suffices to capture theST-NFA-definable signal lan-
guages. Further, signal languages definable by second-order quantification restricted to
finite subsets are clearlyST-NFA-definable (by an argument similar to the one above,
where we allow rows corresponding to second-order variables to have 1’s only on tran-
sition (and not state) labels). Hence the expressiveness ofthe two variants coincide
with ST-NFA-definable signal languages.

Corollary 4.1 The class of signal languages definable inMSOs(A) and weakMSOs(A)
coincide.
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5 Counter-free signal languages

In this section we introduce a counter-free version of signal languages which will be
shown in the next section to characterizeFOs-definable signal languages.

We recall that acounterin an NFA A is a sequence of distinct statesq0, . . . , qn
with n ≥ 1, along with a wordu ∈ A∗, such that there is a path labeledu in A from qi
to qi+1 (for eachi ∈ {0, . . . , n− 1}) and fromqn to q0. An NFA is said to becounter-
free if it does not contain a counter. A regular language is said tobe counter-freeif
there exists a counter-freeNFA for it.

We now define the counter-free version ofST-NFA’s. A counter in anST-NFA
is similar to one in anNFA, except that by the “label” of a path in the automaton we
mean the sequence of alternating transition and state labels along the path. The label
of the pathq0

a0→ q1
a1→ · · · qn

an→ qn+1 is a0l(q1)a1 · · · l(qn)anl(qn+1) (we ignore
the label of the first state in the path, but count the label of the last state in the path).
Thus acounterin anST-NFA A is a sequence of distinct statesq0, . . . , qn with n ≥ 1,
along with a wordu ∈ A∗, such that there is a path labeledu in A from qi to qi+1 (for
eachi ∈ {0, . . . , n − 1}) and fromqn to q0. We say anST-NFA is counter-freeif it
does not contain a counter. We say a signal language iscounter-freeif it is definable by
counter-freecanonicalST-NFA. The canonicity clause is important as otherwise we
can give counter-freeST-NFA’s for signal languages we would like to consider as not
being counter-free. Figure 5 below shows a non-canonical counter-freeST-NFA and
its equivalent canonical version which contains a counter.

b b b

a

b

a

ba

b

a

Figure 5: Example to show how canonicalization may introduce counters.

We will show in the next section that the class of first-order definable signal lan-
guages coincide with the class of counter-free signal languages. Here is a property of
counter-free signal languages that we make use of there.

Lemma 5.1 The class of counter-free signal languages over an alphabetA is closed
under union, intersection, and complementation.

Proof LetF1 andF2 be two counter-free signal languages over the alphabetA. LetL1

andL2 be the word languages of their defining canonical counter-freeST-NFA’s. We
can convince ourselves thatF1 ∪F2 = timing(L1 ∪L2), F1 ∩F2 = timing(L1 ∩L2)
andSig(A) − F1 = timing(Can(A) − L1). Hence to show the closure of counter-
free signal languages, it suffices to show the closure of the word languages defined by
canonical counter-freeST-NFA’s.

We first give a characterization of the word languages of canonical counter-free
ST-NFA’s in terms of the finite automata which accept them. A language L is the
word language of a canonical counter-freeST-NFA iff it is accepted by anNFA B
with the following properties:

• The underlying structure ofB is bipartite.
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• The set of initial states and the set of final states belong to different partitions.

• TheNFA does not contain aneven-counterin that there is no counter with the
repeating wordu of the counter having an even length, i.e,u ∈ (AA)∗.

• The language accepted byB consists of only canonical words.

Let us denote the partitions of states inB asB1 andB2, with the initial states belonging
to the former and the final states to the latter. The above observation follows easily from
the constructions of Lemma 3.1.

Now we show that the class of word languages accepted byNFA’s with the above
properties is closed under union, intersection and complementation. The closure under
union is direct. To show the closure under intersection we argue that the above prop-
erties are preserved by the standard product construction for intersection. LetB andC
be two automata with the above properties. In the product automatonD accepting the
intersection of their word languages, the only reachable states areD1 = B1 ∪ C1 and
D2 = B2 ∪ C2, with D1 andD2 being the partitions. It remains to be shown thatD
does not have a counter of the form described above. SupposeD has such a counter
with the sequence(s1, t1) · · · (sn, tn). Then it is not the case that all thesi’s are same
and all thetj ’s are same, otherwise the sequence is not a counter. Assume all the si’s
are not same. Then there is a sequence of statessk, sk+1, · · · sl which forms a counter
in B, a contradiction.

To show closure under complementation, we first determinizethe automaton. The
standard subset construction for determinization on an automatonB preserves the
above properties. First the only reachable states in the determinized automaton are
the subsets ofB1 and the subsets ofB2, and the subsets ofB1 form one partition and
the subsets ofB2 the other. So the first two properties are satisfied. In general the
subset construction does not introduce counters. To show that even-counters are not
introduced, first rename the labels on the transitions goingfrom B2 to B1 by their
primed version (which are assumed to be disjoint fromA). This ensures that there are
no counters inB in the classical sense. Now determinize the automaton, and replace
the primed symbols by their unprimed versions. If there is aneven-counter in the final
automaton, then the same sequence of states and the same wordgive a counter (in fact
an even-counter) in the automaton before the replacement ofthe primed symbols by
unprimed ones.

To complement the automaton we take the complement of the determinized au-
tomaton and take its intersection withBCan , which accepts all canonical words. To
see that there exists aBcan with the above properties, it is enough to show that there
is a canonical counter-freeST-NFA (S, S0, δ, F, l) acceptingCan(A). It is given by
S = S0 = F = {sa | a ∈ A}, δ = {(sa, a, sb) | b ∈ A − {a}} andl(sa) = a. Hence
the word languages with automata having the above properties are closed under the
boolean operations and therefore are the class of counter-free signal languages. 2

6 Counter-free characterisation of FO signal languages

In this section our aim is to show thatFOs-definable signal languages and counter-free
signal languages coincide.

Theorem 6.1 The class ofFOs(A)-definable signal languages is precisely the class of
counter-free signal languages overA.
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The rest of this section is devoted to a proof of this theorem.Our proof will factor
through some classical results connecting counter-free languages and temporal logics.
We recall briefly the logicLTL and its two interpretations, one over discrete words and
the other over signals. The syntax ofLTL(A) is given by:

θ ::= a | (θUθ) | (θSθ) | ¬θ | (θ ∨ θ),

wherea ∈ A. The logic is interpreted over words inA∗, with the following semantics.
Given a wordw = a0 · · · an in A∗ and a positioni ∈ {0, . . . , n}, we sayw, i |= a iff
ai = a; andw, i |= θUη iff there existsj such thati < j ≤ n, w, j |= η and for allk
such thati < k < j, w, k |= θ. The “since” operatorS is defined in a symmetric way
toU in the past, and the boolean operators in the usual way. We denote byL(θ) the set
{w ∈ A∗ | w, 0 |= θ}.

The logicLTL can also be interpreted over functions as done in [Kam68]. Here
we restrict the models to finitely-varying functions inSig(A), and we denote this logic
by LTLs(A). Given a signalσ ∈ Sig(A), t ∈ [0, dur(σ)] and θ ∈ LTLs(A), the
satisfaction relationσ, t |= θ is defined as follows:

σ, t |= a iff σ(t) = a.
σ, t |= θUη iff ∃t′ : t < t′ ≤ dur(σ), σ, t′ |= η, and ∀t′′ : t < t′′ < t′, σ, t′′ |= θ.
σ, t |= θSη iff ∃t′ : 0 ≤ t′ < t, σ, t′ |= η, ∀t′′ : t′ < t′′ < t, σ, t′′ |= θ.

The boolean operators are interpreted in the expected way. We setS(θ) = {σ ∈
Sig(A) | σ, 0 |= θ}.

As an example, theLTLs(A) formulasθcont =
∨
a∈A(a ∧ (aSa) ∧ (aUa)) and

θdisc = ¬θcont characterize the points of continuity and discontinuity respectively in a
signal overA.

Returning now to the
proof of Theorem 6.1, the
route we follow is given
schematically in the figure
alongside.

(a)

(b)

McN−P+Kamp (c) (d)

(e)

FOs(A)CF-ST-NFA(A)

CF-NFA(A ∪ A′) LTLs(A)

LTL(A ∪ A′)

ϕAϕ

A

B

θ

ϕA

bθ

Step (a): We show how to go from a formula inFOs(A) to a counter-free canonical
ST-NFA accepting exactly its models. It can be checked that the inductive construction
carried out in Section 4 for Theorem 4.1 produces a counter-free canonicalST-NFA at
each step. This is true for the base casesQa(x) andx < y. For the boolean operators,
it follows by the closure properties of counter-free signallanguages (cf. Lemma 5.1).

For the case of first-order quantification, letϕ = ∃xψ. Let Aψ be a counter-free
canonicalST-NFA which accepts the valid models forψ. Without loss of generality
we assume thatAψ has no unreachable or dead states, and that its start and finalstates
are respectively originating and terminating.

We now project away thex-row in transition labels ofAψ to get aST-NFA A′

accepting the valid models of∃xψ. Now we can argue thatA′ cannot have a counter.
If it did, then there are two cases: either the counter is suchthat no symbol in it was
obtained by projecting away a ‘1’ in thex-row, or there is a symbol in it which was
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obtained by projecting away a ‘1’ in thex-row. In first case, this would mean a counter
in Aψ itself, contradicting the inductive assumption thatAψ was counter-free. In the
second it would meanAψ has a cycle containing a transition on a symbol with a ‘1’ in
thex-row, which would contradict the validity of the models generated byAψ.

However, we are not yet done, asA′ might have a non-canonical edge. Now let us
canonicalizeA′ to getA′′, using the algorithm described in Section 3. Recall that the
canonicalizing algorithm adds edges and finally deletes allthe non-canonical edges.
But it satisfies the property that the state space is the same,and every added edge from
p to q has a corresponding path fromp to q in A′ which uses a non-canonical transition.

Now we claim thatA′′ is counter-free (and, by construction, canonical). Suppose
A′′ had a counter on statesq0, . . . , qn, on a stringu. Now two possibilities exist:

• No u path in the counter uses an “added” edge. In this case this would be a
counter inA′ also, which is a contradiction.

• Someu path in the counter uses an “added” edge. So inA′ theu-path has a cor-
respondingu′-path which uses a non-canonical edge inA′. But non-canonical
edges inA′ could only have come from a projection of a ‘1’ in thex-row of a
transition inAψ . So the corresponding “unprojected”u′-path contains a symbol
with a ‘1’ in thex-row inAψ . Once again, being part of a loop inA′′, and hence
also inAψ , this contradicts the validity ofAψ.

This completes the inductive proof of the claim that the set of signal models of a first-
order formula is counter-free.

Steps (b) to (d) prove that we can go from an arbitrary counter-free canonical
ST-NFA A over the alphabetA to a signal-language-equivalentFOs(A)-sentenceϕA.

Step (b): Let us denote byA′ the alphabet{a′ | a ∈ A}. For a canonical word
w = a0 . . . a2n ∈ Can(A), we defineann(w) to be the worda′0a1a

′
2 . . . a2n−1a

′
2n in

(A∪A′)∗, and extend it to work on subsets ofCan(A) as well. Now letA be a counter-
free canonicalST-NFA overA. By the characterisation of counter-free languages in
the proof of Lemma 5.1, there is a word-language equivalentNFA B0 that is bipartite
and has no counters except possibly on odd-lengthu’s. However, if we annotate the
labels of the edges going from left to right (with the convention that the start states
are in the left partition) by replacing each labela by a′, then it is easy to see that
the resultingNFA is counter-free, and acceptsann(L(A)). Let us call thisNFA over
(A∪A′) asB. ThusL(B) = ann(L(A)) and is a classical counter-free word language.

Step (c): Now by the results due to Schutzenberger [Sch65], McNaughton-Papert
[MP71], and Kamp [Kam68] for classical word languages, the class of counter-free,
star-free,FO-definable, andLTL-definable word languages all coincide. Thus for a
counter-freeNFA B over(A ∪ A′) we have anLTL(A ∪ A′) formulaθ which defines
the same word language asB. ThusL(B) = L(θ).

Step (d): For a formulaθ in LTL(A ∪ A′) such thatL(θ) ⊆ A′(AA′)∗ and the
“un-annotation” ofL(θ) (i.e. ann−1(L(θ)) is canonical, we can construct a formula
ltl -ltls(θ) in LTLs(A) which is such thatS(ltl-ltls(θ)) = timing(ann−1(L(θ))).

We will use the abbreviationθ1Ud θ2 to mean that at a point of discontinuity “θ1Uθ2”
is true in an untimed sense, and define it to be(θ2Uθ2) ∨ (θ1U(θdisc ∧ (θ2 ∨ (θ1 ∧
(θ2Uθ2))))). Symmetrically we useθ1Sd θ2 for (θ2Sθ2) ∨ (θ1S(θdisc ∧ (θ2 ∨ (θ1 ∧
(θ2Sθ2))))).
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The translationltl-ltls is defined as follows (we usêη for ltl-ltls(η) in some places
for brevity):

ltl-ltls(a) = a ∧ θcont(where a ∈ A).
ltl-ltls(a′) = a ∧ θdisc(where a′ ∈ A′).

ltl-ltls(¬θ1) = ¬θ̂1.

ltl-ltls(θ1 ∨ θ2) = θ̂1 ∨ θ̂2.

ltl-ltls(θ1Uθ2) = (θdisc ⇒ (θ̂1Ud θ̂2)) ∧

(θcont ⇒ (θcont U(θdisc ∧ (θ̂2 ∨ (θ̂1 ∧ (θ̂1Ud θ̂2)))))).

ltl-ltls(θ1Sθ2) = (θdisc ⇒ (θ̂1Sd θ̂2)) ∧

(θcont ⇒ (θcont S(θdisc ∧ (θ̂2 ∨ (θ̂1 ∧ (θ̂1Sd θ̂2)))))).

Lemma 6.1 Let θ be anLTL(A ∪ A′) formula. Letw be a canonical word overA,
and letw′ = ann(w). Letσ ∈ timing(w) with the canonical interval representation
(a0, I0) · · · (a2n, I2n). Then for eachi ∈ {0, · · · , 2n} and for all t ∈ Ii, we have
w′, i |= θ ⇐⇒ σ, t |= ltl-ltls(θ).

Proof We do the proof by induction onθ. For the base case supposeθ = a with a ∈ A.
Thenw′, i |= a iff i is odd andw′(i) = a. This is true ifft is a point of continuity inσ
andσ(t) = a. In turn this is true iffσ, t |= a ∧ θcont .

The other base case and induction step for boolean operatorsare similar. We now
show the induction step forθ = θ1Uθ2 and omit the similar case ofθ = θ1Sθ2.

Left to right implication. Let t ∈ Ii and supposew, i |= θ1Uθ2. Then∃j > i such
thatw, j |= θ2 and∀i < i′ < j w, i′ |= θ1. We note that by induction hypothesis we
have that∀t′′ ∈ Ij σ, t

′′ |= θ̂2 and∀t′′ ∈ ∪i′|i<i′<jIi′ σ, t
′′ |= θ̂1.

We distinguish two cases:

• i is even: thenσ, t |= θdisc and we have to show thatσ, t |= θ̂1Ud θ̂2.

If j = i + 1 thenσ, t |= θ̂2Uθ̂2. Otherwise, letk be the greatest even integer
smaller or equal toj (this is the index corresponding to the last point of discon-
tinuity beforej). Let tk > t such thatIk = {tk}, note thatσ, tk |= θdisc and
∀t < t′′ < tk σ, t′′ |= θ̂1. If k = j thenσ, tk |= θ̂2. Otherwisek = j − 1 and
σ, tk |= θ̂1 ∧ (θ̂2Uθ̂2). We have thus shown that in both casesσ, t |= θ̂1Ud θ̂2.

• i is odd: thenσ, t |= θcont and we have to show thatσ, t |= θcont U
(
θdisc∧(θ̂2∨

(θ̂1 ∧ (θ̂1Ud θ̂2))).

Let ti+1 > t such thatIi+1 = {ti+1}. If j = i+ 1 thenσ, ti+1 |= θ̂2. Otherwise
σ, ti+1 |= θ̂1 andw, i + 1 |= θ1Uθ2. As i + 1 is even, by the previous case we
have thatσ, ti+1 |= θ̂1Ud θ̂2. We have thus proved thatσ, t |= θcont U

(
θdisc ∧

(θ̂2 ∨ (θ̂1 ∧ (θ̂1Ud θ̂2)))
)
, ti+1 being a witness for the outermost until.

Right to left implication: Let t ∈ Ii and supposeσ, t |= ltl-ltls(θ). We distinguish
two cases:

• i is even: thenσ, t |= θdisc soσ, t |= θ̂1Ud θ̂2. If σ, t |= θ̂2Uθ̂2 thenw, i+1 |= θ2
sow, i |= θ1Uθ2.
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Otherwiseσ, t |= θ̂1U
(
θdisc∧(θ̂2∨θ̂1∧(θ̂2Uθ̂2))

)
, so there existst′ > t such that

σ, t′ |= θdisc∧(θ̂2∨θ̂1∧(θ̂2Uθ̂2)) and∀t < t′′ < t′ σ, t′′ |= θ̂1. Asσ, t′ |= θdisc
there existsj > i such thatIj = {t′}. We have that∀i < i′ < j w, i′ |= θ1.
If σ, t′ |= θ̂2 thenw, j |= θ2. If σ, t′ |= θ̂1 ∧ (θ̂2Uθ̂2) thenw, j |= θ1 and
w, j + 1 |= θ2. In both cases we have shown thatw, i |= θ1Uθ2.

• i is odd: letti+1 such thatIi+1 = {ti+1}. Necessarilyσ, ti+1 |= θ̂2 ∨ (θ̂1 ∧

(θ̂1Ud θ̂2)). If σ, ti+1 |= θ̂2 thenw, i + 1 |= θ2 sow, i |= θ1Uθ2. Otherwise
σ, ti+1 |= θ̂1 ∧ (θ̂1Ud θ̂2) sow, i + 1 |= θ1. As i + 1 is even andσ, ti+1 |=

θ̂1Ud θ̂2, by the previous case, we have thatw, i + 1 |= θ1Uθ2; it follows that
w, i |= θ1Uθ2.

2

Using the above lemma we can now show that ifA and θ are as in the previ-
ous steps, thenS(A) = S(ltl -ltls(θ)). To showS(A) ⊆ S(ltl-ltls(θ)), let σ =
(a0, I0) · · · (a2n, I2n) ∈ S(A). Thenw = a0 · · · a2n ∈ L(A) andσ ∈ timing(w).
Let w′ = ann(w). Thenw′ ∈ L(B). Hencew′, 0 |= θ. By Lemma 6.1 we have that
σ, 0 |= ltl -ltls(θ). Henceσ ∈ S(ltl -ltls(θ)).

Conversely, supposeσ ∈ S(ltl -ltls(θ)) with σ = (a0, I0) · · · (a2n, I2n) being its
canonical representation. That isσ, 0 |= ltl-ltls(θ). By Lemma 6.1 we have that
w′, 0 |= θ, wherew = a0 · · · a2n andw′ = ann(w). Hencew′ ∈ L(B). Hence
w ∈ L(A), andσ ∈ S(A).

Step (e):A LTLs(A) formulaθ can be translated to aFOs(A)-formulaψ with one free
variablex, such that for allσ ∈ Sig(A), σ, t |= θ if and only if σ, [t/x] |= ψ. For a
first-order formulaϕ let us denote byϕ[z/x] the formula obtained by substituting all
free occurrences ofx in ϕ by z. The translationltl -fo is now given as follows:

ltl-fo(a) = a(x)
ltl-fo(θ1Uθ2) = ∃z(x < z ∧ ltl -fo(θ2)[z/x] ∧ ∀y(x < y < z ⇒ ltl-fo(θ1)[y/x]))
ltl-fo(θ1Sθ2) = ∃z(z < x ∧ ltl -fo(θ2)[z/x] ∧ ∀y(z < y < x⇒ ltl-fo(θ1)[y/x]))
ltl-fo(¬θ) = ¬(ltl -fo(θ))
ltl-fo(θ1 ∨ θ2) = ltl-fo(θ1) ∨ ltl -fo(θ2).

We can now translateθ to theFOs(A) sentenceψ = ∀x(first(x) ⇒ ltl -fo(θ)), so
thatS(θ) = S(ψ).

To summarize this direction of the proof: given a counter-freeST-NFA A overA
by steps (b) and (c) we have anLTL(A ∪A′) formulaθ such thatann(L(A)) = L(θ).
By step (d) we haveLTLs(A) formula θ̂ such thatS(A) = S(θ̂). By step (e) we have
anFOs(A) formulaϕA such thatS(ϕA) = S(θ̂) = S(A). This completes the proof
of Theorem 6.1. 2

7 Conclusion

In this paper we have defined a class of automata that run over signals and whose
expressiveness coincides with a natural monadic second order logic. We identify a
counter-free subclass of these automata that we show acceptprecisely the first-order
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definable signal languages. These results generalize some of the classical results con-
necting automata and logics over words, to signals.

These results were used in [CDP06, CDP07] to transparently obtain logical charac-
terisations of timed automata with so-called “input-determined” metrics, in the contin-
uous semantics. The first-order fragments of these logics correspond to timed temporal
logics which use these metrics. By factoring through the counter-free characterisation
in the present paper, we obtain counter-free timed automatacharacterisations for many
timed temporal logics in the literature, including Metric Temporal Logic (MTL).

One of the questions which remains open is to characterise the expressiveness as
well as decidability ofMSOs when we allow second-order quantification over arbitrary
subsets of non-negative reals (as against only finitely-varying subsets of non-negative
reals), while continuing to interpret the logic over signals.
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