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Abstract— In this paper we propose a novel family of kernels  offline and online handwritten character recognition. Real
for multivariate time-series classification problems. Eab time-  time applications of HCR requires usage of online handwrit-
series is approximated by a linear combination of piecewise tan character recognition methods. Time series classificat
polynomial functions in a Reproducing Kernel Hilbert Space . . - .
by a novel kernel interpolation technique. Using the assoated er’V'deS a general §ett|ng for MUIt"_l'ngual F’n“ne HCR l_n
kernel function a large margin classification formulation is this paper, we provide an efficient time series classificatio
proposed which can discriminate between two classes. The method which has been successfully applied to language
formulation leads to kernels, between two multivariate time- independent online handwritten character recognition.

series, which can be efficiently computed. The kerels have |, ganeral a time-series is represented as a set of time
been successfully applied to writer independent handwrign ordered vectors

character recognition.

|. INTRODUCTION F ={F(t1), F(ta2), ..., F(tn)}

In recent years with the advancement in computer storageWhere 7 is the time-series7(¢x) denotes a vector sam-
and sensor technologies it has become possible to effigienBled at the time instart, € R, ¢, < ;. wherek <[ andn
gather and store temporal data in real world applicationt the total number of samp_les. Note that the time difference
These improvements have made temporal learning a plausibte— &1 are not necessarily constant.
and important area of research in machine learning. Tem- The problem of time-series classification has been well
poral learning involves many learning problems of interesttudied in the area of speech processing/recognition where
including alignment matching, classification and clustgri Hidden Markov Models (HMMs) have emerged as a power-
Temporalitime-series classification is manifested in marfyl tool. The applicability of HMMs to online handwriting
real world applications including online handwritten text€cognition was explored in [1] with mixed results. There
recognition, speech recognition, financial anamoly datact are other methods based on Dynamic Programming approach
and many other business and personal applications. Thdch as Dynamic Time Warping which are efficient and
problem of online handwriting recognition is to infer thehave been successfully applied to the problem of time-
written character and/or character sequence given a timegries classification. A variant of DTW which uses clustgrin
series written on a touch sensitive device. A similar sinrat techniques was proposed in [2]. Current literature suggest
arises in speech processing where utterances of varidhat the state of the art for online handwriting recognition
words, vowels etc are represented by multidimensional-timé online Scanning N-Tuple(SNT) algorithm[3]. The SNT
series of LPC coefficients. algorithm converts the time series into strings using chain

Recently, mobile handheld devices like PDA have beconf®ding techniques, a language modelling technique is later
very popular mode of personal computing. These devic@§p.“eld to the strings to build a statistical r_npdgl [4]. The
have very stringent size and power/processing constraingiatistical quels so built are used for pIaSS|f|cat|on.
Traditional input interfaces like keypads are not suitable N recenttimes, Support Vector Machines (SVMs)[5] have
and new interfaces like touchpads have become popul§fMerged as a powerful method for classifying fixed length
These interfaces are required to be as efficient as tradectors. SVM is a large margin classification formulation
tional interfaces. These devices are mainly used for iryyhich tries to minimize the gengralization error while kgep
terpersonal communication, hence language interfaces 9 the empirical error low. GivenV vectors and their
speech/handwriting need to be efficient and accurate. TRgSociated labeld = {(z1,y1) -~ (zw, yn)}, such that; ¢
usage of these interfaces depends on the efficiency aRg: ¥: € {+1,—1} andi € {1...N}. SVM learns a linear
accuracy of the methods applied to solve these problenfiiScriminant function
Time series classification provides a general framework for ‘ T
language independent interfaces. f(z) = sign(w” z + b)

Handwritten character based interfaces are one of the si@\;ch that
plest and popular mobile touchpad interfaces. Handwritten
character recognition(HCR) is one of the widely researched
problem in pattern recognition, with methods that handle

ming p %wTw +C vazl &
subjto y;(wlz; +b)>1- ¢
gi Z 01

Sivaramakrishnan, Karthik and Dr Bhattacharyya are withRlepartment 1<z<N.

of Computer Science and Automation, Indian Institute ofeSce, Banga- This i drati . bl hich b
lore, India (email:sivaramakrishnan@gmail.com, kakl@lcsa.iisc.ernet.in, IS IS a quadratic programming problem which can be

chiru@csa.iisc.ernet.in) efficiently solved using the dual. The dual is given by,



classification, but other applications like clustering,vho
15 3, aiegyiyaTe; — Y elty detection etc. The other important contribution is to

generalize the piecewise linear interpolation scheme used
in [11] to piecewise polynomials in a Reproducing Kernel
Hilbert Space (RKHS) setting. Lastly the paper also gives
an efficientO(n) algorithm for computing the interpolation

wherea;’s are the Lagrange multipliers. The andb can  step rather than a®(n®) algorithm proposed in [11]. This

be calculated from Karush-Kuhn-Tucker conditions. In thallows for efficient computation of the decision, in online
dual problem and the discriminant functigif-) the input HCR applications, on handheld devices.
vectors are only seen in the form of dot products. Using This paper is organized as follows. Section Il describes a
kernel functions [6] one can extend the classification fram&cheme for interpolation of a time-series by sum of polyno-
work to arbitrary feature spaces. The kernel functf6(,-)  mials in a RKHS. The scheme is used to derive a continuous
is essentially positive semi-definite symmetric function ofunction describing the time-series. In Section Il a large
the input data and it can be interpreted as a dot produgfargin formulation is later derived to discriminate these
K(zi,z;) = ¢p(z:)T ¢(z;) between sampleg(-) in a suitably interpolated functions. Section IV describes the emplirica
defined feature space. SVMs have been proved to have gagghluation of the proposed formulation with the state of the
generalization ability and have been applied to large numbert on several representative benchmark datasets. Saction
of problems. describes the contributions and concludes the paper.

The main research issue in extending the SVM formulation
to time-series data is the design of these kernels. The Fishe
kernel [7] was an important breakthrough which was success-
fully applied to classifying protein sequences. It combkime  In this section we start by briefly describing an inter-
generative model like a HMM with discriminative methodsPolation scheme due to Moore [12], which uses piecewise
like SVM. The kernel function is derived from a HMM. Polynomial functions as basis functions. The interpolatio
Each kernel computation requires two passes of a forwapgheme is used to represent each time-series as a function an
backward algorithm on a pre-trained HMM and hence i§sing a large margin approach we show how to discriminate
computationally heavy. Alternatively it is possible to iger between such functions. Kernels are extracted from the
kernels based on dynamic programming based a"gnméﬁfmulation and an algorithm is prOVided for time series
for classification of sequences [8]. Gaussian Dynamic Tim@assification.

Warping (GDTW) is an instance of such an approach, which Let0 < 's1 <sy <... < sp_1 <sp <1 be a sequence
was explored by [9] for online handwriting recognition with©f points and letF, = 7 (si) be the functionF : [0, 1] — R
encouraging results over HMM based classifiers. GDTVgvaluated ak,. The interpolation problem can be viewed as
combines the RBF kernel with the score obtained by th@Pproximating” givenD = {(sk, Fk)|1 < k < n}.

DTW comparison between two time series. The GDTw Denote by#? the space of all functiong : [0,1] — R,
kernel is calculated as, whoseg!" derivatives are inC;(0,1). It can be shown that

H? is a RKHS [12] with the inner product defined as,

min,,

subject to Zfil yia; =0
0<a; <C
1<i<N.

II. RKHS BASED PIECEWISE POLYNOMIAL
INTERPOLATION

K(Fi, ;) = & 7P

g—1 . . 1
whereF; and F; are input sequences atd is the DTW (f,g) = Z m +/ O gD (@)dt, (1)
: 0

distance defined as. i—o J

. where f, g € H? and f(")(¢) denotes the-t" derivative.
.1 i i
D(F:, F;) = min > d(Fu(i(k)), Fy (5 (k))) The reproducing kernel for the RKHS is,
T k=1

where is the alignment path andl is the local distance RI(t) = qif sitd N /min(S,t) (s — u)?~L(t — u)? ldu
0

measure, Euclidean distance can be usedda®s most (4h? ((g —1)NH?
applications. (See [10] for more details). For SVMs to be ) )
applicable to online HCR applications an efficient method\S SPecial cases of the above function,
of kernel computation between time-series is needed.

J=0

In [11] a piecewise linear function approximation was 1+ man(s,t) g=1
used to re-sample the time series vector, which was usedr?(t) = 14st+L -8 ft<s

to train a SVM classifier. In this paper we study the problem ’ R =2
: l+st+ % — % ift>s

of classifying multivariate time-series and develop effitti ~
kernels suitable for online handwriting recognition on gonsider the functiof,
handheld device like PDA.

The main contribution of the paper is to propose a set F(s) = ZCkRZ (s), )
of kernels for time-series which can be used not only for =1 :



minyecap %(w,w)_
subject to  y;((w, F;) + b) > (4)
1<i<N

As w € HI, one can expresw as linear combination of
the basis functions ifi{?, specifically,

M
w t) = Zleq
=1

where m; are normalized time instants such thai €
[0,1]. The vectorn = [m4, ..., m)] needs to be chosen ap-
propriately depending on the data. The inner product betwee
two functionsF, = S ¢, cxRY, and F, = 3272 dRY, is

Fig. 1. Plot of basis functions with = 1 andg = 2 given va
ny ng
. . . . . Fi, Fa) ckdi(RY, , RY) 5
where the basis functioRZ, (s) are piecewise polynomial. (F1. 72 ,; ; o ®)

For any0 < s < 1 and f € H?, the basis functions

satisfies f, RY) — £(s), which is also referred as the RKHS Using the above definition the inner productwfand data

property. To ensuré best approximate%, one can choose Fis,
c by requiring that,((F — F),R%,) =0Vk = 1,2,...,n M n
Using equation (2) and the RKHS property, the above set of Z Z dick(R},,, RY) = dT Ac,
equations reduces to, 1=1 k=1
n wherec = [c1, ..., cp] IS a vector determined by (3). The
Z (R?, R )cx = F(s1). A matrix is given by
k=1
This is a set of linear equations inand can be efficiently A = (Rp,, B{) 1<I< M, 1<k <n, (6)
solved. It can be shown that such a choicecaé optimal ~ where M is the number of basis functions describing
and the resulting? best approximate$ givenD. w. Again from the definition of the inner-product (5), the

lIl. L ARGE-MARGIN CLASSIFICATION OF UNIVARIATE  OPJective can be stated as,

TIME-SERIES
A univariate time-serie§ = {Fy, ..., Fn} Fr = F(ts), |w|? = Z dedz e Bay)- (7)
evaluated at time instant8(t;) € R, 0 <t; <ty < ... < k=11=1

t,, can be approximated by a continuous function (2). the Using (7) the optimization problem (4) can be restated as,
basis coefficients can be chosen to satisfy,

mind,b %dTBd
Ge = [F1..F]", 3) subject to y;(dTA®c®) +b) > 1 (8)
1<i<N,

whereGy, = (RZ,, R%), is the Gram Matrix for the basis
elementsRky, .

The learning problem can be posed as that of computlrﬂj'
a classifier on the dataset

where B is the Gram matrix for the basis functions given

Bn = (RL,, ,R%L,)

my )
from equation (7)A®) andc(®) is the A matrix andc vector
. th :
T— INF €M yie+1,¥i=1,2,... N respectlvely_for the dgt_a pomt._ .
{7, w)l vi ‘e } The matrix B is positive semi-definite and hence the
optimization problem (8) is an instance of convex quadratic
More precisely the problem can be stated as finding@ programming and can be solved by standard tools. The
H? andb € R so that the decision function given by, decision function can now be evaluated as,

y = sign((F,w) +b), y = sign(dT Ac +b).

can correctly predict the class label of a given time-sedes  The above formulation (8) provides a unified scheme for
w chosen such that it has the minimum nofi w) provides time-series classification. The formulation is extended to
the best generalization [5]. The formulation for findimgand handle multivariate data. A simpl®(n) scheme is also
bis, suggested for linear interpolation.



A. The time-series kernel B. Fast inversion scheme for piecewise linear basis functions

The Gram matrixB can be factorized a8 = UXUT. The calculation of vectorsX;, depends on time-series
WhereU is the matrix formed by normalized eigen vectorsnterpolation, which is quadratic in size of the time-
and & is a diagonal matrix, the eigen values being tha&eriesQ(n?)). However, for piecewise linear basis functions,
diagonal elements. It can be shown th&Y” = UTU = I. ¢ =1 (see equation (1)), it is possible to do the interpolation
Based on this we can extract a kernel from (8) that can hie time linear in size of the time-serig3(n)). Note that the
used to calculate similarity between sequences of timesser basis functions can be written as,

Letd = UTS 2u., whereZ 3 is the inverse of the matrix

square root of the diagonal matrix Substituting in (8) one Ri(s) = 1+s O<s<t
. . . 1+t t<s<1.
obtains the following formulation. ==
. 1.7 The structure of the basis functions can be exploited toiobta
b 2% Y a recursive formula foe, which leads to a fast algorithm
subject to y;(uTX; +b) > 1, 9 ; . k 9
1<i<N for interpolation.
- = Consider a functiorf whose values are available at various
where ) o time instantssg, 1 < k < n. We are interested in finding,
X; =2 2UAD, such thatf(s) = 3=, cxRs, (s). See thats;, < s; whenever

. .k < I which gives
The matrixS~zU can be pre-computed for faster operation. < g

The computation cost of eacty; involves the computation of

c's (from (3)) which isO(n?) and A®'s (from (6)) which o) =D el +sk) + (14 )Y cw).
is O(n?). The formulation (9) is equivalent to an SVM [5] k<t k2l
with the Kernel, Also note that,

K(X;, X;) = XTX;.
Fin)= > a(l+se)+@+s1)( Y cx)

In the case of handwritten data the PDA gives two time-
k<l—1 k>1—1

series, one for each coordinate or in case of speech data
there can be multiple time varying features. The theorfpubtracting one from the other we have,
developed so far can handle only univariate time-seriethdn

following we generalize the approach to handle multivariat f(si) = f(siz1) = (st — si-1) Z Ck.
time-series. k>l
In general consider a vector of functions withdimen- The coefficients: can be calculated as follows
sions, F = [Fy,...,FL]T. The inner product of two such '
functions F and G, each withL dimension F(s1) = f(si1)
Cl:—_zck- (12)
St — S1-1 P

L
(F,G) = Z(FmGp)-

The boundary conditions being,

Using this definition one can compute the kernel as, 6 — f(sn) — f(snfl).
Sp — Sp_
L 1
KG,)=S XTx; =xTXx,, 10) and
( .7) ; 1pJp 7 J ( ) o f(Sl) 726
1T 10 s 2 k
where X; = [XT,...,XT]T, which is equivalent to >

concatenating the univariate Vectoxs, . This sets up a recursive formula for calculatiig see that

f?k? '? stanld?rd .SVM prtc_Jcedgre oge Tan tﬁer}ve th? t(_ju Iproceeds backwards starting fram The worst case time
of the formulation in equation (9) and relax the formula on omplexity of the above algorithm i©(n) which is again

to handle non-separable data by using any positive defini %nsiderably cheaper than the matrix inversion step.

kernel and restricting the;’s to be less than a user defined Suitable changes can be made to the algorithm to make it
constantC > 0[5]. : . . .
work for higher order interpolation functiong & 1).

min_,;Y 32000, iy yy K (X, X5) — 30, e C. A comparison with resampled approach
subjectto ), yiai =0 ‘ In [11] a two step scheme for interpolation and resampling
0<a; <C,1<1<N. 1) was used with SVM classification. The classification kernel

) ) ) ) in such a case is a simplg, product of the resampled vector.
We have experimented with the Radial Basis kernel,

K(Xi, X;) = e~ IXi— X5 Ky = (A(i)c(i))T(A(j)c(j)))



wherec is the coefficients of basis functions (3), addis 10t
as defined in (6). In the proposed formulation, the kernel
obtained after optimization is given by,

Ki; = XZ,TXj — (A(i)c(i))TBfl(A(J')c(j)).

Thus if the matrixB is identity, then the two formulations

are identical.
In this section, we have proposed a formulation for clas- w'y
sifying time-series and discussed several ways in which
the formulation can be practically applied to real world W ]

problems. One of the strengths of our formulation is that
we can employ polynomials of any positive order. It must be. . _ e ues 6f matrix. olotted | |

H H H H . 2. omparison or eigen values matrix, plotted on a Iog scale.
notgd t,hat as ,the order In_creases’ the piecewise poWrmm'%Ee first eigen value is an order of magnitude greater tharother eigen
attain increasingly complicated shapes. Trade off must hgiues.
decided between the complexity of the piecewise polynomial

and the extent of fitting that is done.
the unseen test data. The results of the experiments along

IV. EXPERIMENTS with results from previous work are provided in Table I. In

In this section, the efficacy of the large margin classifiegeneral, the number of basis vectors in the discriminating
proposed in the previous section is tested on three benghmé#nctionm was fixed at 20 withn,’s dividing [0,1] into 19
datasets from Unipen [13] and the results are compared wiggual intervals.
other state of the art algorithms such as CS-DTW [2] and In the previous section it was shown that (8) can be
Online SNT algorithm [3]. solved by standard SVM solvers. The experiments were

Experiments were conducted on the standard r@inv07 carried out by adding these custom kernels to the libsvm
package from Unipen, more specifically experiments wer@ackage[18]. The kernel in equation (10) takes different
conducted on three datasets namely, 1la (Digits), 1b (ufprms with different order of interpolation polynomials.ew
percase alphabets) and 1c (lowercase alphabets). ReshRye limited our experiments upto second order interpslant
from other authors [3] are available on these datasets f&r = 1,¢ = 2 in equation (1)). The experiments can be easily
comparison.Pendigits[14], Japanese vowels[15] are other extended to higher order interpolants.
real world datasets on which our experiments were carried The performance of our kernels is competitive to state
out and compared with previously known work. The data i§f the art methods in all the four benchmark datasets. The
freely available online and hence provides an easy way taterpolation kernels have a time complexity ©{m) and
benchmark the algorithms. in the above experiments the optimum value raf was

The data needs to be pre-processed before applying the Thus interpolation kernels provide us with an efficient
proposed formulation (11) . The first step involves conveyti algorithm for classifying time-series on handheld devices
the Unipen form data into a time-series containing a serid1e performance of the linear interpolation is slightlytbet
of [z, y, ] for each character. This is achieved by extractinghan that of the quadratic interpolation scheme. This may be
strokes from the data which is available in the data, angpecific to the online handwriting domain.
obtaining the time—serigs for each of the st.rokes. Ti.meeseri.A. Low-rank approximation
for a character is obtained by concatenating the timeserie

obtained by individual strokes in the character. Each of the Puring the experiments it was observed that the largest
series is further normalized i, y, such that the character &i9€n value of thes matrix (3) was an order of magnitude

lies in a fixed size box 080 x 50 points. The scaling is done larger than the other eigen values. This provides us with
such that the aspect ratio of the character was maintainéy POSsibility of using a low rank approximation faf

The character is also translated on betiandy axes such While solving equation (3). Using such an approach with
that the minimum value for these axes is zero. The code fér fast Monte Carlo evaluation of the largest eigen value
preprocessing, training and testing are available for doach and the corresponding eigen vector will further speed up the

from our site [16]. algorithm.

The pre-processed data was randomly divided into three V. CONCLUSION

sets, with 50% of the data used for training, 16% for In this paper a large margin based classification scheme
validation and the remaining 33% of the data used as thie described for classifying multivariate time-series.eTh
unseen test data set. Classifiers were tuned on the vahidatecheme proceeds by representing each time-series as a sum
set to obtain the best values for the classifier parametersof piecewise polynomial basis functions through a kernel

~ of the Gaussian kerneln the number of basis vectors interpolation technique. Using the kernel a large margin
in the discriminating function and the cost parameter of formulation is developed which is capable of classifying
SVM. The classifiers so tuned was used for classification aluch interpolated functions. The kernels are shown to be



TABLE |

GAUSSIAN INTERPOLATIONKERNELS WITH FIRST AND SECOND ORDER INTERPOLATION COMPARED MWH OTHER STATE OF THE ART METHODS

Data Approach Error (%) | ¢g=1|g=2
Unipen dataset (R01/V07) la Interpolation Kernel 2.87 2.87 | 3.9
Digits (0-9), CS-DTW [2] 2.9
DAG-SVM-GDTW [9] | 3.8
HMM [17] 3.2
ONnSNT [3] 11
Unipen dataset (R01/V07) 1b Interpolation Kernel 8.52 8.52 | 11.46
Upper case alphabets (A-2), CS-DTW [2] 7.2
DAG-SVM-GDTW [9] | 7.6
HMM [17] 6.4
OnSNT [3] 4.5
Unipen dataset (RO1/V07) 1c Interpolation Kernel 10.78 10.78 | 13.76
Lower case alphabets (a-z), CS-DTW [2] 9.3
DAG-SVM-GDTW [9] | 12.1
HMM [17] 14.1
ONnSNT [3] 7.9
UCI dataset Digits(0-9) Interpolation Kernel 2.7 2.7 2.8
GDTW 2.14
UCI dataset Japanese Vowels Interpolation Kernel 2.71 271 | 2.98
5-state HMM 3.8

competitive in writer independent handwriting recognitio [7]
on four real world datasets. We also give a fast algorithm
for computing the interpolation when piecewise linear dasi (8]
functions are used. As a by-product the kernel interpatatio
described can be useful in many other machine Iearning9
tasks. ]
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