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ien
eBangalore, 560 012, IndiaEditor: John Shawe-Taylor Abstra
tThis paper addresses the issue of feature sele
tion for linear 
lassi�ers given the momentsof the 
lass 
onditional densities. The problem is posed as �nding a minimal set of featuressu
h that the resulting 
lassi�er has a low mis
lassi�
ation error. Using a bound on themis
lassi�
ation error, involving the mean and 
ovarian
e of 
lass 
onditional densities, andminimizing a L1 norm as an approximate 
riterion for feature sele
tion a se
ond order pro-gramming formulation is derived. To handle errors in estimation of mean and 
ovarian
esa tra
table robust formulation is also dis
ussed. In a slightly di�erent setting the Fisherdis
riminant is derived. Feature sele
tion for Fisher dis
riminant is also dis
ussed. Experi-mental results on syntheti
 datasets and on real life mi
roarray data show that the proposedformulations are 
ompetitive with the state of the art linear programming formulation.1. Introdu
tionThe 
hoi
e of useful features for dis
riminating between two 
lasses is an important problemand has many appli
ations. This paper addresses the issue of 
onstru
ting linear 
lassi�ersusing a small number of features when data is summarized by its momentsA linear two-
lass 
lassi�er is a fun
tion de�ned as followsf(x) = sgn(w>x� b): (1)The 
lassi�er outputs 1 if the observation x 2 Rn falls in the halfspa
e fxjw>x > bg,otherwise it outputs �1. During training the parameters, fw; bg, of the dis
riminatinghyperplane H = fxjw>x = bg is 
omputed from a spe
i�ed dataset D = f(xi; yi)jxi 2Rn ; yi = f1;�1g; i = 1; : : : ;mg.Finding useful features for linear 
lassi�ers is equivalent to sear
hing for a w, su
h thatmost elements of w are zero. This 
an be understood as follows that if the ith 
omponentof w is zero, then by (1) the ith 
omponent of the observation ve
tor x is irrelevant inde
iding the 
lass of x. Using the L0 norm of w, de�ned as follows,kwk0 = jSj S = fijwi 6= 0g;the problem of feature sele
tion 
an be posed as a 
ombinatorial optimization problemminimizew;b kwk0subje
t to yi �w>xi � b� � 1 81 � i � m: (2)
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Bhatta
haryyaThe 
onstraints ensure that the 
lassi�er 
orre
tly assigns labels to all training datapoints.Due to the unwieldy obje
tive the formulation is intra
table for large n (Amaldi and Kann,1998). A heuristi
 tra
table approximation to the proposed obje
tive is to minimize the L1norm of w. For a dis
ussion of this issue see Chen et al. (1999) also see Weston et al. (2003)for other approximations to L0 norm. In the sequel we will enfor
e the feature sele
tion
riterion by minimizing the L1 norm.Let X1 and X2 denote n dimensional random ve
tors belonging to 
lass 1 and 
lass2 respe
tively. Without loss of generality assume that 
lass 1 is identi�ed with the labely = 1, while 
lass 2 is identi�ed with label y = �1. Let the mean and 
ovarian
e of X1 be�1 2 Rn and �1 2 Rn�n respe
tively. Similarly for X2 the mean and 
ovarian
e be �2 2 Rn ,and �2 2 Rn�n respe
tively. Note that �1;�2 are positive semide�nite symmetri
 matri
es.In this paper we wish to address the problem of feature sele
tion for linear 
lassi�ers given�1; �2;�1;�2.Previously Lan
kriet et al. (2002a,b) addressed the problem of 
lassi�
ation given �1,�2, �1, �2 in a minimax setting. In their approa
h a 
heby
hev inequality is used tobound the error of mis
lassi�
ation. We wish to use the same inequality along with theL1 norm minimization 
riterion for feature sele
tion. This leads to a Se
ond Order ConeProgramming problem (SOCP). SOCPs are a spe
ial 
lass of nonlinear 
onvex optimizationproblems, whi
h 
an be eÆ
iently solved by interior point 
odes (Lobo et al., 1998). Wealso investigate a tra
table robust formulation whi
h takes into a

ount errors in estimatingthe moments.The paper is organized as follows. In Se
tion 2 the linear programming approa
h isdis
ussed. The main 
ontributions are in Se
tion 3 and Se
tion 4. Using the 
heby
hevbound and the feature sele
tion 
riterion leads to a SOCP. The Fisher dis
riminant isalso rederived using the 
heby
hev bound. We also dis
uss feature sele
tion for the �sherdis
riminant. A robust formulation is dis
ussed in se
tion 4. Experimental results forthese formulations are shown in Se
tion 5. The 
on
luding se
tion summarizes the main
ontributions and future dire
tions.2. Linear Programming formulation for feature sele
tionThe problem of �nding a fw; bg, su
h that the hyperplane w>x = b dis
riminates wellbetween two 
lasses and also sele
ts a small number of features, 
an be posed by the followingoptimization problem. minimizew;b kwk1subje
t to yi �w>xi � b� � 1 81 � i � m (3)At optimality it is hoped that most of the elements of the weight ve
tor w are zero. Thenonlinear obje
tive is made linear by introdu
ing two ve
tors su
h that (see Flet
her, 1989)w = u� v kwk1 = (u+ v)>e u � 0 v � 0 (4)1418



SOCP formulation for feature sele
tionThis leads to the following Linear Programming(LP) formulation.minimizeu;v;b (u+ v)>e;subje
t to yi �(u� v)>xi � b� � 1 81 � i � mu � 0 v � 0 (5)The 
omputational advantages of solving LPs make the above formulation extremely at-tra
tive. In the next se
tion we dis
uss the problem of feature sele
tion when data issummarized by the moments.3. Feature sele
tion using momentsLet the data for ea
h 
lass be spe
i�ed by the �rst two moments, the mean and 
ovari-an
e. We wish to address the issue of feature sele
tion in su
h a s
enario. The problemis approa
hed in a worst 
ase setting by using a multivariate generalization of Cheby
hev-Cantelli inequality. The inequality is used to derive a SOCP whi
h yields a 
lassi�er usinga very small number of features.The following multivariate generalization of Cheby
hev-Cantelli inequality will be usedin the sequel to derive a lower bound on the probability of a random ve
tor taking valuesin a given half spa
e.Theorem 1 Let X be a n dimensional random ve
tor. The mean and 
ovarian
e of X be� 2 Rn and � 2 Rn�n . Let H(w; b) = fzjw>z < b;w; z 2 Rn ; b 2 Rg be a given half spa
e,with w 6= 0. Then P (X 2 H) � s2s2 +w>�w (6)where s = (b�w>�)+; (x)+ = max(x; 0):For proof see Appendix A.The theorem says that the probability of the event that an observation drawn from X,takes values in the halfspa
e H 
an be upperbounded using the � and �. Let X1 � (�1;�1)denote a 
lass of distributions that have mean �1, and 
ovarian
e �1, but are otherwisearbitrary; likewise for 
lass 2, X2 � (�2;�2). The dis
riminating hyperplane tries to pla
e
lass 1 in the half spa
e H1(w; b) = fxjwTx > bg and 
lass 2 in the other half spa
e,H2(w; b) = fxjwTx < bg. To ensure this one has to �nd fw; bg su
h that P (X1 2 H1)and P (X2 2 H2) are both high. Lan
kriet et al. (2002a), (also see Lan
kriet et al., 2002b),
onsiders this problem and solves it in a minimax setting.In this paper we 
onsider the problem of feature sele
tion. As remarked before featuresele
tion 
an be enfor
ed by minimizing the L1 norm ofw. To this end 
onsider the followingproblem minw;b kwk1s:t Prob(X1 2 H1) � �Prob(X2 2 H2) � �X1 � (�1;�1) X2 � (�2;�2) (7)1419



Bhatta
haryyaThe sparseness 
riterion is approximately enfor
ed by the obje
tive. In most 
ases theobje
tive yields a sparse w. The two 
onstraints state that the probability of belongingto the proper half spa
e, should be atleast more than a user de�ned parameter �. Theparameter � takes values in (0; 1). Higher the value of � more stringent is the requirementthat all points belong to the 
orre
t half spa
e.The problem (7) has two 
onstraints, one for ea
h 
lass, whi
h states that the lowerbound of probability of a random ve
tor taking values in a given half spa
e is �. These
onstraints 
an be posed as nonlinear 
onstraints by applying theorem 1 (see Lan
krietet al., 2002b). The 
onstraint for 
lass 1 
an be handled by settingProb(x1 2 H1) � (wT�1 � b)2+(wT�1 � b)2+ +wT�w � �whi
h yield two 
onstraintsw>�1 � b �r �1� �pwT�1w w>�1 � b � 0Similarly applying theorem 1 to the other 
onstraint, two more 
onstraints are obtained.Note that the 
onstraints are positively homogenous, that is if w; b satis�es the 
onstraintsthen a 
w; 
b also satis�es the 
onstraints; 
 is a positive number. To deal with this extradegree of freedom, one 
an impose the 
onstraint that the 
lassi�er should separate �1 and�2 even if � = 0. One way to impose this is via the 
onstraintwT�1 � b � 1 b�wT�2 � 1Sin
e both the matri
es �1 and �2 are positive semi-de�nite, there exist matri
es C1 andC2 su
h that �1 = C1C>1 �2 = C2C>2The problem (7) 
an now be stated as a deterministi
 optimization problemminw;b kwk1s:t w>�1 � b �q �1��kC>1 wk2b�w>�2 �q �1��kC>2 wk2wT�1 � b � 1b�wT�2 � 11420



SOCP formulation for feature sele
tionThe nonlinear obje
tive 
an be ta
kled, as in (4), by introdu
ing two ve
tors u and v, andwhi
h leads to the formulationminu;v;b (u+ v)>es:t (u� v)>�1 � b �q �1��kC>1 (u� v)k2b� (u� v)>�2 �q �1��kC>2 (u� v)k2(u� v)>�1 � b � 1b� (u� v)>�2 � 1u � 0;v � 0 (8)This problem is 
onvex, and is an instan
e of SOCP. The nonlinear 
onstraints are 
alledSe
ond Order Cone(SOC) 
onstraints. A SOC 
onstraint on the variable x 2 Rn is of theform 
>x+ d � kAx+ bk2where b 2 Rm ; 
 2 Rn ;A 2 Rm�n are given. Linear 
onstraints are spe
ial 
ase of su
h
onstraints. Minimizing a linear obje
tive over SOC 
onstraints is known as SOCP prob-lems. These problems 
an be solved eÆ
iently by publi
ly available 
odes: re
ent advan
esin Interior point methods for 
onvex nonlinear optimization (Nesterov and Nemirovskii,1993) have made su
h problems feasible. As a spe
ial 
ase of 
onvex nonlinear optimizationSOCPs have gained mu
h attention in re
ent times. For a dis
ussion of further eÆ
ientalgorithms and appli
ations of SOCP (see Lobo et al., 1998).On the training dataset the error rate of the 
lassi�er is upper bounded by 1 � �.The upper bound also holds for the generalization error (Lan
kriet et al., 2002b) if thetest data 
omes from a distribution having the same mean and 
ovarian
e as the trainingdata. As � is in
reased, the data is for
ed to lie on the 
orre
t side of the hyperplane withmore probability. This should result in a smaller training error. Again with in
reasing �,sparseness would de
rease, as more stress is given to a

ura
y. Thus the parameter � tradeso� a

ura
y with sparseness.3.1 Feature sele
tion for Fisher dis
riminantsIn this se
tion we derive the �sher dis
riminant using the 
heby
hev bound and dis
uss aformulation for feature sele
tion. For a linearly separable dataset all observations belongingto 
lass 1(
lass 2) obeys w>x1 � b (w>x2 � b) whi
h implies that w>X1 � b(w>X2 � b)for a 
arefully 
hosen fw; bg. If X = X1 � X2 de�nes the di�eren
e between the 
lass
onditional random ve
tors, then X lies in the halfspa
e H(w) = fzjw>z � 0g. One 
anderive the �sher dis
riminant by 
onsidering the following formulationmaxw;� �s:t Prob(X 2 H) � � X � (�;�) (9)1421



Bhatta
haryyaSin
eX1 andX2 are independent the mean of X is � = �1��2 and 
ovarian
e � = �1+�2.Using the Cheby
hev bound (6) the 
onstraint 
an be lower bounded byProb(X 2 H) � (w>�)2(w>�)2 +w>�w w>� � 0and hen
e it follows that (9) is equivalent to solvingmaxw fw>(�1 � �2)g2w>(�1 +�2)w (10)whi
h is same as the �sher dis
riminant. The above formulation shows that �sher dis
rimi-nant 
an be understood as 
omputing a dis
riminant hyperplane whose generalization erroris less than 1� ��, where�� = d(w�)1 + d(w�) d(w�) = maxw fw>(�1 � �2)g2w>(�1 +�2)wThe bound holds provided the data distribution has the ne

essary �rst and se
ond mo-ments. One 
an in
orporate feature sele
tion by minimizing the L1 norm of w for a �xedvalue of � as follows minw;b kwk1s:t Prob(X 2 H) � � X � (�1 � �2;�1 +�2) (11)and arguing as in (8) the following SOCPminw;b kwk1s:t w>(�1 � �2) �q1��� pw>(�1 +�2)ww>(�1 � �2) � 1 (12)is obtained. The parameter � ensures that the resulting 
lassi�er has a mis
lassi�
ationerror less than 1� �, while feature sele
tion is ensured by the obje
tive.3.2 Estimation of mean and 
ovarian
e for ea
h 
lassLet T1 = [x11; : : : ;x1m1 ℄ be the data matrix for one 
lass, say with label y = 1. SimilarlyT2 = [x21; : : : ;x2m2 ℄ be the data matrix for the other 
lass having the label y = �1.Both the matri
es have the same number of rows n, the number of features. The 
olumns
orrespond to datapoints; m1 datapoints for the �rst 
lass and m2 datapoints for the other
lass. For Mi
roarray datasets the number of features, n is in thousands, while the numberof examples m1 or m2 is less than hundred.In the present formulation empiri
al estimates of the mean and 
ovarian
e are used�1 = x1 = 1m1T1e �2 = x2 = 1m2T2e1422



SOCP formulation for feature sele
tion�1 = �1 = C1CT1 C1 = 1pm1 (T1 � �1e>)�2 = �2 = C2CT2 C2 = 1pm2 (T2 � �2e>)Note that the 
ovarian
es are huge matri
es (of size n�n), instead one 
an store the mu
hsmaller matri
es C1 and C2 of size n �m1 and n �m2. The resulting 
lassi�er is heavilydependent on the estimates of the mean and 
ovarian
e. In the next se
tion we will dis
uss
lassi�ers whi
h are robust to errors in the estimation of mean and 
ovarian
e.4. A robust formulationIn pra
ti
al 
ases it might happen that the error rate of the 
lassi�ers is well above 1��. Aspointed out in Lan
kriet et al. (2002b), this problem often o

urs when the training datasethas very few data-points 
ompared to the number of features, for example mi
roarraydatasets. In su
h 
ases the estimates of mean and 
ovarian
e are not very a

urate. Itwould be useful, espe
ially for mi
roarray datasets, to explore formulations whi
h 
an yield
lassi�ers robust to su
h estimation errors. In the following we dis
uss one su
h formulation.We assume that the means and 
ovarian
es take values in a spe
i�ed set, in parti
ular(�1;�1) 2 U1 where U1 � Rn � S+n , where S+n is the set of all positive semide�nite n � nmatri
es. Similarly another set U2 is de�ned whi
h 
hara
terizes the values of (�2;�2).Consider the robust version of formulation (7),minw;b kwk1s:t Prob(X1 2 H1) � �Prob(X2 2 H2) � �X1 � (�1;�1) X2 � (�2;�2)(�1;�1) 2 U1; (�2;�2) 2 U2 (13)It ensures that the mis
lassi�
ation rate of the 
lassi�er is always less than 1 � � for anyarbitrary distribution whose means and 
ovarian
es take values in some spe
i�ed sets.The tra
tability of this formulation depends on the de�nition of the sets U1 and U2:We assume that the sets des
ribing the values of means and 
ovarian
es are independentof one another, more pre
isely Um1; Um2; Uv1; Uv2 des
ribe the un
ertainty in the values of�1; �2;�1;�2 respe
tively. As before applying the 
heby
hev bound and with a reformula-tion of (8) the following robust versionminw;b;t1;t2 kwk1s:t: w>�1 � b � t1 8�1 2 Um1b�w>�2 � t2 8�2 2 Um2pw>�1w �q1��� t1 8�1 2 Uv1pw>�2w �q1��� t2 8�2 2 Uv2t1 � 1 t2 � 1 (14)1423



Bhatta
haryyais obtained. The reformulation is obtained by modifying the SOC 
onstraint 
orrespondingto 
lass 1 by introdu
ing a new variable t1 as follows,w>�1 � b � t1 �r �1� � kC>1 wk2 t1 � 1Likewise another variable is introdu
ed to deal with the other SOC 
onstraint belonging to
lass 2. To restri
t the un
ertainty to a low dimension spa
e the following assumption ismade.Assumption 2 The random ve
tor X1 take values in the linear span of 
olumns of T1,while the random ve
tor X2 take values in the linear span of 
olumns of T2. More pre
iselythe n dimensional random ve
tors X1 and X2 are linearly related to a m1 dimensionalrandom ve
tor Z1 and a m2 dimensional random ve
torZ2 respe
tively as followsX1 = T1Z1 X2 = T2Z2 (15)For mi
roarray datasets m1 andm2 are mu
h smaller than n. Thus the assumption restri
tsthe random variables X1 and X2 to mu
h smaller dimension spa
es. Let �z1, �z1 be themean and 
ovarian
e of the random variable Z1, and �z2, �z2 be the mean and 
ovarian
eof the random variable Z2, it follows that�1 = T1�z1 �2 = T2�z2 �1 = T1�z1T>1 �2 = T2�z2T>2Clearly then the sample estimates z1 and z2 are related to the sample estimates x1 and x2by xi = Tizi �i = Ti�ziT>i �zi = 1mi (I� ee>)8i 2 f1; 2g (16)Assuming an ellipsoidal un
ertainty on the estimate of �1 and in light of (16), we de�neUm1 = f�1j�1 = T1�z1; (�z1 � z1)>T>1 T1(�z1 � z1) � Æ2gFor the un
ertainty set Um1 and a given w the 
onstraintw>�1 � b � t1 8�1 2 Um1is equivalent to min�12Um1w>�1 � b � t1 (17)Noting that minimizing a linear fun
tion over an ellipsoid is a 
onvex optimization problem,whi
h has the following 
losed form solution (see Appendix B)min�12Um1w>�1 = 1m1w>T1e� ÆkT1wk (18)the 
onstraint (17) 
an be restated as1m1w>T1e� b � t1 + ÆkT1wk (19)1424



SOCP formulation for feature sele
tionSimilarly for �2 the un
ertainty set is de�ned asUm2 = f�2j�2 = T2�z2; (�z2 � z2)>T>2 T2(�z2 � z2) � Æ2gand analogous to (19) the following 
onstraint isb� 1m2w>T2e � t2 + ÆkT2wk (20)is obtained. Following Lan
kriet et al. (2002b), the sets 
hara
terizing the 
ovarian
e ma-tri
es are de�ned using Frobenius normUvi = f�ij�i = Ti�ziT>i k�zi � �zik � �g i = f1; 2gImposing robustness to estimation errors in the 
ovarian
e matrix �i is equivalent to the
onstraint max�i2Uvipw>�iw �r1� �� ti i = f1; 2g (21)Using the result (see Appendix B)max�i2Uvipw>�iw =qw>Ti(�zi + �I)T>i wthe formulation (14) turns out to be aminw;b;t1;t2 kwk1s:t: 1m1w>T1e� b � t1 + ÆkT1wk2b� 1m2w>T2e � t2 + ÆkT2wk2kC>1zT>1 wk2 �q1��� t1kC>2zT>2 wk2 �q1��� t2t1 � 1 t2 � 1 (22)SOCP. The matrix C1z is obtained by using the 
holesky de
omposition of the regularizedmatrix �z1 + �I, similarly for C2z.As a 
onsequen
e of Assumption 2 one needs to fa
torize matri
es of size m1 � m1,and m2 �m2 instead of a mu
h larger n � n matrix for the Frobenius norm un
ertaintymodel. Thus the assumption has 
omputational bene�ts but it is quite restri
tive. Howeverin absen
e of any prior knowledge this maybe a good alternative to explore. In the nextse
tion we experiment on the formulations (8), and (22) on both syntheti
 and real worldmi
roarray datasets.5. ExperimentsThe feature sele
tion abilities of the proposed formulations were tested on both syntheti
and real world datasets. As a ben
hmark the performan
e of the LP formulation on thesame datasets are also reported. 1425



Bhatta
haryya� 0 0.2 0.4 0.6 0.8 0.9 0.95 0.99fs 10 10 10 10 10 10 9, 10 7,8,9,10Table 1: The set of sele
ted features, fs, for various values of � on syntheti
 dataset. Seetext for more detailsConsider a syntheti
 dataset generated as follows. The 
lass label,y, of ea
h observationwas randomly 
hosen to be 1 or �1 with probability 0:5. The �rst ten features of theobservation, x, are drawn as yN (�i; 1), where N (�; �2) is a gaussian 
entered around �and with varian
e �2. Nine hundred ninety other features were drawn as N (0; 1). Fiftysu
h observations were generated. The feature sele
tion problem is to dete
t the �rst tenfeatures, sin
e they are the most dis
riminatory from the given pool of 1000 features, whenthe sample size is �fty.The features were sele
ted by the following pro
edure (see Murray, 1977). From thedataset �fty partitions was generated by holding out one example as test data and othersas training data. For ea
h partiton formulation (8) was solved on the training data, for a�xed value of �, using the open sour
e pa
kage SEDUMI Sturm (1999) to obtain a set offeatures, and the resulting 
lassi�er was used to predi
t the label of test data. The unionof �fty sets of features is reported in Table 1 for various values of �. The average numberof errors on all the �fty test sets, the Leave one out(LOO) error, was found to be 0. Forlow values of � say � = 0:2, only one feature, feature number 10, was sele
ted. This is notsurprising be
ause among the ten features, feature number 10 has the most dis
riminatorypower As the value of � is in
reased the formulation reports more dis
riminatory features.For � = 0:95, four features feature numbers 7,8,9,10, was sele
ted. This shows that, inspiteof sample size being low 
ompared to the number of features this formulation is able todis
over the most dis
riminatory features. The 
orresponding list of features sele
ted by thelinear programming formulation (5), are fs = f2; 3; 4; 5; 6; 7; 8; 9; 10g. Both the formulationspi
k up the most dis
riminatory features. The experiment was repeated for 100 randomlygenerated datasets, and gave similar results. This demonstrates that the formulation (8)pi
ks up dis
riminatory features and is 
omparable to the LP formulation.We also experimented with the robust formulation (14) for di�erent values of Æ, and�: In �gure (1) number of features are plotted for various values of Æ, As Æ in
reases thenumber of features sele
ted by the formulation (22) in
reases, the value of � was zero for thereported experiment. The robust formulation tries to maintain the 
lassi�
ation a

ura
yeven when the estimates of mean and 
ovarian
e are not 
orre
t. To ensure this more andmore features are needed to maintain the a

ura
y. Similar results were also obtained byvarying �.The formulation (8) was tested on six datasets, B,C,D,E,F,G de�ned in (Bhatta
haryyaet al., 2003). These binary 
lassi�
ation problems are related to Small Round Blue CellTumors (SRBCT). Ea
h dataset have various number of data points, but have the samenumber of features, n = 2308.From the given dataset a partition was generated by holding out a datapoint as test setwhile the training set 
onsisted of all the other datapoints. For ea
h �xed value of � the1426



SOCP formulation for feature sele
tion
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Figure 1: Plots of number of sele
ted features versus � for various values of Ædataset B C D E F GSOCP 38 46 25 1 23 21LP 21 8 8 2 12 13Table 2: Number of sele
ted features for whi
h the LOO error was minimum. The row titledSOCP tabulates the minimum number of features reported by (8) for whi
h theLOO error was zero. The row titled LP tabulates the number of features sele
tedby the LP formulation. Total number of features is n = 2308formulation was solved for all possible partitions. For ea
h partition the resulting 
lassi�erwas tested on the held out datapoint. Average number of errors over all the partitions wasreported as the LOO (leave one out) error. The results were 
ompared against the linearprogramming formulation(5).Table 2 
ompares the number of features required to attain a zero LOO error by formu-lations (8) and (5). In both 
ases a very small number of features, less than 2% of the totalnumber of 2308 features, was sele
ted. However the LP formulations almost always founda smaller set of features. Figures (2, 3, 4) show plots for the number of features sele
ted by(8) for various values of �. As � in
reases the number of features in
rease. For 
omparisonthe number of features sele
ted by the LP formulation is also plotted on the same graph.1427



Bhatta
haryyaFigures (5,6, 7) show plots for the LOO error the SOCP formulation. As � in
reases theLOO error de
reases. This 
onforms to the view that as � in
reases the 
lassi�er is for
edto be a

urate whi
h leads to in
rease in the number of features.
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Figure 2: Plots of number of sele
ted features versus � for datasets E, F
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Figure 3: Plots of number of sele
ted features versus � for datasets D, C6. Con
lusions and Future Dire
tionsThe problem of sele
ting dis
riminatory features by using the moments of the 
lass 
on-ditional densities was addressed in the paper. Using a Chebyshev-Cantelli inequality, theproblem was posed as a SOCP. The above approa
h was also used to derive a formulation fordoing feature sele
tion for �sher dis
riminants. A robust formulation was dis
ussed whi
hyields 
lassi�ers robust to estimation errors in the mean and 
ovarian
e.On a toy dataset the formulation dis
overed the dis
riminatory features. The formula-tion has a parameter �, whi
h 
an trade o� a

ura
y with number of features. For smallvalues of � low number of dis
riminatory features are reported, while as � is in
reased1428
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Figure 4: Plots of number of sele
ted features versus � for datasets G, B.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

η

LO
O

ecvsrc

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

η

LO
O

etvsec

Figure 5: Plots of LOO error versus � for datasets E, Fthe formulation reports more number of features. As borne out by experiments on themi
roarray datasets, the a

ura
y of the 
lassi�er in
reases as � is in
reased.The approa
h in this paper 
an also be extended to design nonlinear 
lassi�ers usingvery few support ve
tors. Let the dis
riminating surfa
e be fxjPi �iK(xi;x) = bg whi
hdivides the n-dimensional Eu
lidean spa
e into two disjoint subsets fxjPi �iK(x;xi) < bgand fxjPi �iK(x;xi) > bg, where the kernel K, is a fun
tion K : Rn � Rn ! R obeyingthe Mer
er 
onditions (Mer
er, 1909).One 
an restate the nonlinear dis
riminating surfa
e by a hyperplane in m dimensions,H = fxj�>k(x)� b = 0gwhere m is the number of examples and k(x) is a ve
tor in m dimensions whose ith 
om-ponent is k(x;xi). The set of support ve
tors is de�ned by S = fij�i 6= 0g: We wish to �nda de
ision surfa
e utilizing very small number of these ve
tors, or in other words the goal isto minimize the 
ardinality of the set S, whi
h 
an beapproximated by the L1 norm of �.Let k1 = k(X1) be a random ve
tor 
orresponding to 
lass 1 while k2 = k(X2) beanother random ve
tor belonging to 
lass 2. Let the means of k1 and k2 be ~k1 and ~k21429
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Figure 6: Plots of LOO error versus � for datasets D, C
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Figure 7: Plots of LOO error versus � for datasets G, Brespe
tively and the 
ovarian
e be ~�1 and ~�2 respe
tively. The problem 
an be approa
hedas in (7) and on applying the 
heby
hev bound (6) the following formulationmin�;b k�k1s:t �>~k1 � b �q �1��q�>~�>1 �b� �>~k2 �q �1��q�>~�>2 ��>~k1 � b � 1b� �>~k2 � 1 (23)is obtained. We believe this 
an have non-trivial advantages for data-mining problems.A
knowledgementsThe author thanks the referees and the editor for their 
onstru
tive 
omments. Theirsuggestions improved the paper signi�
antly.1430
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Bhatta
haryyaAppendix A: The Cheby
hev-Cantelli inequalityIn this appendix we prove a multivariate generalization of one sided 
heby
hev inequality,This inequality will be used to derive a lower bound on the probability of a multivariaterandom variable taking values in a given half spa
e. Marshall and Olkin (1960) proved amore general 
ase, also see (Popes
u and Bertsimas, 2001).We �rst state and prove the 
heby
hev inequality for a univariate random variable, see(Lugosi, 2003). It would be useful to re
all the Cau
hy-S
hwartz inequality. Let X and Ybe random variables with �nite varian
es, E (X � E (X))2 < 1 and E (Y � E(Y ))2 < 1.Then jE [(X � E (X))(Y � E(Y ))℄j �pE(X � E (X))2E (Y � E (Y ))2Cheby
hev-Cantelli inequality Let s � 0, ThenP (X � E (X) < s) � s2s2 + E(X � E (X))2Proof Let Y = X � E(X). Note that E(Y ) = 0. For any s the following is trues = E(s � Y ) � E ((s � Y )IfY <sg(Y ))For any s � 0, using the Cau
hy-S
hwartz inequalitys2 � E (s � Y )2E(I2fY <sg(Y ))= E (s � Y )2P (Y < s)= (E (Y 2) + s2)P (Y < s) (24)On rearranging terms one obtainsP (Y < s) � s2E (Y 2) + s2and the result follows.The above inequality 
an be used to derive a lower bound on the probability of a randomve
tor taking values in a given half spa
e.Theorem 1 Let X be a n dimensional random ve
tor. The mean and 
ovarian
e of Xbe � 2 Rn and � 2 Rn�n . Let H(w; b) = fzjw>z < b;w; z 2 Rn ; b 2 Rg be a given halfspa
e, with w 6= 0. Then P (X 2 H) � s2s2 +w>�wwhere s = (b�w>�)+; (x)+ = max(x; 0):Proof There are two 
ases b � w>� and b > w>�.Consider the 
ase b � wT�. For this 
ase s = 0, and plugging its value in the Cheby
hev-Cantelli inequality, yields P (X 2 H) � 0 whi
h is trivially true.1432
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tionConsider the other 
ase b > wT�, by de�nition s = b�wT�. De�ne Y = w>x, so thatE (Y ) = wT� E (Y � E (Y ))2 = w>�w. We haveP (X 2 H) = P (Y < b) = P (Y � E (Y ) < s)Appli
ation of Chebyshev-Cantelli inequality to the above relationship gives our desiredresult. This 
ompletes the proof.Note that the proof does not require � to be invertible. For a more general proof pertainingto 
onvex sets and tightness of the bound see (Marshall and Olkin, 1960, Popes
u andBertsimas, 2001).Appendix B: Un
ertainty in Covarian
e Matri
esConsider the following problem max� pw>�w (25)� = T�zT>k�z � �zkF � �Eliminating the equality 
onstraint the obje
tive 
an be stated aspw>�w =pw>T�zT>wIntrodu
e a new variable �� 2 S+n su
h that�z = �z +��the optimization problem (25) 
an be stated asmax�� qw>T (�z +��)T>w (26)s:t: k��kF � �The optimal is a
hieved at �� = �I, see Appendix C in Lan
kriet et al. (2002b) for a proof.NotationThe ve
tor [1; 1; : : : ; 1℄> will denoted by e, and [0; : : : ; 0℄ by 0, the dimension will be 
learfrom the 
ontext. If w = [w1; : : : ; wn℄>, we write w � 0 to mean wi � 0;8i 2 f1; : : : ; ng.The eu
lidean norm of a ve
tor x = [x1; : : : ; xn℄>, will be denoted by kxk2 = qPni=1 x2i ,while the 1-norm of x will be denoted by kxk1 =Pni=1 jxij. The indi
ator fun
tion de�nedon the set A, denoted by IA(x), isIA(x) = � 1 x 2 A0 otherwiseThe 
ardinality of set A is given by jAj. 1433


